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�à¥¤¨á«®¢¨¥

�§« £ ¥¬ë© ­¨¦¥ ¬ â¥à¨ « ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥áª®«ìª® à áè¨à¥­­ë© ª®­-
á¯¥ªâ «¥ªæ¨© ¯® ®¤­®á¥¬¥áâà®¢®¬ã ªãàáã \�â â¨áâ¨ç¥áª ï ä¨§¨ª ", ç¨â ¥¬ëå
 ¢â®à®¬ ­  ä¨§¨ç¥áª®¬ ä ªã«ìâ¥â¥ �à «ìáª®£® �®áã¤ àáâ¢¥­­®£® �­¨¢¥àá¨â¥â ,
­ ç¨­ ï á 1992 £®¤ . �ãàá ¯à¥¤­ §­ ç¥­ ¤«ï ¢á¥£® ¯®â®ª  áâã¤¥­â®¢, á¯¥æ¨ «¨-
§¨àãîé¨åáï ¯® ä¨§¨ª¥, ¨ á®áâ ¢«ï¥â ç áâì ®¡é¥£® ªãàá  â¥®à¥â¨ç¥áª®© ä¨§¨ª¨.
� íâ®¬ á¬ëá«¥ ®­ ®à¨¥­â¨à®¢ ­ ­¥ â®«ìª® ­  áâã¤¥­â®¢{â¥®à¥â¨ª®¢, ­® á®¤¥à¦¨â
¢ á¥¡¥ â®â ¬¨­¨¬ã¬ §­ ­¨©, ª®â®àë© ­¥®¡å®¤¨¬, ¢ ­ áâ®ïé¥¥ ¢à¥¬ï, ¨ ä¨§¨ª ¬{
íªá¯¥à¨¬¥­â â®à ¬. �ã¦­® ®â¬¥â¨âì, çâ® ®á®¡¥­­®áâ¨ ¯à®£à ¬¬ë ®¡ãç¥­¨ï áâã-
¤¥­â®¢ ­  ä¨§¨ç¥áª®¬ ä ªã«ìâ¥â¥ �à�� â ª®¢ë, çâ® áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥ ®â-
¢®¤¨âáï ¢¥áì¬  ­¥§­ ç¨â¥«ì­®¥ ¢à¥¬ï. �®íâ®¬ã ¯¥à¥¤  ¢â®à®¬ áâ®ï«  § ¤ ç  ¤ âì
¤®áâ â®ç­® ª®¬¯ ªâ­®¥ ¨§«®¦¥­¨¥ ¬ â¥à¨ « , ª®â®à®¥, â¥¬ ­¥ ¬¥­¥¥, á®¤¥à¦ «® ¡ë
®á­®¢­ë¥ ¯à¨­æ¨¯ë ¨ ¯à¨«®¦¥­¨ï áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨ ª § ¤ ç ¬ â¥®à¨¨ ª®­-
¤¥­á¨à®¢ ­­®£® á®áâ®ï­¨ï. �®âï á ¬  ¢â®à ¯à¨¤¥à¦¨¢ ¥âáï â®çª¨ §à¥­¨ï, ¢¯¥à¢ë¥
¢ëáª § ­­®© ¢ äã­¤ ¬¥­â «ì­®¬ ªãàá¥ � ­¤ ã ¨ �¨äè¨æ , ® ­¥®¡å®¤¨¬®áâ¨ ¯à¥-
¯®¤ ¢ ­¨ï â¥à¬®¤¨­ ¬¨ª¨ ¢ á®áâ ¢¥ ªãàá  áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨, §¤¥áì íâ  áå¥¬ 
®â¡à®è¥­ , ®¯ïâì ¦¥ ¢ á¢ï§¨ á ®á®¡¥­­®áâï¬¨ ¯à®£à ¬¬ë ®¡ãç¥­¨ï ¢ �à��, £¤¥
ç¨â ¥âáï ®â¤¥«ì­ë© ªãàá ä¥­®¬¥­®«®£¨ç¥áª®© â¥à¬®¤¨­ ¬¨ª¨.

� ­­ë¥ «¥ªæ¨¨ ­¥ ï¢«ïîâáï ®à¨£¨­ «ì­ë¬¨ ¨ ¯à ªâ¨ç¥áª¨ ¯®«­®áâìî ®á­®-
¢ ­ë ­  ¨§¢¥áâ­ëå äã­¤ ¬¥­â «ì­ëå ãç¥¡­¨ª å ¨ ¬®­®£à ä¨ïå [1, 2, 3, 4]. �¢â®àã
¯à¨­ ¤«¥¦¨â â®«ìª® ®â¡®à ¬ â¥à¨ « , ªà®¬¥ â®£® §¤¥áì ¤®¡ ¢«¥­® ®¡áã¦¤¥­¨¥ àï¤ 
®â¤¥«ì­ëå ¢®¯à®á®¢, ®á­®¢ ­­®¥ ­  ¨á¯®«ì§®¢ ­¨¨ ¬ â¥à¨ « , ¢§ïâ®£® ¨§ ¤àã£¨å
¨áâ®ç­¨ª®¢, ª®â®àë¥ ¡ã¤ãâ æ¨â¨à®¢ âìáï ¯® å®¤ã ¨§«®¦¥­¨ï. �¢¨¤ã ã¯®¬ï­ãâ®£®
­¥¤®áâ âª  ¢à¥¬¥­¨, ¨§«®¦¥­¨¥ ®£à ­¨ç¥­® à áá¬®âà¥­¨¥¬ ¤®áâ â®ç­® âà ¤¨æ¨®­-
­ëå § ¤ ç. �¥ª®â®à®© ®á®¡¥­­®áâìî ï¢«ï¥âáï â®«ìª® ¯®¯ëâª  ¤ âì í«¥¬¥­â à­®¥
¨ ªà âª®¥ ¢¢¥¤¥­¨¥ ¢ ¬¥â®¤ë á®¢à¥¬¥­­®© â¥®à¨¨ ª®­¤¥­á¨à®¢ ­­®£® á®áâ®ï­¨ï,
¯à¥¤¯à¨­ïâ ï ¢ á ¬®¬ ª®­æ¥ ªãàá .

�á­®¢­®© ¬ â¥à¨ «, ¯à¥¤­ §­ ç¥­­ë© ¤«ï áâã¤¥­â®¢ ¢á¥å á¯¥æ¨ «¨§ æ¨©, ¨§« -
£ ¥âáï ¯®á«¥¤®¢ â¥«ì­®. �ï¤ ¡®«¥¥ á¯¥æ¨ «ì­ëå ¢®¯à®á®¢, ¡®«¥¥ ®à¨¥­â¨à®¢ ­­ëå
­  áâã¤¥­â®¢{â¥®à¥â¨ª®¢, ¢ë­¥á¥­ ¢ �à¨«®¦¥­¨ï ¨ ¢ à §¤¥«ë, ®â¬¥ç¥­­ë¥ \§¢¥§¤®ç-
ª®©". � ªâ¨ç¥áª¨, íâ¨ ¢®¯à®áë à áá¬ âà¨¢ îâáï  ¢â®à®¬ ­  «¥ªæ¨ïå{á¥¬¨­ à å á
£àã¯¯®© â¥®à¥â¨ª®¢. �®â ä ªâ, çâ® ªãàá ®á­®¢ ­ ­  àï¤¥ à §­ëå ¨áâ®ç­¨ª®¢, ­¥¨§-
¡¥¦­® ¯à¨¢¥« ª ­¥ª®â®à®¬ã \à §­®¡®î" ¢ áâ¨«¥ ¨§«®¦¥­¨ï ¨ ®¡®§­ ç¥­¨ïå, ¨á¯®«ì-
§®¢ ­­ëå ¢ à §­ëå à §¤¥« å. �¢â®à ®á®¡¥­­® ­¥ áâ à «áï ­ ¢¥áâ¨ âãâ ¤®áâ â®ç­ë©
¯®àï¤®ª. � íâ®¬ á¬ëá«¥, ¯à¥¤áâ ¢«¥­ ¨¬¥­­® ¬ â¥à¨ « «¥ªæ¨©,   ­¥ ¤ ­® ä®à-
¬ «ì­® áâà®£®¥ ¨§«®¦¥­¨¥, ¡®«¥¥ ¯à¨­ïâ®¥ ¢ ãç¥¡­¨ª å. �¥ª®â®à®© ®á®¡¥­­®áâìî
¤ ­­ëå «¥ªæ¨© ï¢«ï¥âáï â ª¦¥ ­ «¨ç¨¥ ¤®¢®«ì­® ¡®«ìè®£® ç¨á«  ááë«®ª ­  ®à¨-
£¨­ «ì­ë¥ ¬®­®£à ä¨¨, ¢ ª®â®àëå ¬®¦­® ­ ©â¨ ¡®«¥¥ ¤¥â «ì­®¥ ¨§«®¦¥­¨¥ àï¤ 
ã¯®¬¨­ ¥¬ëå ¢ ªãàá¥ ¢®¯à®á®¢.

� §ã¬¥¥âáï, çâ¥­¨¥ ¤ ­­®£® ¬ â¥à¨ «  ­¥ ¬®¦¥â § ¬¥­¨âì ã£«ã¡«¥­­®£® ¨§ãç¥-
­¨ï ¯à¥¤¬¥â , ª®â®à®¥ ¨¬¥¥â á¬ëá« ¢¥áâ¨, ¯®«ì§ãïáì ã¯®¬ï­ãâë¬¨ ª« áá¨ç¥áª¨¬¨
ª­¨£ ¬¨. �¥¬ ­¥ ¬¥­¥¥,  ¢â®à ­ ¤¥¥âáï, çâ® ¯à¥¤« £ ¥¬®¥ ç¨â â¥«î ªà âª®¥ ¨§«®¦¥-
­¨¥ ¬®¦¥â ¯à¥¤áâ ¢¨âì ­¥ª®â®àë© á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á ¨ ®¡«¥£ç¨â ¯®­¨¬ ­¨¥
¡®«¥¥ äã­¤ ¬¥­â «ì­ëå ãç¥¡­¨ª®¢ ¨ ¬®­®£à ä¨©.

�.�.� ¤®¢áª¨©, �ª â¥à¨­¡ãà£, 1999 £.
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�ë ¬®¦¥¬ ¯à¥¤áâ ¢¨âì á¥¡¥ ¡®«ìè®¥ ç¨á«® á¨áâ¥¬ ®¤¨­ ª®¢®© ¯à¨à®¤ë, ­® à §-

«¨ç­ëå ¯® ª®­ä¨£ãà æ¨ï¬ ¨ áª®à®áâï¬, ª®â®àë¬¨ ®­¨ ®¡« ¤ îâ ¢ ¤ ­­ë© ¬®¬¥­â

¨ à §«¨ç­ëå ­¥ â®«ìª® ¡¥áª®­¥ç­® ¬ «®, ­® â ª, çâ® ®å¢ âë¢ ¥âáï ª ¦¤ ï ¬ë-

á«¨¬ ï ª®¬¡¨­ æ¨ï ª®­ä¨£ãà æ¨© ¨ áª®à®áâ¥©. �à¨ íâ®¬ ¬ë ¬®¦¥¬ ¯®áâ ¢¨âì

á¥¡¥ § ¤ ç¥© ­¥ ¯à®á«¥¦¨¢ âì ®¯à¥¤¥«¥­­ãî á¨áâ¥¬ã ç¥à¥§ ¢áî ¯®á«¥¤®¢ â¥«ì-

­®áâì ¥¥ ª®­ä¨£ãà æ¨©,   ãáâ ­®¢¨âì, ª ª ¡ã¤¥â à á¯à¥¤¥«¥­® ¢á¥ ç¨á«® á¨áâ¥¬

¬¥¦¤ã à §«¨ç­ë¬¨ ¢®§¬®¦­ë¬¨ ª®­ä¨£ãà æ¨ï¬¨ ¨ áª®à®áâï¬¨ ¢ «î¡®© âà¥¡ã-

¥¬ë© ¬®¬¥­â, ¥á«¨ â ª®¥ à á¯à¥¤¥«¥­¨¥ ¡ë«® § ¤ ­® ¤«ï ª ª®£®-«¨¡® ¬®¬¥­â 

¢à¥¬¥­¨. �á­®¢­ë¬ ãâ¢¥à¦¤¥­¨¥¬ ¯à¨ â ª®¬ ¨áá«¥¤®¢ ­¨¨ ï¢«ï¥âáï ãà ¢­¥­¨¥,

¤ îé¥¥ áª®à®áâì ¨§¬¥­¥­¨ï ç¨á«  á¨áâ¥¬, § ª«îç¥­­ëå ¢­ãâà¨ ®¯à¥¤¥«¥­­ëå ¬ -

«ëå £à ­¨æ ª®­ä¨£ãà æ¨¨ ¨ áª®à®áâ¨. � ª¨¥ ¨áá«¥¤®¢ ­¨ï � ªá¢¥«« ­ §ë¢ « áâ -
â¨áâ¨ç¥áª¨¬¨. �­¨ ¯à¨­ ¤«¥¦ â ª ®âà á«¨ ¬¥å ­¨ª¨, ®¡ï§ ­­®© á¢®¨¬ ¯à®¨áå®-

¦¤¥­¨¥¬ áâà¥¬«¥­¨î ®¡êïá­¨âì § ª®­ë â¥à¬®¤¨­ ¬¨ª¨ ¨áå®¤ï ¨§ ¬¥å ­¨ç¥áª¨å

¯à¨­æ¨¯®¢, ¨ ®á­®¢ ­­®©, £« ¢­ë¬ ®¡à §®¬, �« ã§¨ãá®¬, � ªá¢¥««®¬ ¨ �®«ìæ¬ -

­®¬.

�¦®§ ©  �¨«« à¤ �¨¡¡á, �ìî-�í©¢¥­, 1901 £. [5]

7
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�¢¥¤¥­¨¥.

�à ¤¨æ¨®­­® ¯®¤à §ã¬¥¢ ¥âáï, çâ® áâ â¨áâ¨ç¥áª ï ä¨§¨ª  (áâ â¨áâ¨ç¥áª ï ¬¥å -
­¨ª ) à áá¬ âà¨¢ ¥â á¨áâ¥¬ë, á®áâ®ïé¨¥ ¨§ ¡®«ìè®£® ç¨á«  ç áâ¨æ, ¤¢¨¦ãé¨åáï
á®£« á­® § ª®­ ¬ ª« áá¨ç¥áª®© ¨«¨ ª¢ ­â®¢®© ¬¥å ­¨ª¨. �áâ®à¨ç¥áª¨ ®­  ¢®§­¨-
ª«  ¢ ª®­æ¥ XIX ¢¥ª  ¨§ ¯®¯ëâ®ª ¯à®¢¥áâ¨ ¬¥å ­¨áâ¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ § ª®­®¢
â¥à¬®¤¨­ ¬¨ª¨ ¢ à ¡®â å �¦.� ªá¢¥««  ¨ �.�®«ìæ¬ ­ . �à ªâ¨ç¥áª¨ ¯®«­®¥ § -
¢¥àè¥­¨¥ ä®à¬ «ì­ë©  ¯¯ à â áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ¯®«ãç¨« ¢ äã­¤ ¬¥­â «ì-
­®¬ âàã¤¥ �¦.�.�¨¡¡á  [6], ¯®ï¢¨¢è¨¬áï ¢ á ¬®¬ ­ ç «¥ XX ¢¥ª . � ¬¥ç â¥«ì­®©
®á®¡¥­­®áâìî ¬¥â®¤  �¨¡¡á , á®§¤ ­­®£® § ¤®«£® ¤® ¯®ï¢«¥­¨ï á®¢à¥¬¥­­®© ª¢ ­-
â®¢®© â¥®à¨¨, ®ª § « áì ¯à¨¬¥­¨¬®áâì ¥£® ¨ ª ª¢ ­â®¢ë¬ á¨áâ¥¬ ¬. � ­ áâ®ïé¥¥
¢à¥¬ï áâ â¨áâ¨ç¥áª ï ä¨§¨ª  ¢ëè«  ¤ «¥ª® §  à ¬ª¨ ¯¥à¢®­ ç «ì­ëå § ¤ ç ®¡®-
á­®¢ ­¨ï â¥à¬®¤¨­ ¬¨ª¨ ¨ ¥¥ ¬¥â®¤ë ¨ ¨¤¥®«®£¨ï ¯à®­¨§ë¢ îâ, ä ªâ¨ç¥áª¨, ¢á¥
®á­®¢­ë¥ à §¤¥«ë á®¢à¥¬¥­­®© â¥®à¥â¨ç¥áª®© ä¨§¨ª¨. �®­¨¬ ¥¬ ï ã§ª®, ª ª â¥®-
à¨ï á¨áâ¥¬ ¬­®£¨å (¢§ ¨¬®¤¥©áâ¢ãîé¨å) ç áâ¨æ, ®­  ¨¬¥¥â £«ã¡®ª¨¥ á¢ï§¨ á á®¢à¥-
¬¥­­®© ª¢ ­â®¢®© â¥®à¨¥© ¯®«ï, ï¢«ïîé¥©áï ­ ¨¡®«¥¥ äã­¤ ¬¥­â «ì­®© â¥®à¨¥©
¬ â¥à¨¨. � â®¦¥ ¢à¥¬ï, ®ª § «®áì, çâ® ¨ ¯à¨ ®¯¨á ­¨¨ ¬¥å ­¨ç¥áª®£® ¤¢¨¦¥­¨ï
á¨áâ¥¬, á®áâ®ïé¨å ¨§ áà ¢­¨â¥«ì­® ­¥¡®«ìè®£® ç¨á«  ç áâ¨æ, ¤ ¦¥ ¢ à ¬ª å ª« á-
á¨ç¥áª®© ¬¥å ­¨ª¨, ¬ë § ç áâãî ¤®«¦­ë ¨á¯®«ì§®¢ âì áâ â¨áâ¨ç¥áª¨¥ ¬¥â®¤ë, çâ®
á¢ï§ ­® á ªà ©­¥ á«®¦­ë¬ (­¥ãáâ®©ç¨¢ë¬) å à ªâ¥à®¬ ¤¢¨¦¥­¨ï ¢ ¡®«ìè¨­áâ¢¥ ­¥-
âà¨¢¨ «ì­ëå á«ãç ¥¢. �¤¥¨ ¨ ¬¥â®¤ë áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ï¢«ïîâáï ®á­®¢®©
¤«ï ¯®­¨¬ ­¨ï ¯à®æ¥áá®¢ ¢ â¢¥à¤ëå â¥« å, £ § å, ¦¨¤ª®áâïå ¨ ¯« §¬¥,   á®¢à¥-
¬¥­­ ï â¥®à¨ï ¢§ ¨¬®¤¥©áâ¢¨ï í«¥¬¥­â à­ëå ç áâ¨æ (ã¯®¬ï­ãâ ï ¢ëè¥ ª¢ ­â®¢ ï
â¥®à¨ï ¯®«ï) ï¢«ï¥âáï, á á ¬®£® ­ ç « , â¥®à¨¥© á¨áâ¥¬ á ¡¥áª®­¥ç­ë¬ ç¨á«®¬
áâ¥¯¥­¥© á¢®¡®¤ë, £¤¥ áâ â¨áâ¨ç¥áª¨¥ ¬¥â®¤ë ¨£à îâ ®á­®¢®¯®« £ îéãî à®«ì. �
á®¦ «¥­¨î, ¢ à ¬ª å ¤ ­­®£® ªãàá  ¬ë «¨è¥­ë ¢®§¬®¦­®áâ¨ áª®«ìª®-­¨¡ã¤ì ¯®-
¤à®¡­®£® ®¡áã¦¤¥­¨ï ¢á¥å íâ¨å á¢ï§¥© ¨ ®£à ­¨ç¨¬áï «¨èì ¤®áâ â®ç­® âà ¤¨æ¨-
®­­ë¬¨ ¯à®¡«¥¬ ¬¨ ®¯¨á ­¨ï ¯à®áâëå ¬®¤¥«¥© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ [1, 2, 4],
ª®â®àë¥, â¥¬ ­¥ ¬¥­¥¥, ï¢«ïîâáï ®á­®¢®© á®¢à¥¬¥­­®£® ¯®­¨¬ ­¨ï ¨ £®à §¤® ¡®«¥¥
á«®¦­ëå § ¤ ç.

�ã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï.

� áá¬®âà¨¬ á¨áâ¥¬ã ¨§ N ®¤¨­ ª®¢ëå (¤«ï ¯à®áâ®âë) ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ,
­ å®¤ïé¨åáï ¢ ª®­¥ç­®¬, ­® ¬ ªà®áª®¯¨ç¥áª¨ ¤®áâ â®ç­® ¡®«ìè®¬ ®¡ê¥¬¥ V . �«ï
¯à®áâ®âë â ª¦¥ áç¨â ¥¬, çâ® ç áâ¨æë ­¥ ®¡« ¤ îâ ¢­ãâà¥­­¨¬¨ áâ¥¯¥­ï¬¨ á¢®-
¡®¤ë. �á«¨ ¤¢¨¦¥­¨¥ ç áâ¨æ ®¯¨áë¢ ¥âáï § ª®­ ¬¨ ª« áá¨ç¥áª®© ¬¥å ­¨ª¨, â®
á®áâ®ï­¨¥ k-®© ç áâ¨æë § ¤ ¥âáï §­ ç¥­¨ï¬¨ ¥¥ ª®®à¤¨­ â qk ¨ ¨¬¯ã«ìá  pk,  
á®áâ®ï­¨¥ ¢á¥© á¨áâ¥¬ë | § ¤ ­¨¥¬ §­ ç¥­¨© ¢á¥å ª®®à¤¨­ â q1;q2; :::;qN ¨ ¨¬-
¯ã«ìá®¢ p1;p2; :::;pN. � ª¨¬ ®¡à §®¬ á®áâ®ï­¨¥ á¨áâ¥¬ë ¬®¦¥â ¡ëâì ®¯¨á ­® § -
¤ ­¨¥¬ â®çª¨ ¢ 6N{¬¥à­®¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥: (q1;q2; :::;qN;p1;p2; :::;pN) |
ä §®¢®© â®çª¨. �¨­ ¬¨ç¥áª ï í¢®«îæ¨ï á¨áâ¥¬ë ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨ ¤¢¨-
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¦¥­¨ï � ¬¨«ìâ®­ : 1
dqk
dt

=
@H

@pk

dpk
dt

= � @H
@qk

; (1.1)

£¤¥
H = H(q1;q2; :::;qN ;p1;p2; :::;pN) � H(p; q) (1.2)

¯®«­ë© £ ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë. � áá¬®âà¨¬ ¯à®áâ¥©è¨© á«ãç ©, ª®£¤  ç áâ¨æë ¢§ -
¨¬®¤¥©áâ¢ãîâ ¯®áà¥¤áâ¢®¬ ¯ à­®£® æ¥­âà «ì­®-á¨¬¬¥âà¨ç­®£® ¯®â¥­æ¨ «  U (jqi�
qkj), â ª çâ® £ ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë ¨¬¥¥â ¢¨¤:

H =
NX
k=1

p2k
2m

+
1

2

X
i6=k

U (jqi � qkj) (1.3)

�®£¤  ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¨¬¥îâ ¢¨¤:

_qk =
pk
m

_pk = �
X
i6=k

@U (jqi � qkj)
@qk

= Fk; (1.4)

£¤¥ Fk{á¨« , á ª®â®à®© ­  k-î ç áâ¨æã ¤¥©áâ¢ãîâ ¢á¥ ®áâ «ì­ë¥. �á­®, çâ® ¤«ï
áª®«ìª®-­¨¡ã¤ì § ¬¥â­®£® §­ ç¥­¨ï N à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (1.4) ­¥ ¯à¥¤-
áâ ¢«ï¥âáï ¢®§¬®¦­ë¬, ¤ ¦¥ ç¨á«¥­­ë¬¨ ¬¥â®¤ ¬¨. �à®¬¥ â®£®, ¤ ¦¥ ¥á«¨ ¡ë ¬ë
¬®£«¨ ­ ©â¨ â ª®¥ à¥è¥­¨¥, â® ¨ ¯®«ì§ë ®â ­¥£® ¡ë«® ¡ë ­¥ â ª ã¦ ¬­®£®. �¥«® ¢
â®¬, çâ® à¥ «ì­ ï âà ¥ªâ®à¨ï ¤¢¨¦¥­¨ï ª ¦¤®© ¨§ ç áâ¨æ áª®à¥¥ ¢á¥£® ®ª § « áì
¡ë ¢¥áì¬  § ¯ãâ ­­®©. �®«¥¥ â®£®, à¥è âì ãà ¢­¥­¨ï (1.4) ­ã¦­®, ¥áâ¥áâ¢¥­­®, á
­¥ª®â®àë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨,   à¥è¥­¨¥, ª ª ¯à ¢¨«®, ®ª §ë¢ ¥âáï ªà ©­¥
çã¢áâ¢¨â¥«ì­ë¬ ª ¢ë¡®àã íâ¨å ãá«®¢¨©, â®ç­®¥ §­ ­¨¥ ª®â®àëå ¢ à¥ «ì­®© á¨âã-
 æ¨¨ ®âáãâáâ¢ã¥â. � á¨«ã à §¢¨¢ îé¥©áï ¢ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ­¥ãáâ®©ç¨¢®áâ¨
¤¢¨¦¥­¨ï, à¥è¥­¨ï (âà ¥ªâ®à¨¨), á®®â¢¥âáâ¢ãîé¨¥ ¤ ¦¥ ¢¥áì¬  ¡«¨§ª¨¬ ­ ç «ì-
­ë¬ ãá«®¢¨ï¬, ¢ â¥ç¥­¨¥ ¢¥áì¬  ª®à®âª®£® ¢à¥¬¥­¨ ­ ç¨­ îâ íªá¯®­¥­æ¨ «ì­® ®â-
«¨ç âìáï ¨ ­¥ ¨¬¥îâ ­¨ç¥£® ®¡é¥£®. � à¥§ã«ìâ â¥, ¨§ â ª¨å à¥è¥­¨© ¬ë ¬ «® çâ®
¬®¦¥¬ ã§­ âì ® ¬ ªà®áª®¯¨ç¥áª¨å á¢®©áâ¢ å á¨áâ¥¬ë ¨§ ¡®«ìè®£® ç¨á«  N ç áâ¨æ,
ª®â®àë¥, á®¡áâ¢¥­­® £®¢®àï, ­ á ¨ ¨­â¥à¥áãîâ. � ªâ¨ç¥áª¨, ¯à®¡«¥¬ë, á¢ï§ ­­ë¥
á ­¥ãáâ®©ç¨¢®áâìî âà ¥ªâ®à¨© ¢®§­¨ª îâ ã¦¥ ¢ á«ãç ¥ á¨áâ¥¬, á®áâ®ïé¨å ¢á¥£®
¨§ ­¥áª®«ìª¨å ç áâ¨æ. �¬¥­­® íâ¨ ®¡áâ®ïâ¥«ìáâ¢  ¨ ¢ë­ã¦¤ îâ ­ á ¯à¨¡¥£­ãâì ª
áâ â¨áâ¨ç¥áª®¬ã  ­ «¨§ã.

�â ª, ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï (1.4) ®¯à¥¤¥«ïîâ ¤¢¨¦¥­¨¥ ä §®¢®© â®çª¨ ¢ ä §®-
¢®¬ ¯à®áâà ­áâ¢¥, çâ® ¨ ®¯à¥¤¥«ï¥â ¬¥å ­¨ç¥áª®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë. �à ¥ªâ®à¨ï
ä §®¢®© â®çª¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ­ §ë¢ ¥âáï ä §®¢®© âà ¥ªâ®à¨¥©. �«ï ª®­-
á¥à¢ â¨¢­ëå á¨áâ¥¬ í­¥à£¨ï á®åà ­ï¥âáï, â ª çâ®:

H(q; p) = E (1.5)

�«¥¤®¢ â¥«ì­®, ä §®¢ ï âà ¥ªâ®à¨ï ¤®«¦­  «¥¦ âì ­  ¯®¢¥àå­®áâ¨ ¯®áâ®ï­­®©
í­¥à£¨¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥, ®¯à¥¤¥«ï¥¬®© ãá«®¢¨¥¬ (1.5) | â ª ­ §ë¢ ¥¬®©
íà£®¤¨ç¥áª®© ¯®¢¥àå­®áâ¨. 2

1�­â¥à¥á­® § ¬¥â¨âì, çâ® ¬¥â®¤ �¨¡¡á  ¯®«­®áâìî ®á­®¢ ­ ­  ¨á¯®«ì§®¢ ­¨¨ ¨¬¥­­® £ ¬¨«ì-
â®­®¢®©,   ­¥ « £à ­¦¥¢®© ä®à¬ã«¨à®¢ª¨ ª« áá¨ç¥áª®© ¬¥å ­¨ª¨.

2� ¦­ãî à®«ì ¢ ®¯à¥¤¥«¥­¨¨ áâàãªâãàë ä §®¢®£® ¯à®áâà ­áâ¢  ¨£à ¥â â¥®à¥¬  �®è¨ ® ¥¤¨­-
áâ¢¥­­®áâ¨ à¥è¥­¨© á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �à¨ ¤®¢®«ì­® ¬ï£-
ª¨å ãá«®¢¨ïå ­  ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (1.4), áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ¢ «î¡®© ¬®¬¥­â ¢à¥¬¥­¨
à¥è¥­¨¥. �â  â¥®à¥¬   ¢â®¬ â¨ç¥áª¨ ¨áª«îç ¥â ¯¥à¥á¥ç¥­¨¥ ¤¢ãå à §­ëå âà ¥ªâ®à¨© ¢ «î¡®©
à¥£ã«ïà­®© â®çª¥ ä §®¢®£® ¯à®áâà ­áâ¢  (ªà®¬¥ ­¥¯®¤¢¨¦­ëå â®ç¥ª, á®®â¢¥âáâ¢ãîé¨å à ¢¥­áâ¢ã
­ã«î ¯à ¢ëå ç áâ¥© (1.4)).
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�®£¤  ¬ ªà®áª®¯¨ç¥áª ï á¨áâ¥¬  ­ å®¤¨âáï ¢ (â¥à¬®¤¨­ ¬¨ç¥áª®¬) à ¢­®¢¥á¨¨,
¥¥ ¬ ªà®áª®¯¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ ®áâ îâáï ¯®áâ®ï­­ë¬¨ ¢® ¢à¥¬¥­¨ (â¥¬¯¥à -
âãà , ®¡ê¥¬, ¤ ¢«¥­¨¥ ¨ â.¯.), ®¤­ ª® á ¬¨ªà®áª®¯¨ç¥áª®© â®çª¨ §à¥­¨ï ¥¥ á®áâ®ï-
­¨¥ ¢á¥ ¢à¥¬ï ¬¥­ï¥âáï ¨ ¬ë ­¥ §­ ¥¬, ¢ ª ª®¬ ª®­ªà¥â­® ¬¨ªà®á®áâ®ï­¨¨ á¨áâ¥¬ 
­ å®¤¨âáï ¢ ¤ ­­ë© ¬®¬¥­â (â.¥. £¤¥ ª®­ªà¥â­® ¢ ¤ ­­ë© ¬®¬¥­â ­ å®¤¨âáï ä -
§®¢ ï â®çª  ­  íà£®¤¨ç¥áª®© ¯®¢¥àå­®áâ¨). �â â¨áâ¨ç¥áª¨© ¯®¤å®¤ § ª«îç ¥âáï ¢
â®¬, çâ® ¬ë ¬®¦¥¬ ¯®¯ëâ âìáï ®¯à¥¤¥«¨âì ¢¥à®ïâ­®áâì à¥ «¨§ æ¨¨ á®¢®ªã¯­®áâ¨
¢á¥å ¢®§¬®¦­ëå ¬¨ªà®á®áâ®ï­¨© á¨áâ¥¬ë, ®â¢¥ç îé¨å ¤ ­­®¬ã ¥¥ ¬ ªà®á®áâ®ï-
­¨î. �«¥¤ãï �¨¡¡áã, ¯à¨­ïâ® à áá¬ âà¨¢ âì ­¥ ¤ ­­ãî ª®­ªà¥â­ãî á¨áâ¥¬ã,  
á®¢®ªã¯­®áâì ¡®«ìè®£® (¢ ¯à¥¤¥«¥ N ! 1 ¡¥áª®­¥ç­®£®!) ç¨á«  ¥¥ ª®¯¨©, ­ å®-
¤ïé¨åáï ¢ ¬ ªà®áª®¯¨ç¥áª¨ â®¦¤¥áâ¢¥­­ëå ãá«®¢¨ïå, ¯à¥¤áâ ¢«ïîé¨å â ª ­ -
§ë¢ ¥¬ë©  ­á ¬¡«ì �¨¡¡á , ®¯¨áë¢ îé¨© ¬ ªà®áª®¯¨ç¥áª®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë.
�®¦¤¥áâ¢¥­­®áâì ¢­¥è­¨å ãá«®¢¨© ¢ ¬ ªà®áª®¯¨ç¥áª®¬ á¬ëá«¥ ®§­ ç ¥â, çâ® ¢á¥
íª§¥¬¯«ïàë  ­á ¬¡«ï å à ªâ¥à¨§ãîâáï ®¤¨­ ª®¢ë¬¨ §­ ç¥­¨ï¬¨ á®®â¢¥âáâ¢ãî-
é¨å ¬ ªà®áª®¯¨ç¥áª¨å ¯ à ¬¥âà®¢ (á â®ç­®áâìî ¤® ¤®áâ â®ç­® ¬ «ëå ä«ãªâã æ¨©)
¨ ®¤¨­ ª®¢ë¬¨ â¨¯ ¬¨ ª®­â ªâ®¢ á ®ªàã¦ îé¨¬¨ â¥« ¬¨ (à¥§¥à¢ã à ¬¨ í­¥à£¨¨
¨«¨ ç áâ¨æ, ¯®àè­ï¬¨, áâ¥­ª ¬¨ ¨ â.¯.). � à¥§ã«ìâ â¥ ¢®§­¨ª îâ ®¯à¥¤¥«¥­­ë¥
®£à ­¨ç¥­¨ï ­  ª®®à¤¨­ âë ¨ ¨¬¯ã«ìáë ç áâ¨æ, ª®â®àë¥ ¢ ®áâ «ì­®¬ ¤®áâ â®ç­®
¯à®¨§¢®«ì­ë.

�â â¨áâ¨ç¥áª¨©  ­á ¬¡«ì § ¤ ¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï �(p; q; t), ¨¬¥îé¥©
á¬ëá« ¯«®â­®áâ¨ ¢¥à®ïâ­®áâ¨ à á¯à¥¤¥«¥­¨ï á¨áâ¥¬ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥, â ª
çâ®:

dw = �(p; q; t)dpdq (1.6)

¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥à®ïâ­®áâì ­ ©â¨ á¨áâ¥¬ã (¨§  ­á ¬¡«ï �¨¡¡á !) ¢ ¬®¬¥­â ¢à¥-
¬¥­¨ t ¢ í«¥¬¥­â¥ ä §®¢®£® ®¡ê¥¬  dpdq ¢¡«¨§¨ â®çª¨ (p; q) � (p1; :::;pN;q1; :::;qN).
�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¤®«¦­  ã¤®¢«¥â¢®àïâì ®ç¥¢¨¤­®¬ã ãá«®¢¨î ­®à¬¨à®¢ª¨:Z

dpdq�(p; q; t) = 1; (1.7)

¯®áª®«ìªã áã¬¬  ¢¥à®ïâ­®áâ¥© ¢á¥å ¢®§¬®¦­ëå á®áâ®ï­¨© ¤®«¦­  à ¢­ïâìáï ¥¤¨-
­¨æ¥. �¬¥­­® â ª ï ­®à¬¨à®¢ª  äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¨á¯®«ì§ã¥âáï ¢ ªãàá¥ � ­-
¤ ã ¨ �¨äè¨æ . �ç¥­ì ç áâ® ¯®«ì§ãîâáï ¤àã£¨¬ ¢ à¨ ­â®¬ ãá«®¢¨ï ­®à¬¨à®¢ª¨.
� ªâ¨ç¥áª¨, ¬ë § à ­¥¥ ¯®­¨¬ ¥¬, çâ® ª« áá¨ç¥áª ï áâ â¨áâ¨ª  ¥áâì ¯à¥¤¥«ì­ë©
á«ãç © ª¢ ­â®¢®© (ª ª ¬ë ã¢¨¤¨¬ ¯®§¤­¥¥, íâ®â ¯¥à¥å®¤ ¯à®¨áå®¤¨â ¯à¨ ¤®áâ -
â®ç­® ¢ëá®ª¨å â¥¬¯¥à âãà å, ª®£¤  ª¢ ­â®¢ë¬¨ íää¥ªâ ¬¨ ¬®¦­® ¯à¥­¥¡à¥çì).
�§ ª¢ ­â®¢®© ¬¥å ­¨ª¨ ¨§¢¥áâ­® [7], çâ® ¯®­ïâ¨¥ ª®®à¤¨­ âë ¨ ¨¬¯ã«ìá  ª« áá¨-
ç¥áª®© ¬¥å ­¨ª¨ ¬®¦­® ¢¢¥áâ¨ â®«ìª® ¢ à ¬ª å ª¢ §¨ª« áá¨ç¥áª®£® ¯à¨¡«¨¦¥­¨ï.
�¨­¨¬ «ì­ë© à §¬¥à ä §®¢®© ïç¥©ª¨ ¤«ï ®¤­®¬¥à­®£® ¤¢¨¦¥­¨ï i-© ç áâ¨æë ¢
ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨ à ¢¥­ h = 2��h:3

�qxi�p
x
i � h (1.8)

3�¢ §¨ª« áá¨ç¥áª®¥ ãá«®¢¨¥ ª¢ ­â®¢ ­¨ï�®à -�®¬¬¥àä¥«ì¤  ¢ ®¤­®¬¥à­®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤:H
pdq = (n+ 1

2 )h. �­â¥£à « §¤¥áì ¯à¥¤áâ ¢«ï¥â ¯«®é ¤ì, ®å¢ âë¢ ¥¬ãî § ¬ª­ãâ®© ª« áá¨ç¥áª®©
ä §®¢®© âà ¥ªâ®à¨¥©. � §¤¥«¨¢ íâã ¯«®é ¤ì ­  ª«¥â®çª¨ ¯«®é ¤ìî 2��h, ¯®«ãç¨¬ n ª«¥â®ª. �®
n §¤¥áì | ç¨á«® ª¢ ­â®¢ëå á®áâ®ï­¨©, á í­¥à£¨ï¬¨ ­¥ ¯à¥¢ëè îé¨¬¨ § ¤ ­­®£® ¥¥ §­ ç¥­¨ï,
á®®â¢¥âáâ¢ãîé¥£® à áá¬ âà¨¢ ¥¬®© âà ¥ªâ®à¨¨. � ª¨¬ ®¡à §®¬, ª ¦¤®¬ã ª¢ ­â®¢®¬ã á®áâ®ï­¨î
á®®â¢¥âáâ¢ã¥â ª«¥âª  ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ¯«®é ¤ìî 2��h. �á«¨ ¢¢¥áâ¨ ¢®«­®¢®© ¢¥ªâ®à ç -
áâ¨æë k = p=�h, â® ¯®«ãç¨¬ �p�q

2��h = �k�q
2� , çâ® á®®â¢¥âáâ¢ã¥â ¨§¢¥áâ­®¬ã ¢ëà ¦¥­¨î ¤«ï ç¨á« 

á®¡áâ¢¥­­ëå ª®«¥¡ ­¨© ¢®«­®¢®£® ¯®«ï [8].
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�«¥¤®¢ â¥«ì­®, ¬¨­¨¬ «ì­ë© à §¬¥à ïç¥©ª¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ®¤­®© ç -
áâ¨æë à ¢¥­ h3 = (2��h)3,   ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ N ç áâ¨æ ®­ à ¢¥­ (2��h)3N .
�¥«¨ç¨­  (2��h)3N ï¢«ï¥âáï ¥áâ¥áâ¢¥­­®© ¥¤¨­¨æ¥© ¤«ï ä §®¢®£® ®¡ê¥¬ . �®íâ®¬ã
ç áâ® ¡ë¢ ¥â ã¤®¡­ë¬ ¢¢¥áâ¨ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï, ­®à¬¨à®¢ ­­ãî ­  ¥¤¨­¨æã
¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯® ¡¥§à §¬¥à­®¬ã ä §®¢®¬ã ®¡ê¥¬ã dpdq

(2��h)3N .

�à®¬¥ â®£®, ¯à¨ à áá¬®âà¥­¨¨ á¨áâ¥¬ë N ®¤¨­ ª®¢ëå ç áâ¨æ á«¥¤ã¥â ãç¥áâì,
çâ® ¯¥à¥áâ ­®¢ª  â®¦¤¥áâ¢¥­­ëå ç áâ¨æ ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ­¥ ¬¥­ï¥â á®áâ®ï­¨ï
á¨áâ¥¬ë. �®áª®«ìªã ç¨á«® ¯¥à¥áâ ­®¢®ª ¤«ï N â®¦¤¥áâ¢¥­­ëå ç áâ¨æ à ¢­® N !,
â® í«¥¬¥­â ä §®¢®£® ®¡ê¥¬  ­ã¦­® ã¬¥­ìè¨âì ¢ N ! à §, â ª ª ª ­ã¦­® ãç¨âë¢ âì
â®«ìª® ä¨§¨ç¥áª¨ à §«¨ç­ë¥ á®áâ®ï­¨ï.

� ª¨¬ ®¡à §®¬, äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ç áâ® ã¤®¡­¥¥ ®¯à¥¤¥«ïâì á ¯®¬®éìî
á®®â­®è¥­¨ï:

dw = �(p; q; t)
dpdq

N !(2��h)3N
; (1.9)

  ãá«®¢¨¥ ­®à¬¨à®¢ª¨ § ¯¨áë¢ âì ¢ ¢¨¤¥:Z
d��(p; q; t) = 1; (1.10)

£¤¥:

d� =
dpdq

N !(2��h)3N
(1.11)

{ ¡¥§à §¬¥à­ë© í«¥¬¥­â ä §®¢®£® ®¡ê¥¬ . �­â¥£à¨à®¢ ­¨¥ ¢ (1.10) á®®â¢¥âáâ¢ã¥â
áã¬¬¨à®¢ ­¨î ¯® ¢á¥¬ à §«¨ç­ë¬ ª¢ ­â®¢ë¬ á®áâ®ï­¨ï¬ á¨áâ¥¬ë. 4

�á«¨ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �(p; q; t) ¨§¢¥áâ­ , â® ¬ë ¬®¦¥¬, ¢ ¯à¨­æ¨¯¥, ¢ë-
ç¨á«¨âì ¢¥à®ïâ­®áâ¨ ¨ áà¥¤­¨¥ §­ ç¥­¨ï «î¡ëå ä¨§¨ç¥áª¨å ¢¥«¨ç¨­, § ¢¨áïé¨å ®â
ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢ ç áâ¨æ, á®áâ ¢«ïîé¨å à áá¬ âà¨¢ ¥¬ãî á¨áâ¥¬ã. �à¥¤­¥¥
§­ ç¥­¨¥ â ª®© ä¨§¨ç¥áª®© ¢¥«¨ç¨­ë f(p; q) ®¯à¥¤¥«ï¥âáï ª ª:

< f >=

Z
d��(p; q; t)f(p; q) (1.12)

{ ä §®¢®¥ áà¥¤­¥¥. �áà¥¤­¥­¨¥ á ¯®¬®éìî äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ®á¢®¡®¦¤ ¥â ­ á
®â ­¥®¡å®¤¨¬®áâ¨ á«¥¤¨âì §  ¨§¬¥­¥­¨¥¬ ¨áâ¨­­®£® §­ ç¥­¨ï ä¨§¨ç¥áª®© ¢¥«¨ç¨­ë
f(p; q) á® ¢à¥¬¥­¥¬ á ¯®á«¥¤ãîé¨¬ ®¯à¥¤¥«¥­¨¥¬ ¥¥ áà¥¤­¥£® §­ ç¥­¨ï ¯® ¢à¥¬¥­¨.
�®á«¥¤­¥¥ ®§­ ç «® ¡ë, çâ® á«¥¤ï §  ¨§¬¥­¥­¨¥¬ ­ è¥© ¢¥«¨ç¨­ë á® ¢à¥¬¥­¥¬
(¯à®¢®¤ï ¥¥ ¨§¬¥à¥­¨ï ¢ à §­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨), ¬ë ¤®«¦­ë ¡ë«¨ ¡ë ¯®áâà®¨âì
äã­ªæ¨î f = f(t), ¯®á«¥ ç¥£® ¨áª®¬®¥ áà¥¤­¥¥ ®¯à¥¤¥«ï«®áì ¡ë ª ª:

ef = lim
T!1

1

T

Z T

0

dtf(t) (1.13)

{ ¢à¥¬¥­­®¥ áà¥¤­¥¥. �®®¡é¥ £®¢®àï, ¤®ª § â¥«ìáâ¢® íª¢¨¢ «¥­â­®áâ¨ ä §®¢®£® ¨
¢à¥¬¥­­®£® ãáà¥¤­¥­¨ï ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥áì¬  á«®¦­ãî (¨ ­¥ à¥è¥­­ãî ¤®
ª®­æ ) ¯à®¡«¥¬ã, á®áâ ¢«ïîéãî á®¤¥à¦ ­¨¥ â ª ­ §ë¢ ¥¬®© íà£®¤¨ç¥áª®© â¥®à¨¨,
ï¢«ïîé¥©áï ®¤­¨¬ ¨§ à §¤¥«®¢ á®¢à¥¬¥­­®© ¬ â¥¬ â¨ª¨ [10, 11]. � ¯®á«¥¤­¨¥

4�â¬¥â¨¬ § ¬¥ç â¥«ì­ë© ä ªâ, çâ® ¬­®¦¨â¥«ì N ! ¢ §­ ¬¥­ â¥«¥ ä §®¢®£® ®¡ê¥¬ , § ¤®«£®
¤® ¯®ï¢«¥­¨ï ª¢ ­â®¢®© ¬¥å ­¨ª¨, ¢¢®¤¨« ¥é¥ �¨¡¡á, çâ®¡ë ¨§¡¥¦ âì â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯ à -
¤®ªá , ­®áïé¥£® ¥£® ¨¬ï | ¢®§à áâ ­¨ï í­âà®¯¨¨ ¯à¨ á¬¥è¥­¨¨ ®¤¨­ ª®¢ëå £ §®¢ ¯à¨ ®¤¨­ ª®¢®©
â¥¬¯¥à âãà¥ ¨ ®¤¨­ ª®¢®¬ ¤ ¢«¥­¨¨ [9].
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¤¥áïâ¨«¥â¨ï §¤¥áì ¤®áâ¨£­ãâë ¡®«ìè¨¥ ãá¯¥å¨, ­® á®®â¢¥âáâ¢ãîé¨© ¬ â¥à¨ « ¢ë-
å®¤¨â ¤ «¥ª® §  à ¬ª¨ ­ è¥£® ªãàá . �¥¬ ­¥ ¬¥­¥¥, ­¨¦¥ ¬ë ¥é¥ ¢¥à­¥¬áï ª í«¥-

¬¥­â à­®¬ã ®¡áã¦¤¥­¨î íâ¨å ¢®¯à®á®¢.

�¨§¨ç¥áª¨© á¬ëá« ¯®¤å®¤  �¨¡¡á  ¬®¦­® ª ç¥áâ¢¥­­® ¯®ïá­¨âì á«¥¤ãîé¨¬
®¡à §®¬. �ë¤¥«¨¬ ¨§ ­ è¥© § ¬ª­ãâ®© á¨áâ¥¬ë ­¥ª®â®àãî ¯®¤á¨áâ¥¬ã, ¬ «ãî ¯®
áà ¢­¥­¨î á® ¢á¥© á¨áâ¥¬®©, ­® ¢á¥ ¥é¥ ¬ ªà®áª®¯¨ç¥áªãî. �®¤á¨áâ¥¬  ¯à¥¤áâ -
¢«ï¥â á®¡®© ®¯ïâì ¬¥å ­¨ç¥áªãî á¨áâ¥¬ã, ­® ã¦¥ ­¥§ ¬ª­ãâãî,   ¨á¯ëâë¢ îéãî
¢á¥¢®§¬®¦­ë¥ ¢®§¤¥©áâ¢¨ï á® áâ®à®­ë ®áâ «ì­ëå ç áâ¥© ¡®«ìè®© á¨áâ¥¬ë. �®-
íâ®¬ã á®áâ®ï­¨¥ à áá¬ âà¨¢ ¥¬®© ¯®¤á¨áâ¥¬ë ¡ã¤¥â ¬¥­ïâìáï á® ¢à¥¬¥­¥¬ ¢¥áì¬ 
§ ¯ãâ ­­ë¬ ®¡à §®¬. � á¨«ã íâ®© á«®¦­®áâ¨ ¨ § ¯ãâ ­­®áâ¨, §  ¤®áâ â®ç­® ¡®«ì-
è®© ¯à®¬¥¦ãâ®ª ¢à¥¬¥­¨ ¢ë¤¥«¥­­ ï ¯®¤á¨áâ¥¬  ¯®¡ë¢ ¥â ¤®áâ â®ç­® ¬­®£® à § ¢®
¢á¥å á¢®¨å ¢®§¬®¦­ëå á®áâ®ï­¨ïå. �®ç­¥¥, ®¡®§­ ç¨¬ �p�q ­¥ª®â®àë© ¬ «ë© ãç -
áâ®ª ®¡ê¥¬  ä §®¢®£® ¯à®áâà ­áâ¢  ¯®¤á¨áâ¥¬ë. �®¦­® ¯®« £ âì, çâ® ¢ â¥ç¥­¨¥
¤®áâ â®ç­® ¤«¨â¥«ì­®£® ¢à¥¬¥­¨ T çà¥§¢ëç ©­® § ¯ãâ ­­ ï ä §®¢ ï âà ¥ªâ®à¨ï
¯®¤á¨áâ¥¬ë ¬­®£® à § ¯à®©¤¥â ç¥à¥§ ¢áïª¨© â ª®© ãç áâ®ª ä §®¢®£® ¯à®áâà ­-
áâ¢ . �ãáâì �t ¥áâì â  ç áâì ¯®«­®£® ¢à¥¬¥­¨ T , ¢ â¥ç¥­¨¥ ª®â®à®£® ¯®¤á¨áâ¥¬ 
­ å®¤¨« áì ¢ ¤ ­­®¬ ®¡ê¥¬¥ ä §®¢®£® ¯à®áâà ­áâ¢  �p�q. �à¨ ­¥®£à ­¨ç¥­­®¬
ã¢¥«¨ç¥­¨¨ T ®â­®è¥­¨¥ �t=T ¡ã¤¥â áâà¥¬¨âìáï ª ­¥ª®â®à®¬ã ¯à¥¤¥«ã:

�w = lim
T!1

�t

T
(1.14)

ª®â®àë© ¨ ¬®¦­® à áá¬ âà¨¢ âì ª ª ¢¥à®ïâ­®áâì â®£®, çâ® ¯à¨ ­ ¡«î¤¥­¨¨ ¯®¤á¨-
áâ¥¬ë ¢ ­¥ª®â®àë© ¯à®¨§¢®«ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ ¬ë ®¡­ àã¦¨¬ ¥¥ ­ å®¤ïé¥©áï ¢
¤ ­­®¬ ãç áâª¥ ä §®¢®£® ¯à®áâà ­áâ¢ . �¥à¥å®¤ï ª ¯à¥¤¥«ã ¡¥áª®­¥ç­® ¬ «®£® í«¥-
¬¥­â  ®¡ê¥¬  ä §®¢®£® ¯à®áâà ­áâ¢  ¬ë ¢¢®¤¨¬ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï �(p; q; t) ¨
¢ á¨«ã á ¬®£® ®¯à¥¤¥«¥­¨ï (1.14) áâ â¨áâ¨ç¥áª®¥ (ä §®¢®¥) ãáà¥¤­¥­¨¥ (1.12) ¯à¥¤-
áâ ¢«ï¥âáï ¢¯®«­¥ íª¢¨¢ «¥­â­ë¬ ãáà¥¤­¥­¨î ¯® ¢à¥¬¥­¨ (1.13). �¨§¨ª ¬, ®¡ëç­®,
¤®áâ â®ç­® â ª¨å ¯à®áâëå á®®¡à ¦¥­¨©. � ç áâ­®áâ¨, � ­¤ ã áç¨â « [1], çâ® §­ -
ç¥­¨¥ íà£®¤¨ç¥áª®© ¯à®¡«¥¬ë ¢®®¡é¥ ¯à¥ã¢¥«¨ç¨¢ ¥âáï ¬ â¥¬ â¨ª ¬¨. �¥á¬®âàï
­  ¯à®¤®«¦ îé¨¥áï ¤¨áªãáá¨¨ ­  íâã â¥¬ã, á ¯à £¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï ¯®¤å®¤
�¨¡¡á  ­¥ ¢ë§ë¢ ¥â ­¨ª ª¨å á®¬­¥­¨©, â ª ª ª ¢á¥ ®á­®¢­ë¥ ¢ë¢®¤ë, ¯®«ãç¥­­ë¥
¢ à ¬ª å áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ¯®«ãç îâ ¯®«­®¥ íªá¯¥à¨¬¥­â «ì­®¥ ¯®¤â¢¥à-
¦¤¥­¨¥.

� § ª«îç¥­¨¥ ®â¬¥â¨¬ ¥é¥ ®¤­® ª ç¥áâ¢¥­­®¥ ®¡áâ®ïâ¥«ìáâ¢®, ¨¬¥îé¥¥ ¡®«ì-
è®¥ §­ ç¥­¨¥ ¤«ï ¯®­¨¬ ­¨ï ®á­®¢ áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨. �â â¨áâ¨ç¥áª®¥ à á-
¯à¥¤¥«¥­¨¥ ¤ ­­®© ¯®¤á¨áâ¥¬ë, ª ª ¯à ¢¨«®, ­¥ § ¢¨á¨â ®â ­ ç «ì­®£® á®áâ®ï­¨ï
ª ª®©-«¨¡® ¤àã£®© ¬ «®© ç áâ¨ â®© ¦¥ á¨áâ¥¬ë, â ª ª ª ¢«¨ï­¨¥ íâ®£® ­ ç «ì-
­®£® á®áâ®ï­¨ï ¢ â¥ç¥­¨¥ ¤®áâ â®ç­® ¡®«ìè®£® ¯à®¬¥¦ãâª  ¢à¥¬¥­¨ á®¢¥àè¥­­®
¢ëâ¥á­ï¥âáï ¢«¨ï­¨¥¬ ¬­®¦¥áâ¢  ¤àã£¨å ç áâ¥© á¨áâ¥¬ë. �­® ­¥ § ¢¨á¨â â ª¦¥
®â ­ ç «ì­®£® á®áâ®ï­¨ï á ¬®© ¢ë¤¥«¥­­®© ­ ¬¨ ¯®¤á¨áâ¥¬ë, ¯®áª®«ìªã ®­  á â¥-
ç¥­¨¥¬ ¢à¥¬¥­¨ ¯à®å®¤¨â ç¥à¥§ ¢á¥ ¢®§¬®¦­ë¥ á®áâ®ï­¨ï ¨ ª ¦¤®¥ ¨§ ­¨å ¬®¦¥â
¡ëâì ¢ë¡à ­® ¢ ª ç¥áâ¢¥ ­ ç «ì­®£® (¯®â¥àï \¯ ¬ïâ¨").
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�â â¨áâ¨ç¥áª ï ­¥§ ¢¨á¨¬®áâì.

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à®áâë¥ à¥§ã«ìâ âë ¬ â¥¬ â¨ç¥áª®© áâ â¨áâ¨ª¨, ª®â®àë¥
¯à¨£®¤ïâáï ¢ ¤ «ì­¥©è¥¬. �® ¬­®£¨å á«ãç ïå, § ¬ª­ãâ ï ¬ ªà®áª®¯¨ç¥áª ï á¨-
áâ¥¬  ¬®¦¥â ¡ëâì \à §¡¨â " ­  àï¤ ¯®¤á¨áâ¥¬, ª®â®àë¥ ¤®áâ â®ç­® á« ¡® ¢§ ¨¬®-
¤¥©áâ¢ãîâ ¤àã£ á ¤àã£®¬, ¨ ¢ â¥ç¥­¨¥ ¤®áâ â®ç­® ¡®«ìè¨å ¯à®¬¥¦ãâª®¢ ¢à¥¬¥­¨
¢¥¤ãâ á¥¡ï ¯à¨¡«¨§¨â¥«ì­® ª ª § ¬ª­ãâë¥ á¨áâ¥¬ë, â.¥. ï¢«ïîâáï ª¢ §¨§ ¬ª­ã-
âë¬¨. �â â¨áâ¨ç¥áª ï ­¥§ ¢¨á¨¬®áâì â ª¨å ¯®¤á¨áâ¥¬ ®§­ ç ¥â, çâ® á®áâ®ï­¨¥, ¢
ª®â®à®¬ ­ å®¤¨âáï ®¤­  ¨§ ¯®¤á¨áâ¥¬, ­¨ª ª ­¥ ¢«¨ï¥â ­  ¢¥à®ïâ­®áâ¨ à §«¨ç­ëå
á®áâ®ï­¨© ¤àã£¨å ¯®¤á¨áâ¥¬.

� áá¬®âà¨¬ ¤¢¥ â ª¨¥ ¯®¤á¨áâ¥¬ë, ¨ ¯ãáâì dp(1)dq(1) ¨ dp(2)dq(2) { í«¥¬¥­âë
®¡ê¥¬  ¨å ä §®¢ëå ¯à®áâà ­áâ¢. �á«¨ à áá¬ âà¨¢ âì á®¢®ªã¯­®áâì ®¡¥¨å ¯®¤á¨-
áâ¥¬ ª ª ®¤­ã á®áâ ¢­ãî á¨áâ¥¬ã, â® á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï áâ â¨áâ¨ç¥áª ï
­¥§ ¢¨á¨¬®áâì ¯®¤á¨áâ¥¬ ®§­ ç ¥â, çâ® ¢¥à®ïâ­®áâì â®£®, çâ® á®áâ ¢­ ï á¨áâ¥¬  ­ -
å®¤¨âáï ¢ í«¥¬¥­â¥ ¥¥ ä §®¢®£® ®¡ê¥¬  dp(12)dq(12) = dp(1)dq(1)dp(2)dq(2) à §¡¨¢ ¥âáï
­  ¯à®¨§¢¥¤¥­¨¥ ¢¥à®ïâ­®áâ¥©:

�12dp
(12)dq(12) = �1dp

(1)dq(1)�2dp
(2)dq(2); (1.15)

â ª çâ®

�12 = �1�2; (1.16)

£¤¥ �12 { äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï á®áâ ¢­®© á¨áâ¥¬ë,   �1 ¨ �2 { äã­ªæ¨¨ à á¯à¥-
¤¥«¥­¨ï ®â¤¥«ì­ëå ¯®¤á¨áâ¥¬.

�®¦­® ãâ¢¥à¦¤ âì ¨ ®¡à â­®¥ | ä ªâ®à¨§ æ¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ®§­ -
ç ¥â, çâ® á¨áâ¥¬  á®áâ®¨â ¨§ áâ â¨áâ¨ç¥áª¨ ­¥§ ¢¨á¨¬ëå ¯®¤á¨áâ¥¬. �á«¨ f1 ¨ f2
{ ¤¢¥ ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë, ®â­®áïé¨¥áï ª ¤¢ã¬ à §«¨ç­ë¬ ¯®¤á¨áâ¥¬ ¬, â® ¨§
(1.15) ¨ (1.12) áà §ã ¦¥ á«¥¤ã¥â, çâ® áà¥¤­¥¥ §­ ç¥­¨¥ ¯à®¨§¢¥¤¥­¨ï f1f2 à ¢­®
¯à®¨§¢¥¤¥­¨î áà¥¤­¨å:

< f1f2 >=< f1 >< f2 > : (1.17)

� áá¬®âà¨¬ ª ªãî-«¨¡® ä¨§¨ç¥áªãî ¢¥«¨ç¨­ã f , ®â­®áïéãîáï ª ¬ ªà®áª®¯¨ç¥-
áª®¬ã â¥«ã ¨«¨ ¥£® ç áâ¨. � â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ®­  ¬¥­ï¥âáï (ä«ãªâã¨àã¥â) ¢®-
ªàã£ á¢®¥£® áà¥¤­¥£® §­ ç¥­¨ï < f >. � ª ç¥áâ¢¥ ¬¥àë ä«ãªâã æ¨© ­¥«ì§ï ¢§ïâì
¯à®áâ® �f = f� < f >, ¯®áª®«ìªã ¨§-§  ¢®§¬®¦­®áâ¨ ä«ãªâã æ¨© ®¡®¨å §­ ª®¢
¢á¥£¤  ¨¬¥¥¬ < �f >= 0. � ª ç¥áâ¢¥ â ª®© ¬¥àë ®¡ëç­® à áá¬ âà¨¢ îâ ¢¥«¨-
ç¨­ã < (�f)2 >. �à¨ íâ®¬ ¨¬¥¥¬ < (�f)2 >� 0, ¯à¨ç¥¬ íâ® áà¥¤­¥¥ áâà¥¬¨âáï ª
­ã«î â®«ìª® ¯à¨ f !< f >, â.¥. ª®£¤  ®âª«®­¥­¨ï f ®â < f > ®¡« ¤ îâ ¬ «®©
¢¥à®ïâ­®áâìî. �¥«¨ç¨­ :p

< (�f)2 > =
p
< (f� < f >)2 > (1.18)

­ §ë¢ ¥âáï áà¥¤­¥ª¢ ¤à â¨ç­®© ä«ãªâã æ¨¥© ¢¥«¨ç¨­ë f . �¥£ª® ¢¨¤¥âì, çâ®:

< (�f)2 >=< f2 � 2f < f > + < f >2> (1.19)

=< f2 > �2 < f >< f > + < f >2=< f2 > � < f >2;

â ª çâ® áà¥¤­¥ª¢ ¤à â¨ç­ ï ä«ãªâã æ¨ï ®¯à¥¤¥«ï¥âáï à §­®áâìî ¬¥¦¤ã áà¥¤-
­¨¬ ª¢ ¤à â®¬ ¢¥«¨ç¨­ë ¨ ª¢ ¤à â®¬ ¥¥ áà¥¤­¥£® §­ ç¥­¨ï. �à¨ íâ®¬ ®â­®è¥­¨¥
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p
< (�f)2 >= < f > ­ §ë¢ ¥âáï ®â­®á¨â¥«ì­®© ä«ãªâã æ¨¥© ¢¥«¨ç¨­ë f . �¥-

âàã¤­® ã¡¥¤¨âìáï, çâ® ®â­®á¨â¥«ì­ë¥ ä«ãªâã æ¨¨ ¡®«ìè¨­áâ¢  ä¨§¨ç¥áª¨å ¢¥«¨-
ç¨­ ¡ëáâà® ã¬¥­ìè îâáï á à®áâ®¬ à §¬¥à®¢ (ç¨á«  ç áâ¨æ) â¥« . � á ¬®¬ ¤¥«¥,
¡®«ìè¨­áâ¢® ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ ï¢«ïîâáï  ¤¤¨â¨¢­ë¬¨, çâ® ï¢«ï¥âáï á«¥¤-
áâ¢¨¥¬ ª¢ §¨§ ¬ª­ãâ®áâ¨ ®â¤¥«ì­ëå ç áâ¥© â¥« : §­ ç¥­¨¥ â ª®© ¢¥«¨ç¨­ë ¤«ï
¢á¥£® â¥«  ï¢«ï¥âáï áã¬¬®© §­ ç¥­¨© íâ®© ¢¥«¨ç¨­ë ¤«ï ®â¤¥«ì­ëå ¥£® ç áâ¥©.
�ãáâì f ¥áâì â ª ï  ¤¤¨â¨¢­ ï ¢¥«¨ç¨­ . � §®¡ì¥¬ â¥«® ­  ¡®«ìè®¥ ç¨á«® N ¯à¨-
¬¥à­® ®¤¨­ ª®¢ëå ç áâ¥© (ç áâ® íâ® ¬®¦¥â ¡ëâì ¯à®áâ® ç¨á«® ç áâ¨æ, ¨§ ª®â®àëå
á®áâ®¨â á¨áâ¥¬ ). �®£¤ :

f =
NX
i=1

fi; (1.20)

£¤¥ fi ®â­®á¨âáï ª ®â¤¥«ì­ë¬ ç áâï¬. �ç¥¢¨¤­®, çâ® ¤«ï áà¥¤­¥£® §­ ç¥­¨ï ¨¬¥¥¬:

< f >=
NX
i=1

< fi > : (1.21)

� à®áâ®¬ N ¢¥«¨ç¨­  < f > à áâ¥â ¯à¨¬¥à­® ¯à®¯®àæ¨®­ «ì­® N : < f >� N .
�®¤áç¨â ¥¬ áà¥¤­¥ª¢ ¤à â¨ç­ãî ä«ãªâã æ¨î f :

< (�f)2 >=< (
X
i

�fi)
2 > : (1.22)

� á¨«ã áâ â¨áâ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ à §«¨ç­ëå ç áâ¥© â¥« :

< �fi�fk >=< �fi >< �fk >= 0 (i 6= k) (1.23)

¯®áª®«ìªã ª ¦¤®¥ < �fi >= 0. �®£¤ :

< (�f)2 >=
NX
i=1

< (�fi)
2 > (1.24)

�âáî¤  ïá­®, çâ® á à®áâ®¬ N ¨¬¥¥¬ â ª¦¥ ¨ < (�f)2 >� N . �®£¤ , ®â­®á¨â¥«ì­ ï
ä«ãªâã æ¨ï: p

< (�f)2 >

< f >
�
p
N

N
=

1p
N
: (1.25)

�¨¤¨¬, çâ® ®â­®á¨â¥«ì­ ï ä«ãªâã æ¨ï «î¡®©  ¤¤¨â¨¢­®© ¢¥«¨ç¨­ë ã¡ë¢ ¥â
®¡à â­® ¯à®¯®àæ¨®­ «ì­® ª¢ ¤à â­®¬ã ª®à­î ¨§ ç¨á«  ç áâ¥© (ç áâ¨æ) ¬ ªà®áª®-
¯¨ç¥áª®£® â¥« ,   ¯®â®¬ã ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ §­ ç¥­¨¨ N (­ ¯à¨¬¥à N � 1022)
á ¬  ¢¥«¨ç¨­  f ¬®¦¥â áç¨â âìáï ¯à ªâ¨ç¥áª¨ ¯®áâ®ï­­®© ¢® ¢à¥¬¥­¨ ¨ à ¢­®©
á¢®¥¬ã áà¥¤­¥¬ã §­ ç¥­¨î. �á«¨ N ­¥ á«¨èª®¬ ¢¥«¨ª®, ­ ¯à¨¬¥à N � 106, â® ®â-
­®á¨â¥«ì­ë¥ ä«ãªâã æ¨¨ ã¦¥ ­¥ â ª ¬ «ë ¨ ¢¯®«­¥ ­ ¡«î¤ ¥¬ë. � ª¨¥ á¨áâ¥¬ë
¯à¨­ïâ® ­ §ë¢ âì ¬¥§®áª®¯¨ç¥áª¨¬¨.
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�¨á. 1-1 �§¬¥­¥­¨¥ ­ ç «ì­®£® ®¡ê¥¬  G0 ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥, ®¡ãá«®¢«¥­­®¥
¤¢¨¦¥­¨¥¬ ¢å®¤ïé¨å ¢ íâ®â ®¡ê¥¬ ¨§®¡à ¦ îé¨å â®ç¥ª  ­á ¬¡«ï, ¢ á®®â¢¥âáâ¢¨¨ á
â¥®à¥¬®© �¨ã¢¨««ï.

�¥®à¥¬  �¨ã¢¨««ï.

�®§¬®¦­®áâì ¢¢¥¤¥­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ª ª ¯«®â­®áâ¨ ¢¥à®ïâ­®áâ¨ ®á­®-
¢ ­  ­  â¥®à¥¬¥ �¨ã¢¨««ï | ç¨áâ® ¬¥å ­¨ç¥áª®© â¥®à¥¬¥, ­¥ á®¤¥à¦ é¥© ª ª¨å-
«¨¡® áâ â¨áâ¨ç¥áª¨å á®®¡à ¦¥­¨©. �®£« á­® íâ®© â¥®à¥¬¥ ¤«ï á¨áâ¥¬, ¯®¤ç¨­ïî-
é¨åáï ãà ¢­¥­¨ï¬ � ¬¨«ìâ®­ :

dqk
dt

=
@H

@pk

dpk
dt

= �@H
@qk

(1.26)

ä §®¢ë© ®¡ê¥¬ á¨áâ¥¬ë ®áâ ¥âáï ¯®áâ®ï­­ë¬ ¢ ¯à®æ¥áá¥ ¤¢¨¦¥­¨ï. �® ¥áâì, ¥á«¨ ¢
­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ ä §®¢ë¥ â®çª¨ (p0; q0), á®áâ ¢«ïîé¨¥  ­á ¬¡«ì �¨¡¡á ,
­¥¯à¥àë¢­® § ¯®«­ï«¨ ­¥ª®â®àãî ®¡« áâì ­ ç «ì­ëå §­ ç¥­¨© G0 ¢ ä §®¢®¬ ¯à®-
áâà ­áâ¢¥,   ¢ ¬®¬¥­â t ®­¨ § ¯®«­ïîâ ®¡« áâì Gt, â® á®®â¢¥âáâ¢ãîé¨¥ ä §®¢ë¥
®¡ê¥¬ë à ¢­ë ¬¥¦¤ã á®¡®©: Z

G0

dp0dq0 =

Z
Gt

dpdq (1.27)

¨«¨, ¤«ï ¡¥áª®­¥ç­® ¬ «ëå í«¥¬¥­â®¢ ä §®¢®£® ®¡ê¥¬ :

dp0dq0 = dpdq (1.28)

�àã£¨¬¨ á«®¢ ¬¨, ¤¢¨¦¥­¨¥ ä §®¢ëå â®ç¥ª, ¨§®¡à ¦ îé¨å á¨áâ¥¬ë ¢ ä §®¢®¬

¯à®áâà ­áâ¢¥, ¯®¤®¡­® ¤¢¨¦¥­¨î ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨, ª ª íâ® ¯®ª § ­® ­ 
�¨á.1.1 { \ª ¯«ï", ®¡à §®¢ ­­ ï ä §®¢ë¬¨ â®çª ¬¨, ¯à¥¤áâ ¢«ïîé¨¬¨ á¨áâ¥¬ë ¨§
 ­á ¬¡«ï ¬®¦¥â ª ª ã£®¤­® ¤¥ä®à¬¨à®¢ âìáï ¢ ¯à®æ¥áá¥ ¤¢¨¦¥­¨ï, ­® ¥¥ ®¡ê¥¬
á®åà ­ï¥âáï.



16 �������� �������� ����������

�â®¡ë ¤®ª § âì â¥®à¥¬ã �¨ã¢¨««ï, ¯à¥®¡à §ã¥¬ ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ (1.27)
á ¯®¬®éìî § ¬¥­ë ¯¥à¥¬¥­­ëå ¨­â¥£à¨à®¢ ­¨ï p0; q0 ­  p; q. �®£¤ , á®£« á­® ¨§-
¢¥áâ­ë¬ ¯à ¢¨« ¬ ¯à¥®¡à §®¢ ­¨ï ªà â­ëå ¨­â¥£à «®¢:Z

Gt

dpdq =

Z
G0

@(p; q)

@(p0; q0)
dp0dq0; (1.29)

£¤¥ @(p;q)
@(p0;q0) { á®®â¢¥âáâ¢ãîé¨© ïª®¡¨ ­ ¯à¥®¡à §®¢ ­¨ï. � ¯®¬­¨¬, çâ® ïª®¡¨ -

­®¬ ­ §ë¢ îâ ¤¥â¥à¬¨­ ­â ¢¨¤  (®£à ­¨ç¨¬áï ¤¢ã¬¥à­ë¬ á«ãç ¥¬, ®¡®¡é¥­¨¥ ­ 
¬­®£®¬¥à­ë© ®ç¥¢¨¤­®):

@(u; v)

@(x; y)
=

����� @u
@x

@u
@y

@v
@x

@v
@y

����� : (1.30)

�­ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ ®ç¥¢¨¤­ë¬¨ á¢®©áâ¢ ¬¨:

@(u; v)

@(x; y)
= �@(v; u)

@(x; y)
(1.31)

@(u; y)

@(x; y)
=
@u

@x
(1.32)

�¬¥îâ ¬¥áâ® â ª¦¥ á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

@(u; v)

@(x; y)
=
@(u; v)

@(t; s)

@(t; s)

@(x; y)
(1.33)

d

dt

@(u; v)

@(x; y)
=
@(du

dt
; v)

@(x; y)
+
@(u; dv

dt
)

@(x; y)
: (1.34)

�®ª ¦¥¬, çâ® ïª®¡¨ ­ ¢ (1.29) ¢ á¨«ã ãà ¢­¥­¨© � ¬¨«ìâ®­  à ¢¥­ ¥¤¨­¨æ¥:

@(p; q)

@(p0; q0)
= 1: (1.35)

�«ï íâ®£® ¤®ª ¦¥¬, çâ® ¯®«­ ï ¯à®¨§¢®¤­ ï íâ®£® ïª®¡¨ ­  ¯® ¢à¥¬¥­¨ à ¢­ 
­ã«î:

d

dt

@(p; q)

@(p0; q0)
= 0: (1.36)

�âáî¤  ¡ã¤¥â á«¥¤®¢ âì, çâ® ïª®¡¨ ­ à ¢¥­ ¯®áâ®ï­­®©,   ¨¬¥­­® ¥¤¨­¨æ¥, â.ª. ®­
¡ë« à ¢¥­ ¥¤¨­¨æ¥ ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨. �«ï ªà âª®áâ¨ ¯à®¢¥¤¥¬ ¤®ª -
§ â¥«ìáâ¢® ¤«ï á«ãç ï ¤¢ã¬¥à­®£® ä §®¢®£® ¯à®áâà ­áâ¢ , ª®£¤  ¨¬¥¥âáï â®«ìª®
®¤­  ª®®à¤¨­ â  q ¨ ®¤¨­ ¨¬¯ã«ìá p. �®£« á­® á¢®©áâ¢ã (1.34) ¬®¦¥¬ ­ ¯¨á âì:

d

dt

@(p; q)

@(p0; q0)
=

@( _p; q)

@(p0; q0)
+

@(p; _q)

@(p0; q0)
: (1.37)

� «¥¥, á®£« á­® (1.32) ¨ (1.33) ¨¬¥¥¬:

@(p; _q)

@(p0; q0)
=
@(p; _q)

@(p; q)

@(p; q)

@(p0; q0)
=
@ _q

@q

@(p; q)

@(p0; q0)
(1.38)
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@( _p; q)

@(p0; q0)
=
@( _p; q)

@(p; q)

@(p; q)

@(p0; q0)
=
@ _p

@p

@(p; q)

@(p0; q0)
(1.39)

d

dt

@(p; q)

@(p0; q0)
= (

@ _p

@p
+
@ _q

@q
)
@(p; q)

@(p0; q0)
(1.40)

�¨¤­®, çâ® áã¬¬  ¢ áª®¡ª å ¢ ¯à ¢®© ç áâ¨ à ¢­  ­ã«î ¢ á¨«ã ãà ¢­¥­¨© ¤¢¨¦¥­¨ï:

_q =
@H

@p
; _p = �@H

@q
(1.41)

â ª, çâ®
@ _q

@q
=
@2H

@q@p
= �@ _p

@p
(1.42)

¨, á®®â¢¥âáâ¢¥­­®

(
@ _p

@p
+
@ _q

@q
) = 0 (1.43)

çâ® ¨ ¤®ª §ë¢ ¥â á¤¥« ­­ë¥ ¢ëè¥ ãâ¢¥à¦¤¥­¨ï.
�¥®à¥¬  �¨ã¢¨««ï { ç¨áâ® ¬¥å ­¨ç¥áª ï â¥®à¥¬  ¨ áâ â¨áâ¨ç¥áª ï äã­ªæ¨ï

à á¯à¥¤¥«¥­¨ï ¯®ª  ¥é¥ ­¨£¤¥ ­¥ ä¨£ãà¨à®¢ « . �¤­ ª®, ä ªâ¨ç¥áª¨, á ¯®¬®éìî
äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¬®¦­® ¤ âì ¤àã£ãî ä®à¬ã«¨à®¢ªã â¥®à¥¬ë �¨ã¢¨««ï.
�à¨ ¤¢¨¦¥­¨¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ \ª ¯«¨", ¯à¥¤áâ ¢«ïîé¥©  ­á ¬¡«ì �¨¡¡á 
(�¨á.1.1), ç¨á«® ä §®¢ëå â®ç¥ª ¢ ­¥© (ç¨á«® á¨áâ¥¬ ¢  ­á ¬¡«¥), ¥áâ¥áâ¢¥­­®, ­¥
¨§¬¥­ï¥âáï { ¢á¥ ä §®¢ë¥ â®çª¨, ­ å®¤ïé¨¥áï ¢ ¬®¬¥­â t ¢ í«¥¬¥­â¥ ®¡ê¥¬  dpdq,
¯¥à¥©¤ãâ ¢ ¬®¬¥­â t0 ¢ í«¥¬¥­â dp0dq0. �®®â¢¥âáâ¢¥­­®, ¬®¦¥¬ ­ ¯¨á âì:

�(p; q; t)dpdq = �(p0; q0; t0)dp0dq0; (1.44)

  ¯®áª®«ìªã ¢ á¨«e â¥®à¥¬ë �¨ã¢¨««ï ¨¬¥¥¬ dpdq = dp0dq0, â® ¯®«ãç ¥¬:

�(p; q; t) = �(p0; q0; t0) (1.45)

â ª, çâ® äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï � ¯®áâ®ï­­  ¢¤®«ì ä §®¢ëå âà ¥ªâ®à¨© { íâ®
¨ ¥áâì  «ìâ¥à­ â¨¢­ë© ¢ à¨ ­â ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë �¨ã¢¨««ï, ¨á¯®«ì§ãîé¨©
¯®­ïâ¨¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ­® ¯® ¯à¥¦­¥¬ã ï¢«ïîé¨©áï ç¨áâ® ¬¥å ­¨ç¥áª¨¬
ãâ¢¥à¦¤¥­¨¥¬.

�á¯®«ì§ãï ¤®ª § ­­ë¥ ¯®«®¦¥­¨ï, ¬®¦­® ¢ë¢¥áâ¨ ãà ¢­¥­¨¥ �¨ã¢¨««ï, ä ª-
â¨ç¥áª¨ ï¢«ïîé¥¥áï ãà ¢­¥­¨¥¬ ¤¢¨¦¥­¨ï ¤«ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï. �®« £ ï
¬®¬¥­â ¢à¥¬¥­¨ t ¡¥áª®­¥ç­® ¡«¨§ª¨¬ ª t0 = t + dt ¨§ (1.45) ¨¬¥¥¬:

�(p; q; t) = �(p + _pdt; q+ _qdt; t+ dt) (1.46)

�à¥¤¯®« £ ï ¤¨ää¥à¥­æ¨àã¥¬®áâì �, ¯®«ãç ¥¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥:

d�

dt
=
@�

@t
+

3NX
k=1

(
@�

@pk
_pk +

@�

@qk
_qk) = 0 (1.47)

çâ® á ãç¥â®¬ ãà ¢­¥­¨© � ¬¨«ìâ®­  á¢®¤¨âáï ª:

@�

@t
=
X
k

(
@H

@qk

@�

@pk
� @H

@pk

@�

@qk
) (1.48)
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�ã¬¬  ¢ ¯à ¢®© ç áâ¨ (1.48) ¯à¥¤áâ ¢«ï¥â á®¡®© áª®¡ªã �ã áá®­  ¤«ï H ¨ �:

fH; �g =
X
k

(
@H

@qk

@�

@pk
� @H

@pk

@�

@qk
) (1.49)

â ª, çâ® ãà ¢­¥­¨¥ �¨ã¢¨««ï ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

@�

@t
= fH; �g: (1.50)

�â® ãà ¢­¥­¨¥ ï¢«ï¥âáï ®á­®¢­ë¬ ãà ¢­¥­¨¥¬ ¤¢¨¦¥­¨ï ¤«ï äã­ªæ¨¨ à á¯à¥¤¥«¥-
­¨ï, ®áâ îé¨¬áï á¯à ¢¥¤«¨¢ë¬ ª ª ¢ à ¢­®¢¥á­®¬, â ª ¨ ¢ ­¥à ¢­®¢¥á­®¬ á«ãç ïå.
� ¯à¨­æ¨¯¥, ®­® ¤ ¥â ¢®§¬®¦­®áâì ¢ëç¨á«¨âì � ¢ «î¡®© ¬®¬¥­â ¢à¥¬¥­¨ t, ¥á«¨ ®­ 
¨§¢¥áâ­  ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = t0, ®­® ¦¥, ª ª ¬ë ã¢¨¤¨¬ ¢¯®á«¥¤áâ¢¨¨, ¯®§¢®«ï¥â
­ ©â¨ à¥ ªæ¨î áâ â¨áâ¨ç¥áª¨å á¨áâ¥¬ ­  ¢­¥è­¥¥ ¢®§¬ãé¥­¨¥.

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ãà ¢­¥­¨¥ �¨ã¢¨««ï ¨¬¥¥â ¢¨¤ ãà ¢­¥­¨ï ­¥-
¯à¥àë¢­®áâ¨ ¤«ï ¤¢¨¦¥­¨ï ä §®¢ëå â®ç¥ª ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥. � á ¬®¬
¤¥«¥, à áá¬®âà¨¬ ¤¢¨¦¥­¨¥ â®ç¥ª ¢ 6N -¬¥à­®¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ª ª ¤¢¨-
¦¥­¨¥ \¦¨¤ª®áâ¨" á ¯«®â­®áâìî �. �ª®à®áâì â¥ç¥­¨ï ¯à¥¤áâ ¢¨âáï ¢¥ªâ®à®¬
( _p1; _p2; :::; _pN; _q1; _q2; :::; _qN) ¢ íâ®¬ ¯à®áâà ­áâ¢¥. �«¥¤®¢ â¥«ì­®, á®®â¢¥âáâ¢ãîé¥¥
ãà ¢­¥­¨¥ ­¥¯à¥àë¢­®áâ¨ ¨¬¥¥â ¢¨¤:

@�

@t
+
X
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[
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@pk
(� _pk) +

@

@qk
(� _qk)] = 0 (1.51)

£¤¥ ¢ëà ¦¥­¨¥ ¢ áª®¡ª å ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¨¢¥à£¥­æ¨î ¢¥ªâ®à  ¯®â®ª . � áªàë-
¢ ï ¯à®¨§¢®¤­ë¥, § ¯¨è¥¬ íâ® á« £ ¥¬®¥ ¢ ¢¨¤¥:
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] (1.52)

� á¨«ã ãà ¢­¥­¨© ¤¢¨¦¥­¨ï � ¬¨«ìâ®­  ¢â®à®¥ á« £ ¥¬®¥ ¢ íâ®¬ ¢ëà ¦¥­¨¨ â®-
¦¤¥áâ¢¥­­® à ¢­® ­ã«î, â ª çâ® (1.51) á¢®¤¨âáï ª:
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[ _pk
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@pk
+ _qk

@�

@qk
] = 0 (1.53)

çâ® á®¢¯ ¤ ¥â á (1.47). �âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ¤¢¨¦¥­¨¥ \¦¨¤ª®áâ¨"
ä §®¢ëå â®ç¥ª ­¥á¦¨¬ ¥¬®. �«ï á«ãç ï á¨áâ¥¬, ­ å®¤ïé¨åáï ¢ áâ â¨áâ¨ç¥áª®¬
(â¥à¬®¤¨­ ¬¨ç¥áª®¬) à ¢­®¢¥á¨¨, � ¨ H ­¥ § ¢¨áïâ ï¢­® ®â ¢à¥¬¥­¨5, â ª çâ® (1.50)
¯à¥¢à é ¥âáï ¢:

fH; �g = 0 (1.54)

  äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï � ¯à¥¤áâ ¢«ï¥â á®¡®© ¨­â¥£à « ¤¢¨¦¥­¨ï. � ª ¬ë ã¢¨-
¤¨¬ ­¨¦¥, íâ® ®¡áâ®ïâ¥«ìáâ¢® à ¤¨ª «ì­® ã¯à®é ¥â à áá¬®âà¥­¨¥ à ¢­®¢¥á­ëå áâ -
â¨áâ¨ç¥áª¨å  ­á ¬¡«¥©.

5� íâ®¬ á«ãç ¥ ­¥â ï¢­®© § ¢¨á¨¬®áâ¨ ®â ¢à¥¬¥­¨ ¨ ã á®®â¢¥âáâ¢ãîé¨å áà¥¤­¨å §­ ç¥­¨©
«î¡ëå ä¨§¨ç¥áª¨å ¢¥«¨ç¨­, à áá¬ âà¨¢ ¥¬ëå ª ª äã­ªæ¨¨ ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢ ç áâ¨æ, á®-
áâ ¢«ïîé¨å á¨áâ¥¬ã, çâ® ï¢«ï¥âáï ®ç¥¢¨¤­ë¬ á¢®©áâ¢®¬ à ¢­®¢¥á­®£® á®áâ®ï­¨ï.
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�®«ì í­¥à£¨¨, ¬¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥-
¤¥«¥­¨¥.

�â ª, ¬ë ã¡¥¤¨«¨áì, çâ® ¤«ï â¥à¬®¤¨­ ¬¨ç¥áª¨ à ¢­®¢¥á­®© á¨áâ¥¬ë äã­ªæ¨ï à á-
¯à¥¤¥«¥­¨ï ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ï¢«ï¥âáï ¨­â¥£à «®¬ ¤¢¨¦¥­¨ï, â.¥. ¢ëà ¦ -
¥âáï ç¥à¥§ â ª¨¥ ª®¬¡¨­ æ¨¨ ¯¥à¥¬¥­­ëå p ¨ q, ª®â®àë¥ ¯à¨ ¤¢¨¦¥­¨¨ § ¬ª­ã-
â®© á¨áâ¥¬ë ®áâ îâáï ¯®áâ®ï­­ë¬¨. �¨á«® ­¥§ ¢¨á¨¬ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï ¤«ï
§ ¬ª­ãâ®© ¬¥å ­¨ç¥áª®© á¨áâ¥¬ë á s áâ¥¯¥­ï¬¨ á¢®¡®¤ë à ¢­® 2s � 1 [8]. �«ï á¨-
áâ¥¬ë, á®áâ®ïé¥© ¨§ N ç áâ¨æ, á®¢¥àè îé¨å ¤¢¨¦¥­¨¥ ¢ âà¥å¬¥à­®¬ ¯à®áâà ­áâ¢¥
s = 6N (ç¨á«® ¢á¥å ª®¬¯®­¥­â ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢ ç áâ¨æ), â ª çâ® ç¨á«® ¨­-
â¥£à «®¢ ¤¢¨¦¥­¨ï ®£à®¬­®. �ª §ë¢ ¥âáï, ®¤­ ª®, çâ® ¬®¦­® à ¤¨ª «ì­® áã§¨âì
ç¨á«® ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï, ®â ª®â®àëå ¬®¦¥â § ¢¨á¥âì äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï.
�«ï íâ®£® ¬®¦­® ¢®á¯®«ì§®¢ âìáï áâ â¨áâ¨ç¥áª¨¬¨ (  ­¥ ¬¥å ­¨ç¥áª¨¬¨!) á®-
®¡à ¦¥­¨ï¬¨. �ëè¥ ¬ë ¢¨¤¥«¨, çâ® äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �12 ¤«ï á®¢®ªã¯­®áâ¨
¤¢ãå ­¥§ ¢¨á¨¬ëå (­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å) ¯®¤á¨áâ¥¬ à ¢­  ¯à®¨§¢¥¤¥­¨î äã­ªæ¨©
à á¯à¥¤¥«¥­¨ï �1 ¨ �2 íâ¨å ¯®¤á¨áâ¥¬ ¢ ®â¤¥«ì­®áâ¨: �12 = �1�2. �®íâ®¬ã:

ln�12 = ln �1 + ln �2 (1.55)

â.¥. «®£ à¨ä¬ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ï¢«ï¥âáï  ¤¤¨â¨¢­®© ¢¥«¨ç¨­®©. �®®â¢¥â-
áâ¢¥­­®, «®£ à¨ä¬ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï à ¢­®¢¥á­®© á¨áâ¥¬ë ¤®«¦¥­ ¡ëâì ­¥
¯à®áâ® ¨­â¥£à «®¬ ¤¢¨¦¥­¨ï, ­®  ¤¤¨â¨¢­ë¬ ¨­â¥£à «®¬ ¤¢¨¦¥­¨ï.

� ¬¥å ­¨ª¥ ¯®ª §ë¢ ¥âáï [8], çâ® ¨§ ¢á¥£® ¬­®¦¥áâ¢  ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï § -
¬ª­ãâ®© á¨áâ¥¬ë â®«ìª® ­¥áª®«ìª® ®¡« ¤ ¥â á¢®©áâ¢®¬  ¤¤¨â¨¢­®áâ¨. �â® ¨­â¥-
£à «ë ¤¢¨¦¥­¨ï, á¢ï§ ­­ë¥ á ®á­®¢­ë¬¨ á¢®©áâ¢ ¬¨ ¯à®áâà ­áâ¢  ¨ ¢à¥¬¥­¨ { ¥£®
®¤­®à®¤­®áâìî ¨ ¨§®âà®¯­®áâìî: í­¥à£¨ï, ¨¬¯ã«ìá ¨ ¬®¬¥­â ¨¬¯ã«ìá 6. �¡®§­ ç¨¬
íâ¨ ¢¥«¨ç¨­ë ¤«ï a-© ¯®¤á¨áâ¥¬ë ç¥à¥§ Ea(p; q), Pa(p; q) ¨Ma(p; q). �¤¨­áâ¢¥­­ ï
 ¤¤¨â¨¢­ ï ª®¬¡¨­ æ¨ï íâ¨å ¢¥«¨ç¨­ ¥áâì «¨­¥©­ ï ª®¬¡¨­ æ¨ï ¢¨¤ :

ln�a = �a + �Ea(p; q) + 
Pa(p; q) + �Ma(p; q) (1.56)

á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ �a, �, 
, �, ¯à¨ç¥¬ �, 
, � ¤®«¦­ë ¡ëâì ®¤¨­ -
ª®¢ë¬¨ ¤«ï ¢á¥å ¯®¤á¨áâ¥¬ ¤ ­­®© § ¬ª­ãâ®© á¨áâ¥¬ë, â.ª. â®«ìª® ¢ íâ®¬ á«ãç ¥
¢ë¯®«­ï¥âáï á¢®©áâ¢®  ¤¤¨â¨¢­®áâ¨ (1.55). �®íää¨æ¨¥­â �a ¯à¨ íâ®¬ ï¢«ï¥âáï
¯à®áâ® ­®à¬¨à®¢®ç­®© ¯®áâ®ï­­®©, ®¯à¥¤¥«ï¥¬®© ¨§ ãá«®¢¨ï

R
d�a�a = 1. �®áâ®-

ï­­ë¥ �, 
, � ¬®£ãâ ¡ëâì  ­ «®£¨ç­® ®¯à¥¤¥«¥­ë ¯® á®®â¢¥âáâ¢ãîé¨¬ ¯®áâ®ï­­ë¬
§­ ç¥­¨ï¬  ¤¤¨â¨¢­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï ¢á¥© á¨áâ¥¬ë (¯ãâ¥¬ ¢ëç¨á«¥­¨ï á®-
®â¢¥âáâ¢ãîé¨å áà¥¤­¨å á äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï (1.56)).

� ª¨¬ ®¡à §®¬, ¬ë ¯à¨å®¤¨¬ ª ¢ ¦­¥©è¥¬ã ¢ë¢®¤ã: §­ ç¥­¨ï  ¤¤¨â¨¢­ëå ¨­â¥-
£à «®¢ ¤¢¨¦¥­¨ï { í­¥à£¨¨, ¨¬¯ã«ìá  ¨ ¬®¬¥­â  ¨¬¯ã«ìá  { ¯®«­®áâìî ®¯à¥¤¥«ïîâ
áâ â¨áâ¨ç¥áª¨¥ á¢®©áâ¢  § ¬ª­ãâ®© á¨áâ¥¬ë ¨ áâ â¨áâ¨ç¥áª¨¥ à á¯à¥¤¥«¥­¨ï «î-
¡ëå ¥¥ ¯®¤á¨áâ¥¬,   á ­¨¬¨ ¨ áà¥¤­¨¥ §­ ç¥­¨ï «î¡ëå ¨å ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ ¢

6�¤¤¨â¨¢­®áâì í­¥à£¨¨ á«¥¤ã¥â ¨§ ¥¥ ®¡é¥£® ¢ëà ¦¥­¨ï ç¥à¥§ äã­ªæ¨î � £à ­¦  E =P
k
_qk

@L
@qk

� L ¨ ¨§  ¤¤¨â¨¢­®áâ¨ ¯®á«¥¤­¥©, ¢ëà ¦ îé¥© â®â ä ªâ, çâ® ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï

ª ¦¤®© ¨§ ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¥© ­¥ ¬®£ãâ á®¤¥à¦ âì ¢¥«¨ç¨­ë, ®â­®áïé¨¥áï ª ¤àã£¨¬
ç áâï¬ á¨áâ¥¬ë. �¤¤¨â¨¢­®áâì ¨¬¯ã«ìá  á¨áâ¥¬ë ç áâ¨æ ®ç¥¢¨¤­  P =

P
k
mkvk, ¯à¨ç¥¬ ¢

®â«¨ç¨¥ ®â í­¥à£¨¨ ¨¬¯ã«ìá á¨áâ¥¬ë à ¢¥­ áã¬¬¥ ¨¬¯ã«ìá®¢ ®â¤¥«ì­ëå ç áâ¨æ ­¥§ ¢¨á¨¬® ®â
¢®§¬®¦­®áâ¨ ¯à¥­¥¡à¥¦¥­¨ï ¨§ ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¤àã£ á ¤àã£®¬. �­ «®£¨ç­ ï á¨âã æ¨ï ¨¬¥¥â
¬¥áâ® ¨ ¤«ï ¬®¬¥­â  ¨¬¯ã«ìá  á¨áâ¥¬ëM =

P
k
[rkpk ].
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á®áâ®ï­¨¨ â¥à¬®¤¨­ ¬¨ç¥áª®£® (áâ â¨áâ¨ç¥áª®£®) à ¢­®¢¥á¨ï. �â¨ á¥¬ì (¯® ç¨á«ã
ª®¬¯®­¥­â)  ¤¤¨â¨¢­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï § ¬¥­ïîâ á®¡®© ­¥¢®®¡à §¨¬®¥ ¬­®-
¦¥áâ¢® ¯¥à¥¬¥­­ëå, ®â ª®â®àëå ¬®¦¥â § ¢¨á¥âì äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¢ ®¡é¥¬
(­¥à ¢­®¢¥á­®¬) á«ãç ¥, ¨ ª®â®à®¥ âà¥¡ã¥âáï ¯à¨ \¯®«­®¬" ¬¥å ­¨ç¥áª®¬ ®¯¨á ­¨¨
¬­®£®ç áâ¨ç­®© á¨áâ¥¬ë.

�¨á«® áãé¥áâ¢¥­­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï ã¬¥­ìè ¥âáï, ¥á«¨ á á ¬®£® ­ ç « 
®£à ­¨ç¨âìáï à áá¬®âà¥­¨¥¬ ¯®ª®ïé¨åáï á¨áâ¥¬. �®£¤  ¯®«­ë© ¨¬¯ã«ìá ¨ ¬®¬¥­â
¨¬¯ã«ìá  á¨áâ¥¬ë, ®ç¥¢¨¤­ë¬ ®¡à §®¬, à ¢­ë ­ã«î, ¨ à ¢­®¢¥á­ ï äã­ªæ¨ï à á-
¯à¥¤¥«¥­¨ï § ¢¨á¨â â®«ìª® ®â ®¤­®© ¯¥à¥¬¥­­®© { ¯®«­®© í­¥à£¨¨ á¨áâ¥¬ë:

� = �(E) (1.57)

� ª¨¬ ®¡à §®¬, ¢¢¥¤¥­¨¥ ¯à®áâ¥©è¨å ¯à¥¤áâ ¢«¥­¨© ® áâ â¨áâ¨ç¥áª¨å á¢®©áâ¢ å
à ¢­®¢¥á­ëå á¨áâ¥¬ ¤¥©áâ¢¨â¥«ì­® ¯à¨¢®¤¨â ª à ¤¨ª «ì­®¬ã á®ªà é¥­¨ï ç¨á« 
áãé¥áâ¢¥­­ëå ¯¥à¥¬¥­­ëå ¨ ¢®§¬®¦­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®£® ¯®áâà®¥­¨ï à ¢­®¢¥á-
­®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨. �®¤ç¥àª­¥¬ ¥é¥ à §, çâ® íâ¨ à ¤¨ª «ì­ë¥ ¢ë¢®¤ë
®á­®¢ ­ë ­  ¢¢¥¤¥­¨¨ áâ â¨áâ¨ª¨ ¨, ¢ íâ®¬ á¬ëá«¥, \­¥ ¢ë¢®¤¨¬ë" ¨§ ¬¥å ­¨ª¨.
� §ã¬¥¥âáï, äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¬®¦¥â ¥é¥ § ¢¨á¥âì ®â \¢­¥è­¨å" ¯ à ¬¥âà®¢,
®¯à¥¤¥«ïîé¨å ¬ ªà®áª®¯¨ç¥áª¨¥ ãá«®¢¨ï ¤«ï à áá¬ âà¨¢ ¥¬®£®  ­á ¬¡«ï, ¨ ª®-
â®àë¥ áç¨â îâáï ¯®áâ®ï­­ë¬¨ ¤«ï ¢á¥å ª®¯¨© á¨áâ¥¬ë ¢  ­á ¬¡«¥ (­ ¯à¨¬¥à ®â
®¡ê¥¬ , ç¨á«  ç áâ¨æ ¨ â.¯.).

�¥à¥©¤¥¬ ª ï¢­®¬ã ¯®áâà®¥­¨î äã­ªæ¨¨ áâ â¨áâ¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï § -

¬ª­ãâ®© à ¢­®¢¥á­®© á¨áâ¥¬ë7. �¯¥à¢ë¥ ¢¨¤ â ª®£® à á¯à¥¤¥«¥­¨ï ¯à¥¤«®¦¨«
�¨¡¡á. � áá¬®âà¨¬ áâ â¨áâ¨ç¥áª¨©  ­á ¬¡«ì § ¬ª­ãâëå í­¥à£¥â¨ç¥áª¨ ¨§®«¨à®-

¢ ­­ëå á¨áâ¥¬ á ¯®áâ®ï­­ë¬ ®¡ê¥¬®¬ V , â.¥.  ­á ¬¡«ì á¨áâ¥¬ á ¯®áâ®ï­­ë¬ ç¨á«®¬
ç áâ¨æ N , ­ å®¤ïé¨åáï ¢  ¤¨ ¡ â¨ç¥áª®© (¢ â¥à¬®¤¨­ ¬¨ç¥áª®¬ á¬ëá«¥) ®¡®«®çª¥
¨ ¨¬¥îé¨å ®¤¨­ ª®¢ãî í­¥à£¨î E á â®ç­®áâìî �E � E. �«¥¤ãï �¨¡¡áã ¯à¥¤¯®-

«®¦¨¬, çâ® äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �(p; q) ¤«ï â ª®£®  ­á ¬¡«ï ¯®áâ®ï­­  ¢ á«®¥
ä §®¢®£® ¯à®áâà ­áâ¢  ¬¥¦¤ã ¤¢ã¬ï ¨§®í­¥à£¥â¨ç¥áª¨¬¨ ¯®¢¥àå­®áâï¬¨, á®®â¢¥â-
áâ¢ãîé¨¬¨ í­¥à£¨ï¬ E ¨ E +�E, ¨ à ¢­  ­ã«î ¢­¥ íâ®£® á«®ï:

�(p; q) =

�
[
(E;N; V )]�1 ¯à¨ E � H(p; q) � E +�E
0 ¢­¥ íâ®£® á«®ï

(1.58)

� ª®¥ à á¯à¥¤¥«¥­¨¥ ( ­á ¬¡«ì) ­ §ë¢ ¥âáï ¬¨ªà®ª ­®­¨ç¥áª¨¬. � á¯à¥¤¥«¥­¨¥
(1.58) ¢ëà ¦ ¥â ¯à¨­æ¨¯ à ¢­®¢¥à®ïâ­®áâ¨ ¬¨ªà®á®áâ®ï­¨© § ¬ª­ãâ®© à ¢­®¢¥á-
­®© á¨áâ¥¬ë, á®®â¢¥âáâ¢ãîé¨å ¤ ­­®¬ã ¬ ªà®áª®¯¨ç¥áª®¬ã á®áâ®ï­¨î. � ªâ¨ç¥-
áª¨ { íâ® ¯à®áâ¥©è¥¥ ¬ëá«¨¬®¥ ¯à¥¤¯®«®¦¥­¨¥, ¬ë áç¨â ¥¬, çâ® ­¨ ®¤­® ¨§ ¬¨-
ªà®á®áâ®ï­¨© ­¥ ï¢«ï¥âáï ª ª-â® ¢ë¤¥«¥­­ë¬, ¢á¥ à ¢­®¯à ¢­ë,   á¨áâ¥¬ë ¨§
 ­á ¬¡«ï, ¢ å®¤¥ á¢®¥£® ¤¢¨¦¥­¨ï ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥,  ¡á®«îâ­® á«ãç ©­®
®ª §ë¢ îâáï â® ¢ ®¤­®¬, â® ¢ ¤àã£®¬ ¬¨ªà®á®áâ®ï­¨¨ ¢ ¯à¥¤¥« å á«®ï è¨à¨­®©
�E, ¢ ª®â®à®¬ ¯à¥¡ë¢ îâ ¨å ä §®¢ë¥ âà ¥ªâ®à¨¨. � á¯à¥¤¥«¥­¨¥ (1.58) ¯® áãâ¨
¯à¥¤áâ ¢«ï¥â áâ â¨áâ¨ªã \¨£à «ì­®© ª®áâ¨" á 
 £à ­ï¬¨. �áâ¥áâ¢¥­­®, çâ® ¢ë¢¥áâ¨
íâ® à á¯à¥¤¥«¥­¨¥ ¨§ ç¨áâ® ¬¥å ­¨ç¥áª¨å á®®¡à ¦¥­¨© ¯à ªâ¨ç¥áª¨ ­¥¢®§¬®¦­®,  
¥£® ®¯à ¢¤ ­¨¥¬ ¬®¦¥â ¡ëâì â®«ìª® á®®â¢¥âáâ¢¨¥ ¥£® á«¥¤áâ¢¨© á íªá¯¥à¨¬¥­â®¬.

� ªà®áª®¯¨ç¥áª®¥ á®áâ®ï­¨¥ á¨áâ¥¬ ¢ ¬¨ªà®ª ­®­¨ç¥áª®¬  ­á ¬¡«¥ ®¯à¥¤¥«ï-
¥âáï âà¥¬ï íªáâ¥­á¨¢­ë¬¨ ¯ à ¬¥âà ¬¨ E;N; V . �®­áâ ­â  
(E;N; V ) ­ §ë¢ ¥âáï

7�ëà ¦¥­¨¥ (1.56) ä ªâ¨ç¥áª¨ ã¦¥ ¤ ¥â ï¢­ë© ¢¨¤ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¯à®¨§¢®«ì­®© ¯®¤-
á¨áâ¥¬ë, ­ å®¤ïé¥©áï ¢­ãâà¨ ¡®«ìè®© § ¬ª­ãâ®© á¨áâ¥¬ë ¨ á« ¡® ¢§ ¨¬®¤¥©áâ¢ãîé¥© á ®ªàã-
¦¥­¨¥¬. � ®¡áã¦¤¥­¨î íâ®£® ¢ ¦­¥©è¥£® á«ãç ï ¬ë ¢¥à­¥¬áï ­¨¦¥.



�������� �������� ���������� 21

áâ â¨áâ¨ç¥áª¨¬ ¢¥á®¬ ¨ ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨:Z
dpdq

N !(2��h)3N
�(p; q) = 1Z

E�H(p;q)�E+�E

dpdq

N !(2��h)3N
1


(E;N; V )
= 1 (1.59)

¯à¥¤áâ ¢«ïï á®¡®©, â ª¨¬ ®¡à §®¬, ¡¥§à §¬¥à­ë© ä §®¢ë© ®¡ê¥¬ ¨«¨ ç¨á«® ª¢ ­-

â®¢ëå á®áâ®ï­¨© ¢ á«®¥ �E (çâ® ¨ ¤ ¥â, ¥áâ¥áâ¢¥­­®, ç¨á«® £à ­¥© ­ è¥© \¨£à «ì-
­®©" ª®áâ¨):


(E;N; V ) =
1

N !(2��h)3N

Z
E�H(p;q)�E+�E

dpdq (1.60)

� á«ãç ¥ ª« áá¨ç¥áª®© áâ â¨áâ¨ª¨ ¢á¥£¤  ¬®¦­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã �E ! 0 ¨
§ ¯¨á âì:

�(p; q) = 
�1(E;N; V )�(H(p; q)�E) (1.61)

£¤¥


(E;N; V ) =
1

N !(2��h)3N

Z
dpdq�(H(p; q)�E) (1.62)

�áâ â¨, ®âáî¤  ¢¨¤­®, çâ® 
 ¨¬¥¥â â ª¦¥ á¬ëá« ¯«®â­®áâ¨ á®áâ®ï­¨© ­  ¯®¢¥àå­®-
áâ¨ ¯®áâ®ï­­®© í­¥à£¨¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥. � ª¢ ­â®¢®¬ ¯®¤å®¤¥ ¯®¤®¡­®¬ã
¯à¥¤¥«ì­®¬ã ¯¥à¥å®¤ã ¬¥è ¥â ¨§¢¥áâ­®¥ á®®â­®è¥­¨¥ ­¥®¯à¥¤¥«¥­­®áâ¥© í­¥à£¨ï{
¢à¥¬ï: �E�t � �h. � ¤ «ì­¥©è¥¬ ¬ë ¢á¥£¤ , ¤ ¦¥ ¯à¨ à áá¬®âà¥­¨¨ ª« áá¨ç¥áª®©
áâ â¨áâ¨ª¨, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¬¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢ ¢¨¤¥ (1.58),
¯®¤à §ã¬¥¢ ï ª¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥­¨¥ ª¢ ­â®¢®© ¬¥å ­¨ª¨.

�¨¯®â¥§  ® â®¬, çâ® ¬¨ªà®ª ­®­¨ç¥áª¨©  ­á ¬¡«ì ¤¥©áâ¢¨â¥«ì­® ®¯¨áë¢ ¥â ¬ -
ªà®áª®¯¨ç¥áª®¥ á®áâ®ï­¨¥ § ¬ª­ãâ®©, í­¥à£¥â¨ç¥áª¨ ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë, â.¥.
çâ® áà¥¤­¨¥, ¢ëç¨á«¥­­ë¥ á ¯®¬®éìî äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (1.58), á®¢¯ ¤ îâ á
­ ¡«î¤ ¥¬ë¬¨ §­ ç¥­¨ï¬¨ ä¨§¨ç¥áª¨å ¢¥«¨ç¨­, áãâì ®¤¨­ ¨§ ®á­®¢­ëå ¯®áâã« -
â®¢ à ¢­®¢¥á­®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨. �ëè¥ ã¦¥ ®â¬¥ç «®áì, çâ® ­ ¡«î¤ -
¥¬ë¥ §­ ç¥­¨ï ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ f(p; q) ¬®¦­® ¢ëç¨á«ïâì ¨ ª ª áà¥¤­¨¥ ¯®
­¥ª®â®à®¬ã ¢à¥¬¥­¨ ­ ¡«î¤¥­¨ï,   ¯à®¡«¥¬  ®¡®á­®¢ ­¨ï ¢®§¬®¦­®áâ¨ § ¬¥­ë
áà¥¤­¨å ¯® ¢à¥¬¥­¨ áà¥¤­¨¬¨ ¯® ä §®¢®¬ã ¯à®áâà ­áâ¢ã ­®á¨â ­ §¢ ­¨¥ íà£®¤¨-
ç¥áª®© ¯à®¡«¥¬ë. � íâ®© â®çª¨ §à¥­¨ï, § ¤ ç  ®¡®á­®¢ ­¨ï ¬¨ªà®ª ­®­¨ç¥áª®£®
à á¯à¥¤¥«¥­¨ï á®áâ®¨â ¢ â®¬ çâ®¡ë ¤®ª § âì, çâ® ¤«ï § ¬ª­ãâëå, í­¥à£¥â¨ç¥áª¨
¨§®«¨à®¢ ­­ëå á¨áâ¥¬ ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ à ¢¥­áâ¢®:

lim
T!1

1

T

Z T

0
dtf(p(t); q(t)) =

1

N !(2��h)3N

Z
dpdq�(p; q)f(p; q) (1.63)

£¤¥ �(p; q) ®¯à¥¤¥«ï¥âáï ¬¨ªà®ª ­®­¨ç¥áª¨¬ à á¯à¥¤¥«¥­¨¥¬ (1.58). �â  ¯à®¡«¥¬ 
¢¥áì¬  á«®¦­  ¨, ­¥á¬®âàï ­  àï¤ ¢ ¦­ëå à¥§ã«ìâ â®¢, ¯®«ãç¥­­ëå, ¢ ®á­®¢­®¬
¬ â¥¬ â¨ª ¬¨, ¥é¥ ­¥ à¥è¥­ . �¨§¨ç¥áª¨ íâ®â à¥§ã«ìâ â ®¡ëç­® á¢ï§ë¢ îâ á íà-
£®¤¨ç¥áª®© £¨¯®â¥§®© ® â®¬, çâ® ä §®¢ ï âà ¥ªâ®à¨ï § ¬ª­ãâ®© á¨áâ¥¬ë ¢ â¥ç¥­¨¥
¤®áâ â®ç­® ¤«¨â¥«ì­®£® ¢à¥¬¥­¨ ®¡ï§ â¥«ì­® ¯à®å®¤¨â áª®«ì ã£®¤­® ¡«¨§ª® ª «î-
¡®© § ¤ ­­®© â®çª¥ ­  íà£®¤¨ç¥áª®© ¯®¢¥àå­®áâ¨. � �à¨«®¦¥­¨¨ � ¬ë à áá¬®âà¨¬
­¥ª®â®àë¥ ¢®¯à®áë, ®â­®áïé¨¥áï ª íâ®© ¯à®¡«¥¬ â¨ª¥ ­  ¤®áâ â®ç­® í«¥¬¥­â à­®¬
ãà®¢­¥. �®«¥¥ áâà®£®¥ à áá¬®âà¥­¨¥ á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï ¬®¦­® ­ ©â¨
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¢ [10],   á®¢à¥¬¥­­®¥ á®áâ®ï­¨¥ ¢®¯à®á  ¨§« £ ¥âáï ¢ [11]. �¤¥áì ¦¥ ¬ë â®«ìª® ®â-
¬¥â¨¬, çâ® ¢ ¯®á«¥¤­¨¥ £®¤ë ¯à®¡«¥¬  ®¡®á­®¢ ­¨ï áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ¯®-
«ãç¨«  ­®¢®¥ à §¢¨â¨¥ ¢ á¢ï§¨ á ®âªàëâ¨¥¬ à®«¨ áâ®å áâ¨ç¥áª®© ­¥ãáâ®©ç¨¢®áâ¨
(å ®â¨§ æ¨¨) ¤¢¨¦¥­¨ï ¢ æ¥«®¬ àï¤¥ ¯à®áâëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ á ­¥¡®«ìè¨¬
ç¨á«®¬ áâ¥¯¥­¥© á¢®¡®¤ë [14]. �ª § «®áì, çâ® áâ â¨áâ¨ç¥áª®¥ ®¯¨á ­¨¥ ï¢«ï¥âáï
á®¢¥àè¥­­® ­¥®¡å®¤¨¬ë¬ ¨ ¤«ï â ª¨å á¨áâ¥¬, ª®â®àë¥ á ¯¥à¢®£® ¢§£«ï¤  ª ¦ãâáï
¢¯®«­¥ \à¥è ¥¬ë¬¨" ¢ à ¬ª å ª« áá¨ç¥áª®© ¬¥å ­¨ª¨. �®®â¢¥âáâ¢ãîé¨¥ ¢®¯à®áë
­  í«¥¬¥­â à­®¬ ãà®¢­¥ â ª¦¥ à áá¬ âà¨¢ îâáï ¢ �à¨«®¦¥­¨¨ �. � íâ®¬ á¬ëá«¥,
á á®¢à¥¬¥­­®© â®çª¨ §à¥­¨ï âà¥¡®¢ ­¨¥ ¡®«ìè®£® ç¨á«  áâ¥¯¥­¥© á¢®¡®¤ë ¢®¢á¥
­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï ¢¢¥¤¥­¨ï áâ â¨áâ¨ç¥áª¨å ¬¥â®¤®¢, ¡¥§ ­¨å ­¥«ì§ï
®¡®©â¨áì ¨ ¢ ¤®áâ â®ç­® \¯à®áâëå" á¨áâ¥¬ å, £¤¥ á®¢¥àè¥­­® â¨¯¨ç­ë¬ ï¢«ï¥âáï
ªà ©­ïï çã¢áâ¢¨â¥«ì­®áâì ¢¨¤  ä §®¢ëå âà ¥ªâ®à¨© ª ­ ç «ì­ë¬ ãá«®¢¨ï¬, ¢¥¤ã-
é ï ª ­¥ãáâ®©ç¨¢®áâ¨ ¨ § ¯ãâ ­­®áâ¨ ª àâ¨­ë ¤¢¨¦¥­¨ï ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥.
�à¥á«®¢ãâë© « ¯« á®¢áª¨© ¤¥â¥à¬¨­¨§¬ ®ª §ë¢ ¥âáï ¨««î§®à­ë¬ ¤ ¦¥ ¢ à ¬ª å
ª« áá¨ç¥áª®© ¬¥å ­¨ª¨ â ª¨å á¨áâ¥¬.

� áâ¨ç­ë¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï�.

�­ ­¨¥ ®¡é¥© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (1.6), § ¢¨áïé¥© ®â ¤¨­ ¬¨ç¥áª¨å ¯¥à¥¬¥­-
­ëå ¢á¥å N ç áâ¨æ ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì à §«¨ç­ë¥ ¬ ªà®áª®¯¨ç¥áª¨¥ å à ªâ¥à¨-
áâ¨ª¨ á¨áâ¥¬ë. � ¯à¨¬¥à ¯«®â­®áâì ¢¥é¥áâ¢  ¢ â®çª¥ r, ¯® ®¯à¥¤¥«¥­¨î, à ¢­ 

�(t; r) =
Z
�̂(r)�(t; r1; :::;pN)dr1:::dpN (1.64)

£¤¥ �̂(r) { ®¯¥à â®à ¯«®â­®áâ¨ (§¤¥áì ã¤®¡­® ¢¢¥áâ¨ ®¯¥à â®àë ä¨§¨ç¥áª¨å ¢¥«¨ç¨­
¤ ¦¥ ¢ ª« áá¨ç¥áª®¬ á«ãç ¥):

�̂(r) =
NX
i=1

mi�(r� ri); (1.65)

£¤¥ mi { ¬ áá  i-© ç áâ¨æë. �­ «®£¨ç­ë¬ ®¡à §®¬, ¯«®â­®áâì ¯®â®ª  (¨¬¯ã«ìá ) ¢
â®çª¥ r à ¢­ :

J(r) =
Z
Ĵ(r)�(t; r1; :::;pN)dr1:::dpN (1.66)

£¤¥ Ĵ(r) { ®¯¥à â®à ¯«®â­®áâ¨ ¯®â®ª :

Ĵ(r) =
NX
i=1

pi�(r � ri): (1.67)

�«®â­®áâì ª¨­¥â¨ç¥áª®© í­¥à£¨¨ ¢ â®çª¥ r à ¢­ :

E(t; r) =
Z
Ê(r)�(t; r1; :::;pN)dr1:::dpN (1.68)
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£¤¥ Ê(r) { ®¯¥à â®à ª¨­¥â¨ç¥áª®© í­¥à£¨¨:

Ê(r) =
NX
i=1

p2i
2mi

�(r� ri): (1.69)

�«ï § àï¦¥­­ëå ç áâ¨æ ¬®¦­® ¢¢¥áâ¨ ¥é¥ ¨ ¯«®â­®áâì í«¥ªâà¨ç¥áª®£® â®ª :

j(t; r) =
Z
ĵ(r)�(t; r1; :::;pN)dr1:::dpN (1.70)

£¤¥ ĵ(r) { ®¯¥à â®à ¯«®â­®áâ¨ í«¥ªâà¨ç¥áª®£® â®ª :

ĵ(r) =
NX
i=1

ei
mi
pi�(r� ri); (1.71)

£¤¥ ei { § àï¤ i-© ç áâ¨æë.
�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �(t; r1; :::;pN) ï¢«ï¥âáï äã­ªæ¨¥© ¯à ªâ¨ç¥áª¨ ¡¥áª®-

­¥ç­®£® ç¨á«   à£ã¬¥­â®¢. �¤­ ª® ¯à¨ ¢ëà ¦¥­¨¨ ¬ ªà®¢¥«¨ç¨­ ç¥à¥§ ¬¨ªà®å -
à ªâ¥à¨áâ¨ª¨ ¯® ®¡é¥© ä®à¬ã«¥

A(t; r) =
Z
Â(r)�(t; r1; :::;pN)dr1:::dpN (1.72)

á«¥¤ã¥â ãç¥áâì, çâ® ¯®¤ ¢«ïîé¥¥ ¡®«ìè¨­áâ¢® ®¯¥à â®à®¢ ä¨§¨ç¥áª¨å ¢¥«¨ç¨­,
¯à¥¤áâ ¢«ïîé¨å ¨­â¥à¥á, ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥:

Â(r) =
NX
j=1

Â(rj;pj)�(r� rj); (1.73)

â.¥. ¢ëà ¦ îâáï áã¬¬®© ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ­  ¤¨­ ¬¨ç¥áª¨¥ ¯¥à¥¬¥­­ë¥
â®«ìª® ®¤­®© ç áâ¨æë (®¤­®ç áâ¨ç­ë¥ ®¯¥à â®àë). � áâ­ë¬¨ á«ãç ï¬¨ â ª¨å ¢¥-

«¨ç¨­ ï¢«ïîâáï à áá¬®âà¥­­ë¥ ¢ëè¥ ®¯¥à â®àë �̂, Ĵ, Ê ¨ ĵ. �ãé¥áâ¢¥­­® à¥¦¥
¢áâà¥ç îâáï ®¯¥à â®àë ¤¢ãåç áâ¨ç­®£® â¨¯ :

Â(r; r0) =
1

2

X
i 6=j

Â(ri; rj;pi;pj)�(r� ri)�(r0 � rj): (1.74)

�à¨¬¥à®¬ â ª®£® ®¯¥à â®à  ï¢«ï¥âáï ®¯¥à â®à ¯®â¥­æ¨ «ì­®© í­¥à£¨¨ á¨áâ¥¬ë ç -
áâ¨æ, ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¯® æ¥­âà «ì­®¬ã § ª®­ã:

Û (r0; r00) =
1

2

X
i6=j

U (jri � rjj)�(r0 � ri)�(r00 � rj): (1.75)

�¯¥à â®àë, á®áâ ¢«¥­­ë¥ ¨§ «¨­¥©­ëå ª®¬¡¨­ æ¨© ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ­ 
¤¨­ ¬¨ç¥áª¨¥ ¯¥à¥¬¥­­ë¥ âà¥å, ç¥âëà¥å ¨ ¡®«ìè¥£® ç¨á«  ç áâ¨æ, ¢ à¥ «ì­ëå
(¯à¥¤áâ ¢«ïîé¨å ¨­â¥à¥á) § ¤ ç å ¯à ªâ¨ç¥áª¨ ­¥ ¢áâà¥ç îâáï.

�®íâ®¬ã ¢ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ­ ¬, ä ªâ¨ç¥áª¨, ­¥ âà¥¡ã¥âáï §­ âì ¯®«­ãî
N -ç áâ¨ç­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï

FN (t; r1; :::;pN) � �(t; r1; :::;pN); (1.76)
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§ ¢¨áïéãî ®â ¤¨­ ¬¨ç¥áª¨å ¯¥à¥¬¥­­ëå £à®¬ ¤­®£® ç¨á«  ç áâ¨æ,   ¤®áâ -
â®ç­® ­ ©â¨ ª ª¨¬-«¨¡® á¯®á®¡®¬ ®¤­®ç áâ¨ç­ãî F1(t; ri;pj) ¨ ¤¢ãåç áâ¨ç­ãî
F2(t; ri; rj;pi;pj) äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ª®â®àë¥ ã¤®¡­® ®¯à¥¤¥«¨âì á«¥¤ãîé¨¬
®¡à §®¬ (V {®¡ê¥¬ á¨áâ¥¬ë) [15, 16]:

F1(t; ri;pi) = (1.77)

V

Z
FN (t; r1; :::;pN)dr1:::dri�1dri+1:::drNdp1:::dpi�1dpi+1:::dpN;

F2(t; ri; rj;pi;pj) = (1.78)

V 2

Z
FN (t; r1; :::;pN)dr1:::dri�1dri+1:::drj�1drj+1:::drNdp1:::dpi�1

dpi+1:::dpj�1dpj+1:::dpN:

¨«¨, ¢ ®¡é¥¬ á«ãç ¥, s-ç áâ¨ç­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï

Fs(t; r1; :::; rs;p1; :::;ps) = V s
Z
FN (t; r1; :::;pN)drs+1:::drNdps+1:::dpN: (1.79)

�§ ®ç¥¢¨¤­®£® ãá«®¢¨ï ­®à¬¨à®¢ª¨

1

V s

Z
Fs(t; r1; :::;ps)dr1:::dps = 1 (1.80)

¢ëâ¥ª ¥â, çâ® 1
V sFs(t; r1; ::;ps) ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥à®ïâ­®áâì â®£®, çâ® s ç áâ¨æ

á¨áâ¥¬ë, á®áâ®ïé¥© ¨§ N ç áâ¨æ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¡ã¤¥â ­ å®¤¨âìáï ¢ í«¥¬¥­-
â à­®¬ ä §®¢®¬ ®¡ê¥¬¥ dr1:::dps 6s-¬¥à­®£® ä §®¢®£® ¯à®áâà ­áâ¢  ®ª®«® â®çª¨
(r1; :::;ps). �¥¦¤ã íâ¨¬¨ ç áâ¨ç­ë¬¨ äã­ªæ¨ï¬¨ à á¯à¥¤¥«¥­¨ï ¨¬¥îâáï á«¥¤ãî-
é¨¥ á®®â­®è¥­¨ï, ¢ëâ¥ª îé¨¥ ­¥¯®áà¥¤áâ¢¥­­® ¨§ ¨§ ®¯à¥¤¥«¥­¨ï:

Fs(t; r1; :::;ps) =
1

V

Z
Fs+1(t; r1; :::;ps+1)drs+1dps+1: (1.81)

�á¯®«ì§®¢ ­¨¥ â ª¨å äã­ªæ¨© à á¯à¥¤¥«¥­¨ï ¯®§¢®«ï¥â ¢ëç¨á«¨âì áà¥¤­¨¥ §­ ç¥-
­¨ï ®¤­®ç áâ¨ç­ëå, ¤¢ãåç áâ¨ç­ëå ¨ â.¤. ®¯¥à â®à®¢ ä¨§¨ç¥áª¨å ¢¥«¨ç¨­. � ¯à¨-
¬¥à, ¤«ï ¬ ªà®¢¥«¨ç¨­ë, ®¯¨áë¢ ¥¬®© ®¯¥à â®à®¬ (1.73), ¨¬¥¥¬:

A(t; r) =
1

V

NX
j=1

Z
Âj(r;pj)F1(t; r;pj)dpj (1.82)

�á«¨ ¢á¥ Âj ®¤¨­ ª®¢ë, â.¥. Âj = â(j = 1; 2; :::; N ), â®

A(t; r) =
N

V

Z
â(r;p)F1(t; r;p)dp (1.83)

�«ï ¬ ªà®¢¥«¨ç¨­, ®¯¨áë¢ ¥¬ëå ¤¢ãåç áâ¨ç­ë¬¨ ®¯¥à â®à ¬¨ â¨¯  (1.74) ¨¬¥¥¬:

A(t; r0; r00) =
1

2

X
i6=j

1

V 2

Z
Âij(r0;pi; r00;pj)F2(t; r0; r00;pi;pj)dpidpj: (1.84)

�á«¨ ¢á¥ Âij ®¤¨­ ª®¢ë, â.¥. Âij = â, â®

A(t; r0; r00) =
N (N � 1)

2V 2

Z
â(r0;p0; r00;p00)F2(t; r0; r00;p0;p00)dp0dp00 (1.85)
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£¤¥ à §ã¬¥¥âáï ¬®¦­® áç¨â âì (N � 1) � N .
� ª¨¬ ®¡à §®¬ ¤«ï ®á­®¢­ëå ¬ ªà®¢¥«¨ç¨­, à áá¬®âà¥­­ëå ¢ëè¥, ¯®«ãç ¥¬

¤«ï á¨áâ¥¬, á®áâ®ïé¨å ¨§ ®¤¨­ ª®¢ëå ç áâ¨æ:

�(t; r) = m
N

V

Z
F1(t; r;p)dp (1.86)

J(t; r) =
N

V

Z
pF1(t; r;p)dp (1.87)

E(t; r) =
1

2m

N

V

Z
p2F1(t; r;p)dp (1.88)

j(t; r) =
e

m

N

V

Z
pF1(t; r;p)dp: (1.89)

� ¤ ç  á¢®¤¨âáï, â ª¨¬ ®¡à §®¬, ª ­ å®¦¤¥­¨î ï¢­®£® ¢¨¤  ®¤­®ç áâ¨ç­®© äã­ª-
æ¨¨ à á¯à¥¤¥«¥­¨ï.

�¡é¨© ¯®¤å®¤ ª ­ å®¦¤¥­¨î ç áâ¨ç­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï ¬®¦¥â
¡ëâì áä®à¬ã«¨à®¢ ­ á«¥¤ãîé¨¬ ®¡à §®¬. �à®¨§¢®«ì­ ï N -ç áâ¨ç­ ï äã­ªæ¨ï
à á¯à¥¤¥«¥­¨ï (1.76) ¯®¤ç¨­ï¥âáï à áá¬®âà¥­­®¬ã ¢ëè¥ ãà ¢­¥­¨î �¨ã¢¨««ï
(1.47),(1.48),(1.50):

@FN
@t

= fH;FNg (1.90)

�à®¨­â¥£à¨à®¢ ¢ ãà ¢­¥­¨¥ (1.90) ¯® ä §®¢ë¬ ¯à®áâà ­áâ¢ ¬ N � s ç áâ¨æ, á ãç¥-
â®¬ (1.79), ¯®«ãç ¥¬:

1

V s
@Fs(t; r1; :::;ps)

@t
=

Z
fH;FNgdrs+1:::dpN: (1.91)

�à¨­¨¬ ï £ ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¢ ¯à®áâ¥©è¥¬ ¢¨¤¥:

H =
1

2m

NX
i=1

p2i +
1

2

X
i6=j

U (jri � rjj); (1.92)

¯®á«¥ ¤®¢®«ì­® ¯à®áâëå, ­® ­¥áª®«ìª® £à®¬®§¤ª¨å ¯à¥®¡à §®¢ ­¨© [16], ¯®«ãç ¥¬
¨§ (1.91):

@Fs
@t

= fH(s); Fsg+ N

V

sX
i=1

Z
@U (jri � rs+1j)

@ri

@Fs+1
@pi

drs+1dps+1 (1.93)

£¤¥ H(s) ®¡®§­ ç ¥â £ ¬¨«ìâ®­¨ ­ ¯®¤á¨áâ¥¬ë ¨§ s ç áâ¨æ.
� ¦­¥©è¥© ®á®¡¥­­®áâìî ãà ¢­¥­¨ï (1.93) ï¢«ï¥âáï â® ®¡áâ®ïâ¥«ìáâ¢®, çâ®

ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï ¤«ï s-ç áâ¨ç­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï á®¤¥à¦¨â ç«¥­, ª®-
â®àë© á¢ï§ ­ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯®¤á¨áâ¥¬ë ¨§ s ç áâ¨æ á ®áâ «ì­®© ç áâìî
N -ç áâ¨ç­®© á¨áâ¥¬ë ¨ § ¢¨áïé¨© ®â s + 1-ç áâ¨ç­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï
Fs+1. � ª¨¬ ®¡à §®¬, ¯à¨ ¯®áâà®¥­¨¨ ãà ¢­¥­¨© ¤¢¨¦¥­¨ï ¤«ï ç áâ¨ç­ëå äã­ª-
æ¨© à á¯à¥¤¥«¥­¨ï, ¬ë ä ªâ¨ç¥áª¨ ¯®à®¦¤ ¥¬ ¡¥áª®­¥ç­ãî á¨áâ¥¬ã ¨­â¥£à®-
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ç áâ® ¨¬¥­ã¥¬ãî æ¥¯®çª®© �®£®«î¡®¢ . �à¨ áâà®-
£®¬ ¯®¤å®¤¥ á«¥¤®¢ «®-¡ë à¥è âì ¢áî íâã æ¥¯®çªã ãà ¢­¥­¨©, çâ®, à §ã¬¥¥âáï,
­¨ç¥¬ ­¥ «¥£ç¥, ç¥¬ à¥è âì ®¡é¥¥ ãà ¢­¥­¨¥ �¨ã¢¨««ï ¤«ï N -ç áâ¨ç­®© äã­ªæ¨¨
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à á¯à¥¤¥«¥­¨ï. �¥«® ¢ â®¬, ®¤­ ª®, çâ® ¢ àï¤¥ á«ãç ¥¢ ­  ®á­®¢¥ ¬®¤¥«ì­ëå ä¨§¨-
ç¥áª¨å ¯à¥¤¯®«®¦¥­¨© ã¤ ¥âáï \®¡®à¢ âì" íâã ¡¥áª®­¥ç­ãî æ¥¯®çªã ­  ª®­¥ç­®¬
ç¨á«¥, ¢ëà §¨¢ ­ ¯à¨¬¥à Fs ç¥à¥§ Fs,Fs�1 ¨ â.¤. �®£¤  ®áâ ¥âáï § ¬ª­ãâ ï á¨áâ¥¬ 
s ãà ¢­¥­¨© ¤«ï F1,F2,...,Fs. � ç áâ­®áâ¨, ®á®¡ë© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â ¯®«ãç¥­¨¥
§ ¬ª­ãâ®£® ãà ¢­¥­¨ï ¤«ï ®¤­®ç áâ¨ç­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¢¨¤ :

@F1
@t

= L(F1) (1.94)

£¤¥ L { ­¥ª®â®àë© ®¯¥à â®à. �®áâ ¢«¥­¨¥ ¨ à¥è¥­¨¥ íâ®£®, â ª ­ §ë¢ ¥¬®£® ª¨-

­¥â¨ç¥áª®£®, ãà ¢­¥­¨ï ï¢«ï¥âáï æ¥­âà «ì­®© § ¤ ç¥© ª¨­¥â¨ç¥áª®© â¥®à¨¨ ¨«¨
ä¨§¨ç¥áª®© ª¨­¥â¨ª¨. � ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ à¥è¥­¨¥ ª¨­¥â¨ç¥áª¨å ãà ¢­¥­¨©
¬®¦­® ¯à®¢¥áâ¨ â®«ìª® ¯à¨¡«¨¦¥­­ë¬¨ ¬¥â®¤ ¬¨ [17]. � à¥§ã«ìâ â¥ ¬®¦­® ¢ë-
ç¨á«¨âì ¯®¢¥¤¥­¨¥ áà¥¤­¨å ®â à §«¨ç­ëå ä¨§¨ç¥áª¨å ¢¥«¨ç¨­, ¢ª«îç ï ¤ ¦¥ ¨å
ï¢­ãî § ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨, â.¥. ¢ ­¥à ¢­®¢¥á­®¬ á«ãç ¥. �®«ìè ï ç áâì ­ è¨å
«¥ªæ¨© ¯®á¢ïé¥­  ®¤­ ª® à ¢­®¢¥á­ë¬ § ¤ ç ¬. �®à¬ «¨§¬ ç áâ¨ç­ëå äã­ªæ¨©
à á¯à¥¤¥«¥­¨ï ¬®¦¥â ¡ëâì ¯®«®¦¥­ ¢ ®á­®¢ã ¯®áâà®¥­¨ï ¨ à ¢­®¢¥á­®© áâ â¨áâ¨-
ç¥áª®© ¬¥å ­¨ª¨ [18, 19], ­® ¢ ¤ «ì­¥©è¥¬ ¬ë ¨á¯®«ì§ã¥¬ ¡®«¥¥ âà ¤¨æ¨®­­ë¥
¯®¤å®¤ë.

� âà¨æ  ¯«®â­®áâ¨.

�® á¨å ¯®à ¬ë à áá¬ âà¨¢ «¨ ª« áá¨ç¥áªãî áâ â¨áâ¨ç¥áªãî ¬¥å ­¨ªã, ¢ ª®â®à®©
á®áâ®ï­¨¥ á¨áâ¥¬ë ®¯¨áë¢ «®áì â®çª®© (p; q) ¢ 6N -¬¥à­®¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥
ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢ ¢á¥å ç áâ¨æ,   í¢®«îæ¨ï ¢® ¢à¥¬¥­¨ ®¯à¥¤¥«ï« áì ãà ¢­¥­¨-
ï¬¨ � ¬¨«ìâ®­ . � ª¢ ­â®¢®© ¬¥å ­¨ª¥ â ª®¥ ®¯¨á ­¨¥ áâ ­®¢¨âáï ­¥¢®§¬®¦­ë¬,
å®âï ¡ë ¯®â®¬ã, çâ® á®£« á­® ¯à¨­æ¨¯ã ­¥®¯à¥¤¥«¥­­®áâ¨ ¬ë ­¥ ¬®¦¥¬ ®¤­®¢à¥-
¬¥­­® ®¯à¥¤¥«¨âì ª®®à¤¨­ âã ¨ ¨¬¯ã«ìá ª¢ ­â®¢®© ç áâ¨æë. �âáî¤  ïá­®, çâ® ¢
®¡é¥¬ á«ãç ¥ âà¥¡ã¥âáï ¯®áâà®¥­¨¥ á¯¥æ¨ «ì­®£®  ¯¯ à â  ª¢ ­â®¢®© áâ â¨áâ¨-
ç¥áª®© ¬¥å ­¨ª¨. � ¬¥ç â¥«ì­®, ®¤­ ª®, çâ® ®á­®¢­ë¥ ¯®«®¦¥­¨ï ¬¥â®¤  �¨¡¡á 
®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¯à¨ ª¢ ­â®¢®¬ ¯®¤å®¤¥.

�¨áâë©  ­á ¬¡«ì.
� ª¢ ­â®¢®© ¬¥å ­¨ª¥ á®áâ®ï­¨¥ ¬­®£®ç áâ¨ç­®© á¨áâ¥¬ë ®¯¨áë¢ ¥âáï ¢®«­®¢®©
äã­ªæ¨¥©  (x1; :::;xN; t), § ¢¨áïé¥© ®â ¢à¥¬¥­¨ ¨ ª®®à¤¨­ â ç áâ¨æ x1; :::;xN (¨«¨
®â ¤àã£®© á¨áâ¥¬ë ®¤­®¢à¥¬¥­­® ¨§¬¥à¨¬ëå ¢¥«¨ç¨­, ­ ¯à¨¬¥à ¨¬¯ã«ìá®¢). �¢®-
«îæ¨ï á®áâ®ï­¨ï ¢® ¢à¥¬¥­¨ ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬ �à¥¤¨­£¥à :

i�h
@ 

@t
= H (1.95)

� ¯à¨¬¥à, ¤«ï á¨áâ¥¬ë ¨§ N ®¤¨­ ª®¢ëå ç áâ¨æ á ¬ áá®© m, ­¥ ®¡« ¤ îé¨å ¢­ã-
âà¥­­¨¬¨ áâ¥¯¥­ï¬¨ á¢®¡®¤ë ¨ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¬¥¦¤ã á®¡®© á ¯®¬®éìî ¯ à-
­®£® ¯®â¥­æ¨ «  U (jxj), ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ¨¬¥¥â ¢¨¤:

i�h
@ 

@t
=

8<:� �h2

2m

NX
j=1

r2
j +

1

2

X
j 6=k

U (jxj � xkj)
9=; (1.96)
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�à ¢­¥­¨¥ �à¥¤¨­£¥à  ¯®«­®áâìî ®¯à¥¤¥«ï¥â ¢®«­®¢ãî äã­ªæ¨î  ¢ ¬®¬¥­â ¢à¥-
¬¥­¨ t, ¥á«¨ ®­  ¨§¢¥áâ­  ¢ ­ ç «ì­ë© ¬®¬¥­â t = 0. � ¯à¨¬¥à, ¤«ï ¨§®«¨à®¢ ­­®©
á¨áâ¥¬ë, ª®£¤  H ­¥ § ¢¨á¨â ï¢­® ®â ¢à¥¬¥­¨:

 (t) = e
i
�hHt (0) (1.97)

{ ä®à¬ «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à .
�¨­ ¬¨ç¥áª¨¥ ¯¥à¥¬¥­­ë¥ ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ­¥ ¥áâì äã­ªæ¨¨ á®áâ®ï­¨ï

¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë,   ¯à¥¤áâ ¢«ïîâáï «¨­¥©­ë¬¨ á ¬®á®¯àï¦¥­­ë¬¨ (íà¬¨â®-
¢ë¬¨) ®¯¥à â®à ¬¨ ¤¥©áâ¢ãîé¨¬¨ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ ¢®«­®¢ëå äã­ª-
æ¨©. �¯¥ªâà ¨å á®¡áâ¢¥­­ëå §­ ç¥­¨© ®¯à¥¤¥«ï¥â ¢®§¬®¦­ë¥ §­ ç¥­¨ï ­ ¡«î¤ -
¥¬ëå ä¨§¨ç¥áª¨å ¢¥«¨ç¨­. � ¤ ­¨¥ ª¢ ­â®¢®¬¥å ­¨ç¥áª®£® á®áâ®ï­¨ï á¨áâ¥¬ë  ,
­¥ ®§­ ç ¥â â®ç­®£® §­ ­¨ï ¤¨­ ¬¨ç¥áª¨å ¯¥à¥¬¥­­ëå. �­ ­¨¥ ¢®«­®¢®© äã­ªæ¨¨
(¢¥ªâ®à  á®áâ®ï­¨ï ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥) ¯®§¢®«ï¥â ¢ëç¨á«ïâì «¨èì áà¥¤-
­¨¥ §­ ç¥­¨ï ¤¨­ ¬¨ç¥áª®© ¯¥à¥¬¥­­®©, ¯à¥¤áâ ¢«ï¥¬®© ®¯¥à â®à®¬A ¢ á®áâ®ï­¨¨
 :

< A >= ( ?; A ) (1.98)

£¤¥, ª ª ®¡ëç­®, áç¨â ¥¬ ¢®«­®¢ë¥ äã­ªæ¨¨ ­®à¬¨à®¢ ­­ë¬¨ ­  ¥¤¨­¨æã:

( ?;  ) = 1 (1.99)

  áª®¡ª¨ ®¡®§­ ç îâ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­-
áâ¢¥:

( ?; �) =

Z
dx ?(x)�(x) (1.100)

£¤¥, ¤«ï ªà âª®áâ¨, ®¡®§­ ç ¥¬ ç¥à¥§ x ¢áî á®¢®ªã¯­®áâì ª®®à¤¨­ â x1; :::;xN.
�¨èì ¢ ç áâ­®¬ á«ãç ¥, ª®£¤   ¥áâì á®¡áâ¢¥­­ ï äã­ªæ¨ï ®¯¥à â®à  A, ä®à¬ã« 
(1.98) ¤ ¥â â®ç­®¥ §­ ç¥­¨¥ ¢¥«¨ç¨­ë A ¢ á®áâ®ï­¨¨  .

�®áâ®ï­¨¥, ®¯¨áë¢ ¥¬®¥ ¢®«­®¢®© äã­ªæ¨¥© ­ §ë¢ ¥âáï ç¨áâë¬ á®áâ®ï­¨¥¬.
�®®â¢¥âáâ¢ãîé¨© áâ â¨áâ¨ç¥áª¨©  ­á ¬¡«ì, â.¥. ¡®«ìè®¥ ç¨á«® ­¥¢§ ¨¬®¤¥©áâ¢ã-
îé¨å \ª®¯¨©" ¤ ­­®© á¨áâ¥¬ë, ­ å®¤ïé¨åáï ¢ ¤ ­­®¬ ª¢ ­â®¢®¬ á®áâï­¨¨, ­ §ë-
¢ ¥âáï ç¨áâë¬  ­á ¬¡«¥¬. �¨áâ®¥ á®áâ®ï­¨¥ ( ­á ¬¡«ì) ¤ ¥â ¬ ªá¨¬ «ì­® ¯®«­®¥

®¯¨á ­¨¥ á¨áâ¥¬ë ¢ à ¬ª å ª¢ ­â®¢®© ¬¥å ­¨ª¨.
�ëà ¦¥­¨ï ¤«ï áà¥¤­¨å §­ ç¥­¨© ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ ¢ ç¨áâ®¬  ­á ¬¡«¥

ã¤®¡­® § ¯¨á âì á ¯®¬®éìî ¯à®¥ªæ¨®­­®£® ®¯¥à â®à . � ¯¨è¥¬ «¨­¥©­ë© ®¯¥à â®à
A ¢ ¬ âà¨ç­®¬ x-¯à¥¤áâ ¢«¥­¨¨, ®¯à¥¤¥«¨¢ ¥£® á ¯®¬®éìî ¬ âà¨ç­ëå í«¥¬¥­â®¢:

A (x) =

Z
dx0A(x; x0) (x0) (1.101)

�®¤áâ ¢¨¢ (1.101) ¢ (1.98), ¯®«ãç¨¬:

< A >=

Z
dxdx0A(x; x0)P(x0; x) = Sp(AP) (1.102)

£¤¥:
P(x; x0) =  (x) ?(x0) (1.103)

{ ¯à®¥ªæ¨®­­ë© ®¯¥à â®à ­  á®áâ®ï­¨¥  . �®¦­® áª § âì, çâ® ç¨áâë©  ­á ¬¡«ì ®¯¨-
áë¢ ¥âáï ¯à®¥ªæ¨®­­ë¬ ®¯¥à â®à®¬ (1.103),   áà¥¤­¨¥ ¯®  ­á ¬¡«î ¢ëç¨á«ïîâáï
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á ¯®¬®éìî (1.102). �áâ¥áâ¢¥­­®, çâ® â ª®¥ ®¯¨á ­¨¥ á®¢¥àè¥­­® íª¢¨¢ «¥­â­® ®¯¨-
á ­¨î á ¯®¬®éìî ¢®«­®¢®© äã­ªæ¨¨.

� ¬® ­ §¢ ­¨¥ ¯à¥ªæ¨®­­ë© ®¯¥à â®à á¢ï§ ­® á â¥¬, çâ® ¤¥©áâ¢¨¥ ®¯¥à â®à  P
­  ¯à®¨§¢®«ì­ë© ¢¥ªâ®à ' ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ ¯à®¥ªâ¨àã¥â ¥£® ­  \­ -
¯à ¢«¥­¨¥" ¢¥ªâ®à   :

P' =

Z
dx0P(x; x0)'(x0) = ( ?; ') (x) (1.104)

�à®¥ªæ¨®­­ë© ®¯¥à â®à íà¬¨â®¢, çâ® ¢¨¤­® ¨§ ¥£® ®¯à¥¤¥«¥­¨ï (1.103):

P?(x; x0) = P(x0; x) (1.105)

�à®¬¥ â®£® ¨¬¥¥¬ á¢®©áâ¢®:
P2 = P (1.106)

çâ® á«¥¤ã¥â ¨§ (1.104) { ¯®á«¥ ®¤­®© ®¯¥à æ¨¨ ¯à®¥ªâ¨à®¢ ­¨ï, ¢á¥ ¯®á«¥¤ãîé¨¥
¯à®¥ªâ¨à®¢ ­¨ï ­  â®¦¥ \­ ¯à ¢«¥­¨¥" ã¦¥ ­¥ ­¨ç¥£® ­¥ ¬¥­ïîâ. �à®¬¥ â®£®, ¢á¥-
£¤  ¨¬¥¥¬:

SpP = 1 (1.107)

çâ® á«¥¤ã¥â ¨§ (1.102) ¯®á«¥ ¯®¤áâ ­®¢ª¨ ¢¬¥áâ® A ¥¤¨­¨ç­®£® ®¯¥à â®à  ¨«¨ ¨§
®¯à¥¤¥«¥­¨ï (1.103) á ãç¥â®¬ ãá«®¢¨ï ­®à¬¨à®¢ª¨ (1.99).

�¬¥è ­­ë©  ­á ¬¡«ì.
�¢ ­â®¢ ï áâ â¨áâ¨ç¥áª ï ¬¥å ­¨ª  áâà®¨âáï ­  ®á­®¢¥ à áá¬®âà¥­¨ï  ­á ¬¡«ï ¡®-
«¥¥ ®¡é¥£® ¢¨¤ , ­¥¦¥«¨ à áá¬®âà¥­­ë© ¢ëè¥ ç¨áâë©  ­á ¬¡«ì,   ¨¬¥­­® á¬¥è ­-
­®£®  ­á ¬¡«ï, ®á­®¢ ­­®£® ­  ­¥¯®«­®¬ ­ ¡®à¥ ¤ ­­ëå ® ª¢ ­â®¢®¬¥å ­¨ç¥áª®©
á¨áâ¥¬¥. � áá¬®âà¨¬ ¡®«ìè®¥ ç¨á«® â®¦¤¥áâ¢¥­­ëå ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ª®¯¨©
¤ ­­®© á¨áâ¥¬ë, ª®â®àë¥ ¬®£ãâ ­ å®¤¨âìáï ¢ à §«¨ç­ëå ª¢ ­â®¢ëå á®áâ®ï­¨ïå. �
á¬¥è ­­®¬  ­á ¬¡«¥ ®¯à¥¤¥«¥­ë «¨èì ¢¥à®ïâ­®áâ¨ w1; w2; ::: ®¡­ àã¦¨âì á¨áâ¥¬ã
¢ á®®â¢¥âáâ¢ãîé¨å ¥¥ â®ç­ëå ª¢ ­â®¢ëå á®áâ®ï­¨ïå  1;  2; :::. �ë, â ª¨¬ ®¡à §®¬,
­¥ §­ ¥¬ â®ç­® ¢ ª ª®¬ ¨¬¥­­® ¨§ á¢®¨å ¢®§¬®¦­ëå á®áâ®ï­¨© á¨áâ¥¬  à¥ «ì­®
­ å®¤¨âáï, ¢ íâ®¬ á¬ëá«¥ ­ è¥ §­ ­¨¥ ¨ ï¢«ï¥âáï ­¥¯®«­ë¬, §­ ¥¬ ¬ë «¨èì ãª -
§ ­­ë¥ ¢¥à®ïâ­®áâ¨. �¤­ ª® ¨ ¢ á¬¥è ­­®¬  ­á ¬¡«¥ ¬ë ¬®¦¥¬, ¢ ¯à¨­æ¨¯¥, ­ ©â¨
áà¥¤­¥¥ §­ ç¥­¨¥ «î¡®© ä¨§¨ç¥áª®© ¢¥«¨ç¨­ë, ¯à¥¤áâ ¢«ï¥¬®© ®¯¥à â®à®¬ A:

< A >=
X
k

wk( 
?
k; A k) (1.108)

¯à¨ç¥¬ X
k

wk = 1; wk � 0: (1.109)

�â® ¢ëà ¦¥­¨¥ ®ç¥¢¨¤­®, ¯®áª®«ìªã ( ?k; A k) ¯à¥¤áâ ¢«ï¥â á®¡®© ª¢ ­â®¢®¬¥å ­¨-
ç¥áª®¥ áà¥¤­¥¥ ®¯¥à â®à  A ¢ á®áâ®ï­¨¨  k. �¨áâë©  ­á ¬¡«ì ¥áâì ç áâ­ë© á«ãç ©
á¬¥è ­­®£®, ª®£¤  à ¢­ë ­ã«î ¢á¥ ¢¥à®ïâ­®áâ¨ wk ªà®¬¥ ®¤­®©, à ¢­®© ¥¤¨­¨æ¥.
�®£¤  (1.108) á¢®¤¨âáï ª (1.98).

�«ï ¨§ãç¥­¨ï á¬¥è ­­ëå  ­á ¬¡«¥© ã¤®¡­® ¢¢¥áâ¨ áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à,
¯à¥¤«®¦¥­­ë© ­¥§ ¢¨á¨¬® ä®­-�¥©¬ ­®¬ ¨ � ­¤ ã. �¥à­¥¬áï ª «¨­¥©­®¬ã ®¯¥à -
â®àã A ¢ ¬ âà¨ç­®¬ x-¯à¥¤áâ ¢«¥­¨¨ (1.101). �®¤áâ ¢«ïï (1.101) ¢ (1.108), ¯®«ãç¨¬:

< A >=

Z
dxdx0A(x; x0)�(x0; x) (1.110)
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¨«¨
< A >= Sp(�A) (1.111)

£¤¥
�(x; x0) =

X
k

wk k(x) 
?
k(x

0) (1.112)

{ áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à ¢ ¬ âà¨ç­®¬ x-¯à¥¤áâ ¢«¥­¨¨ ¨«¨ ¬ âà¨æ  ¯«®â­®-
áâ¨.

� âà¨æ  ¯«®â­®áâ¨ § ¢¨á¨â ®â 2N ¯¥à¥¬¥­­ëå x1; :::;xN ;x01; :::;x0N ¨ ¯®¤ç¨­ï-
¥âáï ãá«®¢¨î ­®à¬¨à®¢ª¨:

Sp� = 1; (1.113)

ª®â®à®¥ ®ç¥¢¨¤­® ¨§ ®¯à¥¤¥«¥­¨ï:

Sp� =

Z
dx�(x; x) =

X
k

wk( 
?
k;  k) = 1 (1.114)

£¤¥ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® á«¥¤ã¥â ¨§ ( ?k;  k) = 1 ¨
P
kwk = 1. �á«®¢¨¥ (1.113) ¥áâì

 ­ «®£ ãá«®¢¨ï ­®à¬¨à®¢ª¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¢ ª« áá¨ç¥áª®© áâ â¨áâ¨ç¥-
áª®© ¬¥å ­¨ª¥.

� ¯¨áì ¢ ¢¨¤¥ (1.111) ã¤®¡­  ¢ â®¬ ®â­®è¥­¨¨, çâ® è¯ãà ¬ âà¨æë ¨­¢ à¨ ­â¥­
®â­®á¨â¥«ì­® ã­¨â à­ëå ¯à¥®¡à §®¢ ­¨©. �®íâ®¬ã ä®à¬ã«  (1.111) ä ªâ¨ç¥áª¨ ­¥
§ ¢¨á¨â ®â ¨á¯®«ì§ã¥¬®£® ¯à¥¤áâ ¢«¥­¨ï ®¯¥à â®à®¢ A ¨ �, ®­  á¯à ¢¥¤«¨¢  ¯à¨
«î¡®¬,   ­¥ â®«ìª® ¯à¨ ¨á¯®«ì§®¢ ¢è¥¬áï ¢ëè¥ x-¯à¥¤áâ ¢«¥­¨¨ ®¯¥à â®à®¢. � -
¯à¨¬¥à, ¢ ¤¨áªà¥â­®¬ n-¯à¥¤áâ ¢«¥­¨¨:

< A >=
X
mn

Amn�nm (1.115)

£¤¥ Amn { ¬ âà¨ç­ë¥ í«¥¬¥­âë ®¯¥à â®à  A ¢ n-¯à¥¤áâ ¢«¥­¨¨, �nm { ¬ âà¨æ 
¯«®â­®áâ¨ ¢ n-¯à¥¤áâ ¢«¥­¨¨.

� âà¨æ  ¯«®â­®áâ¨ (áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à) íà¬¨â®¢ :

�?(x; x0) = �(x0; x) (1.116)

çâ® á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï (1.112). � ¯®¬®éìî ¯à®¥ªæ¨®­­®£®
®¯¥à â®à  (1.103) áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à (1.112) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

� =
X
k

wkP k ;
X
k

wk = 1; wk � 1 (1.117)

£¤¥ P k { ¯à®¥ªæ¨®­­ë© ®¯¥à â®à ­  á®áâ®ï­¨¥  k. � ç áâ­®¬ á«ãç ¥, ª®£¤  à ¢­ë
­ã«î ¢á¥wk, ªà®¬¥ ®¤­®£®, à ¢­®£® ¥¤¨­¨æ¥, áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à (1.117) ¯à®áâ®
á®¢¯ ¤ ¥â á ¯à®¥ªæ¨®­­ë¬ ®¯¥à â®à®¬ (1.103).

� § ª«îç¥­¨¥ ¯®ª ¦¥¬, çâ® áâ â®¯¥à â®à ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, â.¥. ­¥ ¨¬¥¥â
®âà¨æ â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©. �®áª®«ìªã � íà¬¨â®¢, ãá«®¢¨¥ ¯®«®¦¨â¥«ì-
­®© ®¯à¥¤¥«¥­­®áâ¨ ¥£® á®¡áâ¢¥­­ëå §­ ç¥­¨© § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

< A2 >= Sp(�A2) � 0 (1.118)

£¤¥ A { ¯à®¨§¢®«ì­ë© íà¬¨â®¢ ®¯¥à â®à. � á ¬®¬ ¤¥«¥, ¯à¨¢®¤ï � ª ¤¨ £®­ «ì­®¬ã
¢¨¤ã, çâ® ¢®§¬®¦­® ¨§-§  ¥£® íà¬¨â®¢®áâ¨, § ¯¨è¥¬ (1.118) ¢ ¢¨¤¥:X

nk

�nnAnkAkn =
X
nk

�nnjAnkj2 � 0; (1.119)
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çâ® ¢«¥ç¥â �nn � 0. �«ï ¬ âà¨æë ¯«®â­®áâ¨ (1.112) á¢®©áâ¢® (1.118) ¢ë¯®«­¥­®,
â.ª.

< A2 >=
X
k

wk(A
2)kk =

X
km

wkAkmAmk =
X
km

wkjAkmj2 � 0 (1.120)

â ª çâ® áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­. �®¦­® â ª¦¥ ¯®ª § âì,
çâ® ¢á¥ ¬ âà¨ç­ë¥ í«¥¬¥­âë ¬ âà¨æë ¯«®â­®áâ¨ ®£à ­¨ç¥­ë [4]:

Sp�2 =
X
mn

j�mnj2 � 1: (1.121)

�¢ ­â®¢®¥ ãà ¢­¥­¨¥ �¨ã¢¨««ï.

� áá¬®âà¨¬ ¢à¥¬¥­­ãî í¢®«îæ¨î ¬ âà¨æë ¯«®â­®áâ¨ (áâ â®¯¥à â®à ) ¤«ï  ­á ¬-
¡«ï á¨áâ¥¬ á £ ¬¨«ìâ®­¨ ­®¬ H, ª®â®àë© ­¥ § ¢¨á¨â ï¢­® ®â ¢à¥¬¥­¨. � ¬®¬¥­â
¢à¥¬¥­¨ t áâ â®¯¥à â®à (1.112) ¨¬¥¥â ¢¨¤:

�(x; x0) =
X
k

wk k(x; t) 
?
k(x

0; t) (1.122)

£¤¥ ¢áï § ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨ á®¤¥à¦¨âáï ¢ ¢®«­®¢ëåäã­ªæ¨ïå,   ¢¥à®ïâ­®áâ¨ wk
­¥ § ¢¨áïâ ®â t, â.ª. ®­¨ á®®â¢¥âáâ¢ãîâ à á¯à¥¤¥«¥­¨î á¨áâ¥¬ ¢  ­á ¬¡«¥ ¯à¨ t = 0.
�®«­®¢ë¥ äã­ªæ¨¨  k(x; t) ¯à¥¤áâ ¢«ïîâ á®¡®© à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤¨­£¥à ,
ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬:

 k(x; t)jt=0 =  k(x) (1.123)

£¤¥  k(x) - ­¥ª®â®à ï á¨áâ¥¬  ¢®«­®¢ëå äã­ªæ¨©, ®¯à¥¤¥«ïîé¨å ¬ âà¨æã ¯«®â­®-
áâ¨ ¯à¨ t = 0:

�(x; x0) =
X
k

wk k(x) 
?
k(x

0) (1.124)

�á«¨ ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ ®â­®á¨â¥«ì­®¥ ç¨á«® wk ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬
­ å®¤¨«®áì ¢ á®áâ®ï­¨¨  k(x; 0), â® ¢ ¬®¬¥­â ¢à¥¬¥­¨ t â ª®¥ ¦¥ ç¨á«® á¨áâ¥¬ ¡ã¤¥â
­ å®¤¨âìáï ¢ á®áâ®ï­¨¨  k(x; t).

�§¬¥­¥­¨¥ á®áâ®ï­¨ï  k(x; t) ¢® ¢à¥¬¥­¨ ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬ �à¥¤¨­£¥à :

i�h
@ k(x; t)

@t
= H (x; t) (1.125)

¨«¨, ¢ ¬ âà¨ç­®¬ x-¯à¥¤áâ ¢«¥­¨¨:

i�h
@ k(x; t)

@t
=

Z
dx0H(x; x0) k(x0; t) (1.126)

�®®â¢¥âáâ¢¥­­®, ¬ âà¨æ  ¯«®â­®áâ¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î:

i�h
@�(x; x0; t)

@t
=

=

Z
dx00

X
k

[H(x; x00)wk k(x00; t) ?k(x
0; t)�wk k(x; t) ?k(x00; t)H(x00; x0)] =

=

Z
dx00 [H(x; x00)�(x00; x0; t)� �(x; x00; t)H(x00; x0)]

(1.127)
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£¤¥ ¨á¯®«ì§®¢ «¨ íà¬¨â®¢®áâì £ ¬¨«ìâ®­¨ ­  H?(x; x0) = H(x0; x). � ª¨¬ ®¡à §®¬
¬ë ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¤¢¨¦¥­¨¥ ¤«ï ¬ âà¨æë ¯«®â­®áâ¨ | ª¢ ­â®¢®¥ ãà ¢­¥­¨¥
�¨ã¢¨««ï. � ®¯¥à â®à­®¬ ¢¨¤¥ § ¯¨áë¢ ¥¬ ¥£® ª ª:

i�h
@�

@t
= [H; �] (1.128)

£¤¥
1

i�h
[H; �] =

1

i�h
(H� � �H) � fH; �g (1.129)

{ ª¢ ­â®¢ë¥ áª®¡ª¨ �ã áá®­ .
�«ï á¨áâ¥¬, ­ å®¤ïé¨åáï ¢ áâ â¨áâ¨ç¥áª®¬ à ¢­®¢¥á¨¨ � ­¥ § ¢¨á¨â ï¢­® ®â

¢à¥¬¥­¨ ¨ ª¢ ­â®¢®¥ ãà ¢­¥­¨¥ �¨ã¢¨««ï ¯à¨®¡à¥â ¥â ¢¨¤:

[H; �] = 0 (1.130)

â ª çâ® � ª®¬¬ãâ¨àã¥â á £ ¬¨«ìâ®­¨ ­®¬ ¨ ï¢«ï¥âáï ¨­â¥£à «®¬ ¤¢¨¦¥­¨ï,  ­ «®-
£¨ç­® á¨âã æ¨¨ ¢ ª« áá¨ç¥áª®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¥. �®¬¬ãâ â¨¢­®áâì ®¯¥à -
â®à®¢ � ¨ H ¨ ¨å íà¬¨â®¢®áâì ®§­ ç îâ, çâ® ®­¨ ¨¬¥îâ ®¡éãî á¨áâ¥¬ã á®¡áâ¢¥­­ëå
äã­ªæ¨©. �®íâ®¬ã áâ â®¯¥à â®à à ¢­®¢¥á­®© á¨áâ¥¬ë ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥:

�(x; x0) =
X
k

w(Ek) k(x) 
?
k(x

0) (1.131)

£¤¥ ¢®«­®¢ë¥ äã­ªæ¨¨ ã¦¥ ¥áâì á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ £ ¬¨«ìâ®­¨ ­  (áâ æ¨®­ à-
­®£® ãà ¢­¥­¨ï �à¥¤¨­£¥à ):

H k = Ek k (1.132)

� ª¢ ­â®¢®© ¬¥å ­¨ª¥ ­¥ ¢á¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬¨,   «¨èì
â¥, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ­¥®¡å®¤¨¬ë¬ á¢®©áâ¢ ¬ á¨¬¬¥âà¨¨. � ¯à¨¬¥à, ¤«ï á¨-
áâ¥¬ë ä¥à¬¨®­®¢ ¤®¯ãáâ¨¬ë â®«ìª®  ­â¨á¨¬¬¥âà¨ç­ë¥,   ¤«ï ¡®§®­®¢ { á¨¬¬¥-
âà¨ç­ë¥ (á¢ï§ì á¯¨­  ¨ áâ â¨áâ¨ª¨). �®íâ®¬ã ¢ (1.131) ¯à¥¤¯®« £ ¥âáï áã¬¬¨à®¢ -
­¨¥ ­¥ ¯® ¢á¥¬,   â®«ìª® ¯® ¤®¯ãáâ¨¬ë¬ ª¢ ­â®¢ë¬ á®áâ®ï­¨ï¬ á¨áâ¥¬ë.

�¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢ ª¢ ­-
â®¢®© áâ â¨áâ¨ª¥.

�á­®¢­ë¥ ¨¤¥¨ â¥®à¨¨ áâ â¨áâ¨ç¥áª¨å  ­á ¬¡«¥© �¨¡¡á  ­¥¯®áà¥¤áâ¢¥­­® ¬®£ãâ
¡ëâì ®¡®¡é¥­ë á ª« áá¨ç¥áª®£® ­  ª¢ ­â®¢ë© á«ãç ©. � á®áâ®ï­¨¨ à ¢­®¢¥á¨ï ¬ -
âà¨æ  ¯«®â­®áâ¨ ¬®¦¥â § ¢¨á¥âì «¨èì ®â  ¤¤¨â¨¢­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï, ¯®
¯à¨ç¨­ ¬, á®¢¥àè¥­­®  ­ «®£¨ç­ë¬ à áá¬®âà¥­­ë¬ ¢ëè¥ ¤«ï ª« áá¨ç¥áª®£® á«ã-
ç ï (ä ªâ®à¨§ æ¨ï ¬ âà¨æë ¯«®â­®áâ¨ ¤«ï áâ â¨áâ¨ç¥áª¨ ­¥§ ¢¨á¨¬ëå á¨áâ¥¬ ¨
 ¤¤¨â¨¢­®áâì ¥¥ «®£ à¨ä¬ ). � ª¢ ­â®¢®© ¬¥å ­¨ª¥ â ª¨¬¨ ¨­â¥£à « ¬¨ ¤¢¨¦¥­¨ï
®¯ïâì ¦¥ ï¢«ïîâáï: ¯®«­ ï í­¥à£¨ï á¨áâ¥¬ë (®¯¥à â®à � ¬¨«ìâ®­ H), ¯®«­ë© ¨¬-
¯ã«ìá P ¨ ¯®«­ë© ¬®¬¥­â ¨¬¯ã«ìá M (á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥
¢ ¯à®áâà ­áâ¢¥ ¢®«­®¢ëå äã­ªæ¨©). �®®â¢¥âáâ¢¥­­®, à ¢­®¢¥á­ ï ¬ âà¨æ  ¯«®â­®-
áâ¨ ¬®¦¥â ¡ëâì äã­ªæ¨¥© â®«ìª® ®â H, P,M:

� = �(H;P;M) (1.133)
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�á«¨ ç¨á«® ç áâ¨æ N  ­á ¬¡«¥ ­¥ § ¤ ­®, â® ¥£® ­ã¦­® ãç¥áâì ª ª ¤®¯®«­¨â¥«ì­ë©
 ¤¤¨â¨¢­ë© ¨­â¥£à « ¤¢¨¦¥­¨ï:

[N;H] = 0 (1.134)

£¤¥ N { ®¯¥à â®à, ¯à¨­¨¬ îé¨© æ¥«ë¥ ¯®«®¦¨â¥«ì­ë¥ §­ ç¥­¨ï 0; 1; 2; :::. �®£¤ :

� = �(H;P;M; N ) (1.135)

�«ï ­¥¯®¤¢¨¦­®© á¨áâ¥¬ë P =M = 0 ¨ ¨¬¥¥¬:

� = �(H) ¨«¨ � = �(H;N ) (1.136)

�à®¬¥ â®£® áâ â®¯¥à â®à ¬®¦¥â § ¢¨á¥âì, ª ª ®â ¯ à ¬¥âà®¢, ®â ¢¥«¨ç¨­, ª®â®àë¥
§ ¤ ­ë ¤«ï á¨áâ¥¬ ¢  ­á ¬¡«¥, ­ ¯à¨¬¥à ®â ®¡ê¥¬  V .

�¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢ ª¢ ­â®¢®© áâ â¨áâ¨ª¥ ¬®¦­® ¢¢¥áâ¨ â®ç­®
â ª¦¥, ª ª ¨ ¢ ª« áá¨ç¥áª®©. � áá¬®âà¨¬ ¤«ï íâ®£®  ­á ¬¡«ì § ¬ª­ãâëå, í­¥à£¥-
â¨ç¥áª¨ ¨§®«¨à®¢ ­­ëå á¨áâ¥¬ á ¯®áâ®ï­­ë¬ ®¡ê¥¬®¬ V ¨ ¯®«­ë¬ ç¨á«®¬ ç áâ¨æ
N , ¨¬¥îé¨å ®¤¨­ ª®¢ãî í­¥à£¨î á â®ç­®áâìî ¤® �E � E. �à¥¤¯®«®¦¨¬, çâ® ¤«ï
â ª¨å á¨áâ¥¬ ¢á¥ ª¢ ­â®¢ë¥ á®áâ®ï­¨ï ¢ í­¥à£¥â¨ç¥áª®¬ á«®¥ E;E + �E à ¢­®¢¥-

à®ïâ­ë. �®£¤ :

w(Ek) =

�
[
(E;N; V )]�1 ¯à¨ E � Ek � E +�E
0 ¢­¥ íâ®£® á«®ï

(1.137)

çâ® ¨ ­ §ë¢ ¥âáï ¬¨ªà®ª ­®­¨ç¥áª¨¬ à á¯à¥¤¥«¥­¨¥¬ ª¢ ­â®¢®© áâ â¨áâ¨ª¨. �ãâ
¢á¥  ­ «®£¨ç­® ª« áá¨ç¥áª®¬ã á«ãç î, â®«ìª® áâ â¢¥á 
(E;N; V ) ­¥ à ¢¥­ ä -
§®¢®¬ã ®¡ê¥¬ã,   ¯àï¬® ¯à¥¤áâ ¢«ï¥â á®¡®© ç¨á«® ª¢ ­â®¢ëå á®áâ®ï­¨© ¢ á«®¥
E;E + �E ¤«ï á¨áâ¥¬ë á ç¨á«®¬ ç áâ¨æ N ¨ ®¡ê¥¬®¬ V . �â® áà §ã á«¥¤ã¥â ¨§
ãá«®¢¨ï ­®à¬¨à®¢ª¨

P
kw(Ek) = 1. �¨ªà®ª ­®­¨ç¥áª®¬ã à á¯à¥¤¥«¥­¨î á®®â¢¥â-

áâ¢ã¥â áâ â®¯¥à â®à (¬ âà¨æ  ¯«®â­®áâ¨):

�(x; x0) = 
�1(E;N; V )
X

1�k�

 k(x) 

?
k(x

0) (1.138)

çâ® ¬®¦­® § ¯¨á âì ¨ ¢ ®¯¥à â®à­®¬ ¢¨¤¥:

� = 
�1(E;N; V )�(H �E) (1.139)

£¤¥ �(x) ¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨î, ®â«¨ç­ãî ®â ­ã«ï ­  ¨­â¥à¢ «¥ 0 � x � �E,
£¤¥ ®­  à ¢­  ¥¤¨­¨æ¥, ¨ à ¢­ãî ­ã«î ¢­¥ íâ®£® ¨­â¥à¢ « .

�®¤ç¥àª­¥¬, çâ® ¯à¥¤¯®«®¦¥­¨¥ ® à ¢­®¢¥à®ïâ­®áâ¨ ª¢ ­â®¢ëå á®áâ®ï­¨© á ®¤¨-
­ ª®¢®© í­¥à£¨¥© ¤«ï § ¬ª­ãâ®© ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë ï¢«ï¥âáï ¯à®áâ¥©è¨¬, ­®
®â­î¤ì ­¥ á ¬®®ç¥¢¨¤­ë¬ ¯à¥¤¯®«®¦¥­¨¥¬. �à®¡«¥¬  ®¡®á­®¢ ­¨ï íâ®© £¨¯®â¥§ë
á®áâ ¢«ï¥â áãâì ª¢ ­â®¢®¬¥å ­¨ç¥áª®© íà£®¤¨ç¥áª®© ¯à®¡«¥¬ë.

� áâ¨ç­ë¥ ¬ âà¨æë ¯«®â­®áâ¨�.

�­ «®£¨ç­® á¨âã æ¨¨, à áá¬®âà¥­­®© ¢ëè¥ ¢ ª« áá¨ç¥áª®¬ á«ãç ¥, §­ ­¨¥ ¯®«-
­®© ¬ âà¨æë ¯«®â­®áâ¨ N -ç áâ¨ç­®© á¨áâ¥¬ë, ¢ ¡®«ìè¨­áâ¢¥ ¯à ªâ¨ç¥áª¨å § ¤ ç
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¢®¢á¥ ­¥ âà¥¡ã¥âáï. � ªâ¨ç¥áª¨, ­ ¨¡®«¥¥ ¢ ¦­ãî ¨­ä®à¬ æ¨î ® á¨áâ¥¬¥ ¬®¦­®
¯®«ãç¨âì, ¨§ãç ï áâ â¨áâ¨ç¥áª¨¥ ®¯¥à â®àë (­¥¡®«ìè¨å) ª®¬¯«¥ªá®¢ ç áâ¨æ ¨«¨
ç áâ¨ç­ë¥ ¬ âà¨æë ¯«®â­®áâ¨ [20]. � áá¬®âà¨¬ ®¯ïâì ¯à®¨§¢®«ì­ãî á¨áâ¥¬ã, á®-
áâ®ïéãî ¨§ N ®¤¨­ ª®¢ëå ç áâ¨æ. �ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ x1; x2; :::xN ¯¥à¥¬¥­­ë¥
íâ¨å ç áâ¨æ (íâ® ¬®£ãâ ¡ëâì ¨å ª®®à¤¨­ âë, ¨¬¯ã«ìáë ¨.â.¯.). �®«­®¢ë¥ äã­ªæ¨¨
¢á¥© á¨áâ¥¬ë ï¢«ïîâáï äã­ªæ¨ï¬¨ íâ¨å ¯¥à¥¬¥­­ëå:

 n(x; t) =  n(x1; :::; xN; t) (1.140)

£¤¥ n ®¡®§­ ç ¥â \­®¬¥à" (­ ¡®à ª¢ ­â®¢ëå ç¨á¥«) ¤ ­­®£® á®áâ®ï­¨ï á¨áâ¥¬ë. �¯¥-
à â®àë ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡®¡é¥­­ë¥ ¬ âà¨æë á«¥¤ãîé¥£®
¢¨¤ :

A = A(x1; :::; xN;x01; :::; x0N) (1.141)

� áá¬®âà¨¬ áâ â®¯¥à â®à N -ç áâ¨ç­®© á¨áâ¥¬ë:

�(x1; :::; xN;x
0
1; :::; x

0
N; t) =

X
n

wn n(x1; :::; xN; t) 
?
n(x

0
1; :::; x

0
N; t) (1.142)

� á«ãç ¥ ç áâ¨æ, ¯®¤ç¨­ïîé¨åáï áâ â¨áâ¨ª¥ �®§¥:

P n(x1; :::; xN; t) =  n(x1; :::; xN; t) (1.143)

£¤¥ P { ®¯¥à â®à ¯¥à¥áâ ­®¢ª¨ ¯¥à¥¬¥­­ëå xi (i = 1; 2; :::;N ). � á«ãç ¥ ç áâ¨æ,
¯®¤ç¨­ïîé¨åáï áâ â¨áâ¨ª¥ �¥à¬¨:

P n(x1; :::; xN; t) = (�1)P n(x1; :::; xN; t) (1.144)

£¤¥ (�1)P = 1 ¤«ï ç¥â­ëå ¯¥à¥áâ ­®¢®ª ¨ (�1)P = �1 { ¤«ï ­¥ç¥â­ëå. �®íâ®¬ã ¢
®¡®¨å á«ãç ïå

P� = �P ¨«¨ P�P�1 = �: (1.145)

�à¨ ¢ëç¨á«¥­¨¨ áà¥¤­¨å §­ ç¥­¨© ¤¨­ ¬¨ç¥áª¨å ¯¥à¥¬¥­­ëå ®¡ëç­® ¯à¨å®-
¤¨âáï ¨¬¥âì ¤¥«® á ®¯¥à â®à ¬¨, § ¢¨áïé¨¬¨ ®â ¯¥à¥¬¥­­ëå ®¤­®©, ¤¢ãå,..., s-
ç áâ¨æ:

A1 =
X

1�r�N
A(r) (1.146)

A2 =
X

1�r1<r2�N
A(r1; r2) (1.147)

::::::

As =
X

1�r1<r2<:::<rs�N
A(r1; r2; :::; rs) (1.148)

£¤¥ ç¥à¥§ ri ®¡®§­ ç¥­  § ¢¨á¨¬®áâì ®â ª®®à¤¨­ â i-© ç áâ¨æë. �à¥¤­¨¥ §­ ç¥­¨ï
â ª¨å ®¯¥à â®à®¢ ¢ëç¨á«ïîâáï ç¥à¥§ ç áâ¨ç­ë¥ á¢¥àâª¨ ¬ âà¨æë ¯«®â­®áâ¨ � (â.¥.
ç¥à¥§ è¯ãàë ®â � ¯® ç áâ¨ ¯¥à¥¬¥­­ëå). � á ¬®¬ ¤¥«¥, ãç¨âë¢ ï á¢®©áâ¢  á¨¬¬¥-
âà¨¨ ®¯¥à â®à  � ®â­®á¨â¥«ì­® ¯¥à¥áâ ­®¢®ª ç áâ¨æ (1.145), ¯®«ãç ¥¬:

< A1 >= NSp1fA(1)�1(1)g (1.149)

< A2 >=
N (N � 1)

2!
Sp1;2fA(1; 2)�2(1; 2)g (1.150)

::::::

< As >= N (N � 1):::(N � s + 1)

s!
Sp1;2;:::;sfA(1; 2; :::; s)�s(1; 2; :::; s)g (1.151)
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£¤¥ ¢¢¥¤¥­ë ®¡®§­ ç¥­¨ï:

�1(1) = Sp2;:::;N�(1; 2; :::; N ) (1.152)

�2(1; 2) = Sp3;:::;N�(1; 2; :::; N ) (1.153)

::::::

�s(1; 2; :::; s) = Sps+1;:::;N�(1; 2; :::; s; s+ 1; :::; N ) (1.154)

£¤¥ ¤«ï ªà âª®áâ¨ ¨á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï �2(1; 2) � �2(x1; x2;x01; x
0
2; t), Sp2�2(1; 2) =

Spx2�2(x1; x2;x
0
1; x

0
2; t) ¨ â.¤. �¥«¨ç¨­ë �s ­ §ë¢ îâáï áâ â¨áâ¨ç¥áª¨¬¨ ®¯¥à â®-

à ¬¨ ª®¬¯«¥ªá®¢ s ç áâ¨æ ¨«¨ s-ç áâ¨ç­ë¬¨ ¬ âà¨æ ¬¨ ¯«®â­®áâ¨.
�«ï ®¯¥à â®à®¢ �s, ¢ á¨«ã (1.145), ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï:

Ps�sP
�1
s = �s (1.155)

£¤¥ Ps { ®¯¥à â®à ¯¥à¥áâ ­®¢ª¨ s ç áâ¨æ,

�s(1; 2; :::; s) = Sps+1�s+1(1; :::; s; s+ 1) (1.156)

çâ® ¤ ¥â ¢ëà ¦¥­¨¥ s-ç áâ¨ç­®© ¬ âà¨æë ¯«®â­®áâ¨ ç¥à¥§ s+ 1-ç áâ¨ç­ãî.
�¥à¥©¤¥¬ ®â ®¯¥à â®à®¢ �s ª ®¯¥à â®à ¬ Fs:

Fs(1; :::; s) = N (N � 1):::(N � s + 1)�s(1; :::; s) (1.157)

�«ï ­¨å, á®£« á­® (1.156), ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

Fs(1; :::; s) =
1

N � sSps+1Fs+1(1; :::; s; s+ 1) (1.158)

� ¯à¥¤¥«¥ N ! 1 ¯à¨ ä¨ªá¨à®¢ ­­®¬ s ¬®¦­® ¯à¥­¥¡à¥çì s ¢ §­ ¬¥­ â¥«¥, â ª
çâ®:

Fs(1; :::; s) =
1

N
Sps+1Fs+1(1; :::; s; s+ 1) (1.159)

�¥«¨ç¨­ë Fs, ¯®  ­ «®£¨¨ á ª« áá¨ç¥áª¨¬ á«ãç ¥¬, ¡ã¤¥¬ ­ §ë¢ âì s-ç áâ¨ç­ë¬¨
äã­ªæ¨ï¬¨ à á¯à¥¤¥«¥­¨ï. �à¨ ¯¥à¥áâ ­®¢ª å, ®ç¥¢¨¤­®, ¨¬¥¥¬: PsFsP�1s = Fs.
�à¨ íâ®¬ ¨§ (1.151) áà¥¤­¨¥ ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ ¯à¨­¨¬ îâ ¢¨¤:

< As >= 1

s!
Sp1;:::;sfA(1; :::; s)Fs(1; :::; s)g (1.160)

� ¯¨è¥¬ ®¯¥à â®à As áâ ­¤ àâ­ë¬ ®¡à §®¬ ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ -
­¨ï:

As = 1

s!

X
ff;f 0g

A(f1; :::; fs; f
0
s; :::; f

0
1)a

+
f1
:::a+fsaf 0s :::af 01 (1.161)

£¤¥ a+f ; af { ®¯¥à â®àë à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï ç áâ¨æ ¢ ­¥ª®â®àëå ®¤­®ç áâ¨ç­ëå
á®áâ®ï­¨ïå, å à ªâ¥à¨§ã¥¬ëå ª¢ ­â®¢ë¬¨ ç¨á« ¬¨ f , a A(f1; :::; fs; f

0
s; :::; f

0
1) { á®-

®â¢¥âáâ¢ãîé¨© ¬ âà¨ç­ë© í«¥¬¥­â ®¯¥à â®à  ¤¨­ ¬¨ç¥áª®© ¯¥à¥¬¥­­®© A. �®£¤ ,
¢ëç¨á«ïï áà¥¤­¨¥ ¯®  ­á ¬¡«î, ¯®«ãç ¥¬ ¨å ¢ ¢¨¤¥:

< As >= 1

s!

X
ff;f 0g

A(f1; :::; fs; f
0
s; :::; f

0
1) < a+f1 :::a

+
fs
af 0s :::af 01 > (1.162)
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Cà ¢­¥­¨¥ á (1.160) ¤ ¥â â®£¤  á«¥¤ãîé¥¥ ®¡é¥¥ ¢ëà ¦¥­¨¥ ¤«ï s-ç áâ¨ç­®© äã­ª-
æ¨¨ à á¯à¥¤¥«¥­¨ï ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï:

Fs(1; :::; s) =< a+f1 :::a
+
fs
af 0s :::af 01 > (1.163)

®ç¥­ì ã¤®¡­®¥ ¯à¨ à¥è¥­¨¨ ª®­ªà¥â­ëå § ¤ ç ª¢ ­â®¢®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨
¨ è¨à®ª® ¨á¯®«ì§ã¥¬®¥ ¢ á®¢à¥¬¥­­®© â¥®à¨¨ á¨áâ¥¬ ¬­®£¨å ç áâ¨æ8. � ªâ¨ç¥áª¨,
¢ëç¨á«¥­¨¥ íâ¨å ¢¥«¨ç¨­ ¢ à §­ëå ä¨§¨ç¥áª¨å á¨âã æ¨ïå ¨ ï¢«ï¥âáï ®á­®¢­®©
§ ¤ ç¥© íâ®© â¥®à¨¨. �¤­¨¬ ¨§ ¬¥â®¤®¢ â ª¨å ¢ëç¨á«¥­¨© ï¢«ï¥âáï ¯®áâà®¥­¨¥
á¨áâ¥¬ë § æ¥¯«ïîé¨åáï ãà ¢­¥­¨© ¤«ï â ª¨å äã­ªæ¨© à á¯à¥¤¥«¥­¨ï (æ¥¯®çª¨
�®£®«î¡®¢ ),  ­ «®£¨ç­®© ª« áá¨ç¥áª®¬ã á«ãç î, ¨ ¥¥ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï
â¥¬ ¨«¨ ¨­ë¬ á¯®á®¡®¬. �®¤®¡­ë© ¯®¤å®¤ ¨á¯®«ì§ã¥âáï, ¢ ç áâ­®áâ¨, ¯à¨ ¢ë¢®¤¥
ª¢ ­â®¢ëå ª¨­¥â¨ç¥áª¨å ãà ¢­¥­¨©.

�«ï àï¤  § ¤ ç,   â ª¦¥ ¤«ï ®¡áã¦¤¥­¨ï á®®â¢¥âáâ¢¨ï á ª« áá¨ç¥áª¨¬ á«ã-
ç ¥¬, ç áâ® ¢¢®¤ïâ â ª ­ §ë¢ ¥¬ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï �¨£­¥à  ¢ \á¬¥è ­-
­®¬" ª®®à¤¨­ â­®{¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨. �«ï íâ®£® à áá¬®âà¨¬ ®¤­®ç áâ¨ç-
­ãî ¬ âà¨æã ¯«®â­®áâ¨ �1(1) = �(x;x0), £¤¥ x { ª®®à¤¨­ âë ç áâ¨æë ¨ ®¯à¥¤¥«¨¬
¢¨£­¥à®¢áªãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ª ª:

f(x;p) =
1

(2�)3

Z
d�e

i
�hp��

�
x+

�

2
;x� �

2

�
(1.164)

â.¥. ¯à®¢¥¤ï ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯® à §­®áâ¨ ª®®à¤¨­ â � = x� x0. �­â¥£à «ë ®â
íâ®© äã­ªæ¨¨ ¯® x ¨ p ¨¬¥îâ ¢¨¤ ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ¬ âà¨æë ¯«®â­®áâ¨ ¢
x ¨ p { ¯à¥¤áâ ¢«¥­¨¨:

�(x;x) =
Z
dpf(x;p) �(p;p) =

Z
dxf(x;p) (1.165)

çâ® «¥£ª® ¯®«ãç ¥âáï ¨§ ®¯à¥¤¥«¥­¨ï ¯®á«¥ á®®â¢¥âáâ¢ãîé¨å § ¬¥­ ¯¥à¥¬¥­­ëå.
� §ã¬¥¥âáï, äã­ªæ¨î à á¯à¥¤¥«¥­¨ï f(x;p) ­¥«ì§ï à áá¬ âà¨¢ âì ª ª äã­ªæ¨î
à á¯à¥¤¥«¥­¨ï ¯® ª®®à¤¨­ â ¬ ¨ ¨¬¯ã«ìá ¬ (á®®â­®è¥­¨ï ­¥®¯à¥¤¥«¥­­®áâ¨!). �®
¥¥ ¨­â¥£à «ë ¤ îâ ¯® ®â¤¥«ì­®áâ¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¯® ª®®à¤¨­ â ¬ ¨ ¨¬-
¯ã«ìá ¬. � ¬  ¦¥ ¢¨£­¥à®¢áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¬®¦¥â ¡ëâì ¤ ¦¥ ®âà¨æ -
â¥«ì­®© ¨ ­¥ ¨¬¥¥â á¬ëá«  ®¡ëç­®© (ª« áá¨ç¥áª®©) äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï.

�­âà®¯¨ï.

�¨¡¡á®¢áª ï í­âà®¯¨ï. �­âà®¯¨ï ¨ ¢¥à®ïâ­®áâì.

�¥à­¥¬áï ª á«ãç î ª« áá¨ç¥áª®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ¨ à áá¬®âà¨¬ «®£ à¨ä¬
äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï á ®¡à â­ë¬ §­ ª®¬:

� = � ln �(p; q; t) (1.166)

8�®¤ç¥àª­¥¬, çâ® ã£«®¢ë¥ áª®¡ª¨ ®¡®§­ ç îâ §¤¥áì ãáà¥¤­¥­¥­¨¥ (¢ëç¨á«¥­¨¥ è¯ãà ) á ¯®«­®©
N -ç áâ¨ç­®© ¬ âà¨æ¥© ¯«®â­®áâ¨!
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�â  ¢¥«¨ç¨­  ¨£à ¥â ®á®¡ãî à®«ì, ¢ëè¥ ¬ë ã¦¥ ¢¨¤¥«¨, çâ® ®­   ¤¤¨â¨¢­  ¤«ï
ä ªâ®à¨§ãîé¨åáï äã­ªæ¨© à á¯à¥¤¥«¥­¨ï ­¥§ ¢¨á¨¬ëå ¯®¤á¨áâ¥¬, çâ®  ­ «®-
£¨ç­® á¢®©áâ¢ã  ¤¤¨â¨¢­®áâ¨ í­âà®¯¨¨ ¢ â¥à¬®¤¨­ ¬¨ª¥. �à¥¤­¥¥ §­ ç¥­¨¥ íâ®©
¢¥«¨ç¨­ë ­ §ë¢ ¥âáï £¨¡¡á®¢áª®© í­âà®¯¨¥©:

S =< � >= �
Z

dpdq

(2��h)3NN !
�(p; q; t) ln�(p; q; t) (1.167)

�ëç¨á«¨¬ íâã í­âà®¯¨î ¤«ï ¬¨ªà®ª ­®­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï (1.58) à ¢­®¢¥á-
­®© § ¬ª­ãâ®© á¨áâ¥¬ë. �®¤áâ ¢«ïï ¢ (1.167) äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ¢ ¢¨¤¥ (1.58):

�(p; q) =

�
[
(E;N; V )]�1 ¯à¨ E � H(p; q) � E +�E
0 ¢­¥ íâ®£® á«®ï

(1.168)

£¤¥


(E;N; V ) =
1

N !(2��h)3N

Z
E�H(p;q)�E+�E

dpdq (1.169)

¯®«ãç ¥¬:

S(E;N; V ) = �
Z

E�H(p;q)�E+�E

dpdq

(2��h)3NN !

1


(E;N; V )
ln[
(E;N; V )]�1 =

= ln
(E;N; V ) (1.170)

� ª¨¬ ®¡à §®¬, ¤«ï à ¢­®¢¥á­®£® ¬¨ªà®ª ­®­¨ç¥áª®£®  ­á ¬¡«ï í­âà®¯¨ï à ¢­ 
«®£ à¨ä¬ã áâ â¨áâ¨ç¥áª®£® ¢¥á , â.¥. «®£ à¨ä¬ã ç¨á«  ª¢ ­â®¢ëå á®áâ®ï­¨© ¢ í­¥à-
£¥â¨ç¥áª®¬ á«®¥ è¨à¨­®© �E, á®®â¢¥âáâ¢ãîé¨å ¤ ­­®¬ã ¬ ªà®á®áâ®ï­¨î ­ è¥©
á¨áâ¥¬ë9.

� ª¢ ­â®¢®© áâ â¨áâ¨ª¥ ¬®¦­®  ­ «®£¨ç­ë¬ ®¡à §®¬ ¢¢¥áâ¨ ®¯¥à â®à í­âà®¯¨¨,
ª ª «®£ à¨ä¬ ¬ âà¨æë ¯«®â­®áâ¨:

� = � ln � (1.171)

�ëè¥ ¬ë ¢¨¤¥«¨, çâ® áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à � íà¬¨â®¢ ¨ ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­. �«¥¤®¢ â¥«ì­®, ¥£® «®£ à¨ä¬ íà¬¨â®¢,   ®¯¥à â®à í­âà®¯¨¨ ¯®«®¦¨â¥«ì­®
®¯à¥¤¥«¥­. � á ¬®¬ ¤¥«¥, ¥á«¨ w1; w2; ::: { á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  �, â®
á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  � à ¢­ë á®®â¢¥âáâ¢¥­­® � lnw1;� lnw2; :::, â ª ª ª
á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ ®â ®¯¥à â®à  à ¢­ë íâ®© ¦¥ äã­ªæ¨¨ ®â á®¡áâ¢¥­-
­ëå §­ ç¥­¨©. �§ 0 � wk � 1 ¯à¨ íâ®¬ á«¥¤ã¥â, çâ® � lnwk � 0.

�¯¥à â®à í­âà®¯¨¨ ®¡« ¤ ¥â á¢®©áâ¢®¬  ¤¤¨â¨¢­®áâ¨ { ¥á«¨ ®¯¥à â®à � ¥áâì
¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ ®¯¥à â®à®¢ �1 ¨ �2:

� = �1 � �2 (1.172)

9�â â¨áâ¨ç¥áª¨© ¢¥á 
(E;N;V ) = expS(E;N;V ) ¯® á ¬®¬ã ®¯à¥¤¥«¥­¨î ¥áâì ç¨á«® ãà®¢­¥©
í­¥à£¨¨, ¯à¨å®¤ïé¨åáï ­  ¨­â¥à¢ «¥ í­¥à£¨¨ �E, å à ªâ¥à¨§ãîé¨© è¨à¨­ã à á¯à¥¤¥«¥­¨ï ¢¥-
à®ïâ­®áâ¥© ¯® í­¥à£¨¨. � §¤¥«¨¢ �E ­  
(E;N;V ) ®ç¥¢¨¤­® ¯®«ãç¨¬ áà¥¤­¥¥ à ááâ®ï­¨¥ ¬¥¦¤ã
®â¤¥«ì­ë¬¨ ãà®¢­ï¬¨ ­  ¤ ­­®¬ ãç áâª¥ á¯¥ªâà  á¨áâ¥¬ë ¢¡«¨§¨ E. �¡®§­ ç ï íâ® à ááâ®ï-
­¨¥ D(E) ¨¬¥¥¬: D(E) = �E exp(�S(E)). � ª¨¬ ®¡à §®¬, ¢¥«¨ç¨­  í­âà®¯¨¨ S(E) ®¯à¥¤¥«ï¥â
£ãáâ®âã ãà®¢­¥© í­¥à£¥â¨ç¥áª®£® á¯¥ªâà  ¬ ªà®áª®¯¨ç¥áª®© á¨áâ¥¬ë. �¢¨¤ã  ¤¤¨â¨¢­®áâ¨ í­âà®-
¯¨¨ ¬®¦­® ãâ¢¥à¦¤ âì, çâ® áà¥¤­¥¥ à ááâ®ï­¨¥ ¬¥¦¤ã ãà®¢­ï¬¨ â ª®© á¨áâ¥¬ë íªá¯®­¥­æ¨ «ì­®
ã¡ë¢ ¥â á ã¢¥«¨ç¥­¨¥¬ ç¨á«  ç áâ¨æ , â ª çâ® á¯¥ªâà ¬ ªà®áª®¯¨ç¥áª®£® â¥« , ä ªâ¨ç¥áª¨, ï¢«ï-
¥âáï ­¥¯à¥àë¢­ë¬ [1, 2].
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â®
� = � ln�1 � ln �2 = �1 + �2 (1.173)

�¥¯¥àì ¬ë á­®¢  ¬®¦¥¬ ¢¢¥áâ¨ £¨¡¡á®¢áªãî í­âà®¯¨î ª ª áà¥¤­¨© «®£ à¨ä¬ ¬ -
âà¨æë ¯«®â­®áâ¨ á® §­ ª®¬ ¬¨­ãá:

S =< � >= � < ln� >= �Sp� ln � (1.174)

�­âà®¯¨ï { ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¢¥«¨ç¨­ , ¢ ¤¨ £®­ «ì­®¬ ¯à¥¤áâ ¢«¥­¨¨
®­  ¨¬¥¥â ¢¨¤:

S = �
X
k

wk lnwk � 0 (1.175)

�¨èì ¢ ç áâ­®¬ á«ãç ¥, ª®£¤  áâ â®¯¥à â®à ®¯¨áë¢ ¥â ç¨áâ®¥ á®áâ®ï­¨¥ ¨¬¥¥¬:
S = 0. �á«¨ � ®¯¨áë¢ ¥â áâ â¨áâ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë¥  ­á ¬¡«¨ (1.172), â® ®ç¥¢¨¤­®
S = S1 + S2, £¤¥ S1 = �Sp�1 ln�1 ¨ S2 = �Sp�2 ln �2, â ª çâ® £¨¡¡á®¢áª ï í­âà®¯¨ï
®¡« ¤ ¥â á¢®©áâ¢®¬  ¤¤¨â¨¢­®áâ¨,  ­ «®£¨ç­® í­âà®¯¨¨ ¢ â¥à¬®¤¨­ ¬¨ª¥.

�¡áã¤¨¬ áâ â¨áâ¨ç¥áª¨© á¬ëá« í­âà®¯¨¨. �ãáâì ¬ ªà®áª®¯¨ç¥áª®¥ á®áâ®ï­¨¥
á¨áâ¥¬ë, ªà®¬¥ §­ ç¥­¨© E;N; V å à ªâ¥à¨§ã¥âáï ª ª¨¬¨-«¨¡® ¯ à ¬¥âà ¬¨ x
¨«¨ (x1; x2; :::; xn). �ãáâì áâ â¨áâ¨ç¥áª¨© ¢¥á á®áâ®ï­¨ï á ä¨ªá¨à®¢ ­­ë¬¨ §­ ç¥­¨-
ï¬¨ íâ¨å ¯ à ¬¥âà®¢ à ¢¥­ 
(E;N; V; x). �®£¤  ¢¥à®ïâ­®áâì à¥ «¨§ æ¨¨ á®áâ®ï­¨ï
(E;N; V; x), á®£« á­® ¯à¨­æ¨¯ã à ¢­®© ¢¥à®ïâ­®áâ¨ á®áâ®ï­¨© ¢ ¬¨ªà®ª ­®­¨ç¥áª®¬
à á¯à¥¤¥«¥­¨¨ à ¢­ :

w(x) =

(E;N; V; x)P
x
(E;N; V; x)

= C exp(S(E;N; V; x)) (1.176)

£¤¥
S(E;N; V; x) = ln
(E;N; V; x) (1.177)

{ í­âà®¯¨ï á®áâ®ï­¨ï (E;N; V; x).
� ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ­ ¨¡®«¥¥ ¢¥à®ïâ­®¥ §­ ç¥­¨¥ x� ¨ áà¥¤­¥¥ §­ ç¥­¨¥

< x > ¢¥«¨ç¨­ë x á®¢¯ ¤ îâ ¤àã£ á ¤àã£®¬, â ª ª ª ¢¥à®ïâ­®áâì w(x) ¨¬¥¥â
®áâàë© ¬ ªá¨¬ã¬ ¯à¨ x = x�, ¥á«¨ á¨áâ¥¬  ¤®áâ â®ç­® ¢¥«¨ª . � ¨¡®«¥¥ ¢¥à®-
ïâ­®¥ §­ ç¥­¨¥ x� ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï ¬ ªá¨¬ã¬  w(x):

S(E;N; V; x) =Max ¯à¨ x = x� (1.178)

¨«¨
@S(E;N; V; x�1; :::; x

�
n)

@x�j
= 0 j = 1; 2; :::; n (1.179)

�¥âàã¤­® á®®¡à §¨âì, çâ® ¢¥«¨ç¨­ 

w(�x) = C0 expfS(E;N; V; x� +�x)� S(E;N; V; x�)g (1.180)

®¯à¥¤¥«ï¥â ¢¥à®ïâ­®áâì ®âª«®­¥­¨© (ä«ãªâã æ¨©) �x ¯ à ¬¥âà®¢ x ®â ¨å ­ ¨¡®-
«¥¥ ¢¥à®ïâ­ëå (áà¥¤­¨å, à ¢­®¢¥á­ëå!) §­ ç¥­¨©10. �â® á¢®©áâ¢® í­âà®¯¨¨ «¥¦¨â
¢ ®á­®¢¥ ¥¥ áâ â¨áâ¨ç¥áª¨å ¯à¨«®¦¥­¨© (¯à¨­æ¨¯ �®«ìæ¬ ­ ), ¢ ç áâ­®áâ¨ ­  ­¥¬
áâà®¨âáï ¢áï â¥®à¨ï ä«ãªâã æ¨© (�©­èâ¥©­).

10� á ¬®¬ ¤¥«¥: w(x� + �x) = C expfS(x� + �x)g = C0expfS(x� + �x) � S(x�)g, £¤¥ C0 =
C expfS(x�)g { ­®¢ ï ª®­áâ ­â  ­®à¬¨à®¢ª¨.
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� ª®­ ¢®§à áâ ­¨ï í­âà®¯¨¨.
�§ â¥à¬®¤¨­ ¬¨ª¨ ¨§¢¥áâ­®, çâ® í­âà®¯¨ï ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë ¢®§à áâ ¥â, ¨«¨,
¢ á«ãç ¥ â¥à¬®¤¨­ ¬¨ç¥áª®£® à ¢­®¢¥á¨ï, ¯®áâ®ï­­ . �«ï à ¢­®¢¥á­®£® á«ãç ï
£¨¡¡á®¢áª®¥ ®¯à¥¤¥«¥­¨¥ í­âà®¯¨¨ ­¥ ¢ë§ë¢ ¥â á®¬­¥­¨©, ­¨¦¥ ¬ë ¥é¥ ã¡¥¤¨¬áï,
çâ® ®­® ¢¯®«­¥ íª¢¨¢ «¥­â­® â¥à¬®¤¨­ ¬¨ç¥áª®© í­âà®¯¨¨. �­ ç¥ ®¡áâ®¨â ¤¥«®
¥á«¨ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �(p; q; t) § ¢¨á¨â ®â ¢à¥¬¥­¨. �¥âàã¤­® ã¡¥¤¨âìáï, çâ®
¤«ï ¨§®«¨à®¢ ­­®© á¨áâ¥¬ë £¨¡¡á®¢áª ï í­âà®¯¨ï ¢®®¡é¥ ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨,  
¯®â®¬ã ¨ ­¥ ¬®¦¥â ¢®§à áâ âì. � á ¬®¬ ¤¥«¥, ¯ãáâì ¯à¨ t = 0 äã­ªæ¨ï à á¯à¥¤¥«¥-
­¨ï à ¢­  �(p0; q0; 0),   ¢ ¬®¬¥­â t ®­  à ¢­  �(p; q; t), £¤¥ (p; q) «¥¦¨â ­  ä §®¢®©
âà ¥ªâ®à¨¨, ¯à®å®¤ïé¥© ç¥à¥§ (p0; q0) ¨ ®¯à¥¤¥«ï¥¬®© ãà ¢­¥­¨ï¬¨ � ¬¨«ìâ®­ .
�®£« á­® â¥®à¥¬¥ �¨ã¢¨««ï ¨¬¥¥¬ (1.45):

�(p0; q0; 0) = �(p; q; t); (1.181)

â®£¤  £¨¡¡á®¢áª ï í­âà®¯¨ï ¢ ¬®¬¥­â t à ¢­ :

S = �
Z

dpdq

(2��h)3NN !
�(p; q; t) ln�(p; q; t) =

= �
Z

dp0dq0

(2��h)3NN !
�(p0; q0; 0) ln�(p0; q0; 0) (1.182)

â ª ª ª á®£« á­® â¥®à¥¬¥ �¨ã¢¨««ï ® á®åà ­¥­¨¨ ä §®¢®£® ®¡ê¥¬  ¨¬¥¥¬ ¨ dpdq =
dp0dq0. �®íâ®¬ã £¨¡¡á®¢áª ï í­âà®¯¨ï ­¥ ¬®¦¥â á«ã¦¨âì ¢ ª ç¥áâ¢¥ ®¡é¥£® ®¯à¥-
¤¥«¥­¨ï í­âà®¯¨¨ ¯à®¨§¢®«ì­®£® ­¥à ¢­®¢¥á­®£® á®áâ®ï­¨ï. � íâ®¬ ¯ à ¤®ªá¥ § -
ª«îç¥­  ¯à¨­æ¨¯¨ «ì­ ï âàã¤­®áâì ®¡®á­®¢ ­¨ï ­¥®¡à â¨¬®£® â¥à¬®¤¨­ ¬¨ç¥-
áª®£® ¯®¢¥¤¥­¨ï ­  ®á­®¢¥ ®¡à â¨¬ëå ¢® ¢à¥¬¥­¨ ãà ¢­¥­¨© ¬¥å ­¨ª¨, ¢ë§ë¢ ¢-
è ï ¡®«ìè¨¥ ¤¨áªãáá¨¨ ¢ ¯¥à¨®¤ áâ ­®¢«¥­¨ï áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ (�®«ìæ¬ ­,
�¥à¬¥«®, �ã ­ª à¥, �¨¡¡á).

�¥¬ ­¥ ¬¥­¥¥, ­  ®á­®¢¥ àï¤  à ­­¨å ¨¤¥© �¨¡¡á  ¬®¦­® ¯à¥¤«®¦¨âì ­¥ª®â®-
à®¥ ®¡®¡é¥­¨¥, ¤¥¬®­áâà¨àãîé¥¥ § ª®­ ¢®§à áâ ­¨ï í­âà®¯¨¨. �¯¥à¢ë¥ ®­® ¡ë«®
à áá¬®âà¥­® ¢ ¨§« £ ¥¬®© ­¨¦¥ ä®à¬¥ �à¥­ä¥áâ®¬ ¨ �ä ­ áì¥¢®©-�à¥­ä¥áâ. �­¨
¯à¥¤«®¦¨«¨ \®£àã¡¨âì" £¨¡¡á®¢áª®¥ ®¯à¥¤¥«¥­¨¥ í­âà®¯¨¨, ¢¢¥¤ï ¢¬¥áâ® ¨áâ¨­­®©
(\¬¥«ª®áâàãªâãà­®©") äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï �(p; q; t) \®£àã¡«¥­­ãî" (\ªàã¯­®-
áâàãªâãà­ãî") ¯«®â­®áâì ¢¥à®ïâ­®áâ¨:

~�(p; q; t) � �i =
1

!i

Z
!i

dpdq�(p; q; t) (1.183)

£¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ä¨ªá¨à®¢ ­­ë¬ ¬ «ë¬ ïç¥©ª ¬ ä §®¢®£® ¯à®áâà ­-
áâ¢  !i. � ª ï ®¯¥à æ¨ï ãáà¥¤­¥­¨ï (®£àã¡«¥­¨ï) äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ®§­ ç ¥â,
çâ® ¬ë ¢¢®¤¨¬ ­¥ª®â®àãî ¥áâ¥áâ¢¥­­ãî ª®­¥ç­ãî â®ç­®áâì, á ª®â®à®© ¬ë ¬®¦¥¬
à¥ «ì­® ¨áá«¥¤®¢ âì ¤¢¨¦¥­¨¥ á¨áâ¥¬ë ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥. � ¯à¨¬¥à, á ãç¥-
â®¬ ª¢ ­â®¢ëå íää¥ªâ®¢, ª ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, áãé¥áâ¢ã¥â ­¨¦­ïï £à ­¨æ 
¤«ï ®¡ê¥¬  ïç¥©ª¨ !i, ª®â®à ï ­¥ ¬®¦¥â ¡ëâì ¬¥­ìè¥ (2��h)3N ¢ á®®â¢¥âáâ¢¨¨ á
âà¥¡®¢ ­¨ï¬¨ ¯à¨­æ¨¯  ­¥®¯à¥¤¥«¥­­®áâ¨11. �£àã¡«¥­­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï

11� æ¥«®¬ á¨âã æ¨ï ¢ ª¢ ­â®¢®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¥ ¢ ®â­®è¥­¨¨ à áá¬®âà¥­¨ï ¢à¥¬¥­-
­®© í¢®«îæ¨¨ í­âà®¯¨¨ á®¢¥àè¥­­®  ­ «®£¨ç­  ¨ ¬ë ®£à ­¨ç¨¬áï ­¨¦¥  ­ «¨§®¬ ª« áá¨ç¥áª®£®
á«ãç ï, ®âáë« ï § ¨­â¥à¥á®¢ ­­ëå ª á®®â¢¥âáâ¢ãîé¥© áå¥¬¥ à áá¬®âà¥­¨ï ª¢ ­â®¢®© í­âà®¯¨¨ ¢
ª­¨£¥ �ã¡ à¥¢  [4].
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(1.183) ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¯®áâ®ï­­  ¢­ãâà¨ á®®â¢¥âáâ¢ãîé¥© ïç¥©ª¨ !i, ®ªàã¦ -
îé¥© ¤ ­­ãî â®çªã (p; q). �®®â¢¥âáâ¢¥­­®, «î¡®© ¨­â¥£à « á äã­ªæ¨¥© à á¯à¥¤¥-
«¥­¨ï ¯® ¢á¥¬ã ä §®¢®¬ã ¯à®áâà ­áâ¢ã ¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥:Z

dpdq�(p; q)::: =
X
i

�i!i::: =
X
i

Z
!i

dpdq�(p; q)::: =

Z
dpdq~�(p; q)::: (1.184)

�¨¡¡á®¢áª ï í­âà®¯¨ï, ¯®áâà®¥­­ ï ­  ®á­®¢¥ ®£àã¡«¥­­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï,
ã¦¥, ¢®®¡é¥ £®¢®àï, ­¥ ¯®áâ®ï­­  ¢® ¢à¥¬¥­¨ ¨ ¬®¦¥â ¢®§à áâ âì. �â®¡ë ã¡¥¤¨âìáï
¢ íâ®¬, áà ¢­¨¬ §­ ç¥­¨ï £¨¡¡á®¢áª®© í­âà®¯¨¨, ¢ëç¨á«¥­­®© ¤«ï ªàã¯­®áâàãªâãà-
­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¢ ¬®¬¥­âë ¢à¥¬¥­¨ t ¨ t = 0, ¯®« £ ï, çâ® ¢ ­ ç «ì­ë©
¬®¬¥­â ¨áâ¨­­ ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï á®¢¯ ¤ ¥â á ®£àã¡«¥­­®©:

�(p0; q0; 0) = ~�(p0; q0; 0) (1.185)

�¬¥¥¬:

St � S0 =
= �

Z
d�~�(p; q; t) ln ~�(p; q; t) +

Z
d�0�(p

0; q0; 0) ln�(p0; q0; 0) =

= �
Z
d� f�(p; q; t) ln ~�(p; q; t)� �(p; q; t) ln�(p; q; t)g (1.186)

£¤¥ ¨á¯®«ì§®¢ «¨ â¥®à¥¬ã �¨ã¢¨««ï ¢ ¢¨¤¥ d�0 = d� ¨ (1.181),   â ª¦¥ á­ï«¨
â¨«ì¤ã ã äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ­¥ áâ®ïé¥© ¯®¤ §­ ª®¬ ln, çâ® á®£« á­® (1.184)
¢á¥£¤  ¬®¦­® á¤¥« âì ¯®¤ §­ ª®¬ ¨­â¥£à « 12.

�«ï «î¡ëå ¤¢ãå ­®à¬¨à®¢ ­­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï � ¨ �0, ®¯à¥¤¥«¥­­ëå
¢ ®¤­®¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢® �¨¡¡á 13:Z

d�� ln

�
�

�0

�
� 0 (1.187)

¯à¨ç¥¬ §­ ª à ¢¥­áâ¢  ¨¬¥¥â ¬¥áâ® «¨èì ¯à¨ � = �0. �®£¤  ¨§ (1.186) (¯®« £ ï
~� = �0) áà §ã ¯®«ãç ¥¬:

St � S0 (1.188)

�ãáâì �(p0; q0; 0) ­¥ á®®â¢¥âáâ¢ã¥â áâ â¨áâ¨ç¥áª¨ à ¢­®¢¥á­®¬ã  ­á ¬¡«î, â®£¤  ¢
¬®¬¥­â ¢à¥¬¥­¨ t:

�(p; q; t) 6= ~�(p; q; t) (1.189)

â ª ª ª å®âï �(p; q; t) ¨ ­¥ ¨§¬¥­ï¥âáï ¢¤®«ì ä §®¢®© âà ¥ªâ®à¨¨, ­® ¢ ¤ ­­ãî
ïç¥©ªã ! ¢¡«¨§¨ ¯à®¨§¢®«ì­®© â®çª¨ (p; q) ¡ã¤ãâ ¯à¨å®¤¨âì ¨ ãå®¤¨âì ä §®¢ë¥

12�¥©áâ¢¨â¥«ì­®:
R
dpdq~�(p; q) ln ~�(p; q) =

P
i
�i!i ln�i =

P
i

hR
!i
dpdq�(p; q) ln�i

i
=R

dpdq�(p; q) ln ~�(p; q), çâ® ¨ ¨á¯®«ì§®¢ ­® ¢ (1.186).
13� ­­®¥ ­¥à ¢¥­áâ¢® ¥áâì á«¥¤áâ¢¨¥ ­¥à ¢¥­áâ¢  ln

�
�
�0

�
� 1� �0

�
(� > 0; �0 > 0), £¤¥ §­ ª à -

¢¥­áâ¢  ¨¬¥¥â ¬¥áâ® «¨èì ¯à¨ � = �0. �â® ïá­® ¨§ á¯à ¢¥¤«¨¢®£® ¤«ï x > 0 ­¥à ¢¥­áâ¢  lnx � 1� 1
x

(à ¢¥­áâ¢® ¯à¨ x = 1), £¤¥ ¯®« £ ¥¬ x = �
�0
. �®á«¥ ã¬­®¦¥­¨ï ­  � ¨ ¨­â¥£à¨à®¢ ­¨ï ¯® ä §®¢®¬ã

¯à®áâà ­áâ¢ã, ¯®«ãç ¥¬:
R
� ln
�
�
�0

�
d� �

R
�

�
1� �0

�

�
d� = 0, £¤¥ ãç«¨ ãá«®¢¨¥ ­®à¬¨à®¢ª¨, çâ®

¨ ¤®ª §ë¢ ¥â (1.187.)
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â®çª¨ ¨§ ¤àã£¨å ïç¥¥ª ¨ íâ¨ ¯à®æ¥ááë, ¢®®¡é¥ £®¢®àï, ­¥ ª®¬¯¥­á¨àãîâáï. � ª¨¬
®¡à §®¬ ¯à®¨áå®¤¨â ¯à®æ¥áá \¯¥à¥¬¥è¨¢ ­¨ï" ä §®¢ëå â®ç¥ª ¯® ä §®¢ë¬ ïç¥©ª ¬.
� ãç¥â®¬ (1.189) ¨§ (1.188) á«¥¤ã¥â:

St > So (1.190)

â.¥. í­âà®¯¨ï, ®¯à¥¤¥«¥­­ ï á ¯®¬®éìî ªàã¯­®áâàãªâãà­®© äã­ªæ¨¨ à á¯à¥¤¥«¥-
­¨ï, ¢®§à áâ ¥â á® ¢à¥¬¥­¥¬. �â® § ª«îç¥­¨¥ ¢¥à­®, ¥á«¨ ¤¢¨¦¥­¨¥ ä §®¢ëå â®ç¥ª
¨¬¥¥â ¯¥à¥¬¥è¨¢ îé¨© å à ªâ¥à ¢ ãª § ­­®¬ ¢ëè¥ á¬ëá«¥. �¥à¥¬¥è¨¢ îé¨© å -
à ªâ¥à ¤¢¨¦¥­¨ï ®ª §ë¢ ¥âáï â¥á­® á¢ï§ ­­ë¬ á «®ª «ì­®© ­¥ãáâ®©ç¨¢®áâìî ä -
§®¢ëå âà ¥ªâ®à¨©, ¢®§­¨ª îé¥© (ª ª ¯à ¢¨«®!) ¤«ï ­¥âà¨¢¨ «ì­ëå ä¨§¨ç¥áª¨å
á¨áâ¥¬, ¤ ¦¥ á ¬ «ë¬ ç¨á«®¬ ç áâ¨æ [14]. �â  ­¥ãáâ®©ç¨¢®áâì ¯à®ï¢«ï¥âáï ¢ íªá-
¯®­¥­æ¨ «ì­® ¡ëáâà®¬ \à §¡¥£ ­¨¨" ¤ ¦¥ ¨§­ ç «ì­® ¡«¨§ª¨å â®ç¥ª á®á¥¤­¨å ä -
§®¢ëå âà ¥ªâ®à¨©. �®«¥¥ ¯®¤à®¡­® íâ¨ ¨ àï¤ á¬¥¦­ëå ¢®¯à®á®¢ à áá¬®âà¥­ë ¢
�à¨«®¦¥­¨¨ A.

�¢¥¤¥­¨¥ ªàã¯­®áâàãªâãà­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ­¥«ì§ï, ®¤­ ª®, à áá¬ -
âà¨¢ âì ¢ ª ç¥áâ¢¥ ¢¯®«­¥ ã¤®¢«¥â¢®à¨â¥«ì­®£® à¥è¥­¨ï ¯à®¡«¥¬ë. �¥«® ¢ â®¬,
çâ® ç¥¬ ¬¥­ìè¥ ¬ áèâ ¡ ®£àã¡«¥­¨ï, â¥¬ ¢®§à áâ ­¨¥ í­âà®¯¨¨ St ¬¥­ìè¥, ¢ ¯à¥-
¤¥«¥ ! ! 0 ®­® â ª¦¥ áâà¥¬¨âáï ª ­ã«î. �®§à áâ ­¨¥ ¦¥ ä¨§¨ç¥áª®© í­âà®¯¨¨ ­¥
¬®¦¥â § ¢¨á¥âì ®â ¬ áèâ ¡  ®£àã¡«¥­¨ï, ­ ¯à¨¬¥à, ¥á«¨ ¡ë ¬ë ¯à¨­ï«¨ ! � �h3N ,
¨áå®¤ï ¨§ âà¥¡®¢ ­¨© ª¢ ­â®¢®© ¬¥å ­¨ª¨, â® à®áâ í­âà®¯¨¨ ®¯à¥¤¥«ï«áï ¡ë ¢¥-
«¨ç¨­®© ¯®áâ®ï­­®© �« ­ª  �h,   íâ® ®ç¥¢¨¤­® ­¥ â ª. �ãâ ¬®¦­® ¢ëáª § âì à §-
­ë¥ â®çª¨ §à¥­¨ï, ­ ¯à¨¬¥à ¤®«£®¥ ¢à¥¬ï áç¨â «®áì [4], çâ® ¯à¨¬¥­ïï ®¯¥à æ¨î
ªàã¯­®áâàãªâãà­®£® ãáà¥¤­¥­¨ï, ¬ë ¤®«¦­ë á®¢¥àè âì ¤¢  ¯à¥¤¥«ì­ëå ¯¥à¥å®¤ :
®¡ëç­ë© â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯à¥¤¥« áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ N ! 1, V ! 1
¯à¨ N=V = const,   ã¦¥ ¯®á«¥ íâ®£® ¯à¥¤¥« ! ! 0. �®¢à¥¬¥­­ ï â®çª  §à¥­¨ï
[14] á®áâ®¨â ¢ â®¬, çâ® â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯à¥¤¥« âãâ ­¥áãé¥áâ¢¥­. �¢®©áâ¢® ¯¥-
à¥¬¥è¨¢ ­¨ï (¯®«®¦¨â¥«ì­®áâì í­âà®¯¨¨ �®«¬®£®à®¢  - �¨­ ï, á¬. �à¨«®¦¥­¨¥
A) ¤®áâ â®ç­  ¤«ï ¤«ï ®¡¥á¯¥ç¥­¨ï \¯à ¢¨«ì­®£®" áâ â¨áâ¨ç¥áª®£® ¯®¢¥¤¥­¨ï ã¦¥
¤«ï á¨áâ¥¬ á ç¨á«®¬ áâ¥¯¥­¥© á¢®¡®¤ë N > 2. �§®«¨à®¢ ­­ ï á¨áâ¥¬ , ­¥§ ¢¨á¨¬®
®â ­ ç «ì­ëå ãá«®¢¨©, ¤®áâ¨£ ¥â à ¢­®¢¥á­®£® á®áâ®ï­¨ï, ¢ ª®â®à®¬ ¥¥ ¬®¦­® à ¢-
­®¢¥à®ïâ­® ®¡­ àã¦¨âì ¢ «î¡®¬ ¨§ ¥¥ ¢®§¬®¦­ëå á®áâ®ï­¨© (íà£®¤¨ç¥áª®¥ ¯®¢¥¤¥-
­¨¥).

�àã£ ï â®çª  §à¥­¨ï [1, 2] ­  ®¯à¥¤¥«¥­¨¥ í­âà®¯¨¨ ­¥à ¢­®¢¥á­®£® á®áâ®ï­¨ï
®á­®¢ë¢ ¥âáï ­  ­¥á®¬­¥­­® ¢¥à­®¬ ®¯à¥¤¥«¥­¨¨ à ¢­®¢¥á­®© í­âà®¯¨¨ (1.170).
�à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  ­ å®¤¨âáï ¢ ­¥ª®â®à®¬ á®áâ®ï­¨¨ ­¥¯®«­®£® à ¢­®-
¢¥á¨ï ¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¥¥ ¢ â¥ç¥­¨¥ ¯à®¬¥¦ãâª®¢ ¢à¥¬¥­¨ �t. � §¤¥«¨¬
á¨áâ¥¬ã ¬ëá«¥­­® ­  ç áâ¨, ­ áâ®«ìª® ¬ «ë¥, çâ® ¨å á®¡áâ¢¥­­ë¥ ¢à¥¬¥­  à¥-
« ªá æ¨¨ ¬ «ë ¯® áà ¢­¥­¨î á �t (¢à¥¬¥­  à¥« ªá æ¨¨ ®¡ëç­® ã¬¥­ìè îâáï á
ã¬¥­ìè¥­¨¥¬ à §¬¥à®¢ á¨áâ¥¬ë). � ª¨¥ ¯®¤á¨áâ¥¬ë ¬®¦­® áç¨â âì ­ å®¤ïé¨¬¨áï
¢ â¥ç¥­¨¥ ¢à¥¬¥­¨ �t ¢ ­¥ª®â®àëå á¢®¨å ç áâ­ëå à ¢­®¢¥á¨ïå, ®¯¨áë¢ ¥¬ëå á®®â-
¢¥âáâ¢ãîé¨¬¨ ¬¨ªà®ª ­®­¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ à á¯à¥¤¥«¥­¨ï. � ­¨¬ ¬®¦­® ¯à¨-
¬¥­¨âì ¤ ­­®¥ ¢ëè¥ ®¯à¥¤¥«¥­¨¥ áâ â¨áâ¨ç¥áª®£® ¢¥á  ¨ ¢ëç¨á«¨âì ¨å í­âà®¯¨¨.
�â â¨áâ¨ç¥áª¨© ¢¥á á¨áâ¥¬ë ¢ æ¥«®¬ ®¯à¥¤¥«ï¥âáï ª ª ¯à®¨§¢¥¤¥­¨¥ 
 =

Q
i
i

áâ â¢¥á®¢ ®â¤¥«ì­ëå ¯®¤á¨áâ¥¬,   í­âà®¯¨ï S =
P
i Si. �à¨ â ª®¬ à áá¬®âà¥­¨¨

í­âà®¯¨ï ¥áâì ¢¥«¨ç¨­ , å à ªâ¥à¨§ãîé ï áà¥¤­¨¥ á¢®©áâ¢  â¥«  §  ­¥ª®â®àë©
®â«¨ç­ë© ®â ­ã«ï ¯à®¬¥¦ãâ®ª ¢à¥¬¥­¨ �t. �á­®, çâ® ¢ íâ®¬ ¯®¤å®¤¥ ¤«ï á«¨è-
ª®¬ ¬ «ëå ¯à®¬¥¦ãâª®¢ ¢à¥¬¥­¨ �t ¯®­ïâ¨¥ í­âà®¯¨¨ ¢®®¡é¥ â¥àï¥â á¬ëá«, ¢
ç áâ­®áâ¨ ­¥«ì§ï £®¢®à¨âì ® ¥¥ ¬£­®¢¥­­®¬ §­ ç¥­¨¨.
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� ª®­ ¢®§à áâ ­¨ï í­âà®¯¨¨ ¢ â ª®¬ ¯®¤å®¤¥ ¬®¦­® ¯à® ­ «¨§¨à®¢ âì á«¥¤ãî-
é¨¬ ®¡à §®¬. � áá¬®âà¨¬ § ¬ª­ãâãî ¬ ªà®áª®¯¨ç¥áªãî á¨áâ¥¬ã ¢ ¬®¬¥­â ¢à¥¬¥­¨
t. �á«¨ ¬ë à §®¡ì¥¬ íâã á¨áâ¥¬ã ­  ®â­®á¨â¥«ì­® ¬ «ë¥ ç áâ¨, â® ª ¦¤ ï ¨§ ­¨å
¡ã¤¥â ¨¬¥âì á¢®î äã­ªæ¨î à á¯à¥¤¥«¥­¨ï �i. �­âà®¯¨ï S ¢á¥© á¨áâ¥¬ë ¢ íâ®â
¬®¬¥­â ¢à¥¬¥­¨ à ¢­ :

S = �
X
i

< ln�i >= � < ln
Y
i

�i > (1.191)

�®áª®«ìªã ¬ë áç¨â ¥¬ ­ è¨ ¯®¤á¨áâ¥¬ë ª¢ §¨­¥§ ¢¨á¨¬ë¬¨, ¬®¦­® ¢¢¥áâ¨ äã­ª-
æ¨î à á¯à¥¤¥«¥­¨ï ¤«ï ¢á¥© á¨áâ¥¬ë ¢ ¢¨¤¥:

� =
Y
i

�i (1.192)

�«ï â®£®, çâ®¡ë ¯®«ãç¨âì äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ¢ ¡®«¥¥ ¯®§¤­¨© ¬®¬¥­â ¢à¥¬¥­¨
t0, ­ ¤® ¯à¨¬¥­¨âì ª � ãà ¢­¥­¨ï ¬¥å ­¨ª¨ ¤«ï ¤¢¨¦¥­¨ï § ¬ª­ãâ®© á¨áâ¥¬ë, â®£¤ 
� ¯¥à¥©¤¥â ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0 ¢ ­¥ª®â®àãî äã­ªæ¨î �0. �«ï â®£®, çâ®¡ë ¯®«ãç¨âì
äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ¢ ¬®¬¥­â t0 ¤«ï ®¤­®© â®«ìª® i-© ç áâ¨, ­ ¤® ¯à®¨­â¥£à¨-
à®¢ âì �0 ¯® ¢á¥¬ ä §®¢ë¬ ®¡ê¥¬ ¬ ¢á¥å ¯®¤á¨áâ¥¬, ªà®¬¥ i-£®. �á«¨ íâã äã­ªæ¨î
à á¯à¥¤¥«¥­¨ï ®¡®§­ ç¨âì �0i, â® ¤«ï ­¥¥ ¢ ¬®¬¥­â t

0 ¯®«ãç¨¬:

�0i =
Z
1

Z
2

:::

Z
i�1

Z
i+1

:::d�1d�2:::d�i�1d�i+1:::�0 (1.193)

� ¬¥â¨¬, çâ® �0, ¢®®¡é¥ £®¢®àï, ã¦¥ ­¥ à ¢­® ¯à®¨§¢¥¤¥­¨î ¢á¥å �0i. �­âà®¯¨ï ¢
¬®¬¥­â ¢à¥¬¥­¨ t0 ¥áâì, á®£« á­® ¯à¨­ïâ®¬ã ®¯à¥¤¥«¥­¨î:

S0 = �
X
i

< ln �0i > (1.194)

£¤¥ ãáà¥¤­¥­¨¥ < ::: > ¯®­¨¬ ¥âáï ã¦¥ á äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï �0. �®á¯®«ì§ã¥¬áï
â¥¯¥àì ­¥à ¢¥­áâ¢®¬ lnx � x � 1, á¯à ¢¥¤«¨¢ë¬ ¤«ï x > 0. �®¤áâ ¢¨¬ áî¤  x =Q

i
�0i

�0 ¨ ¯®«ãç¨¬:

� ln�0 +
X
i

ln�0i �
Q
i �
0
i

�0
� 1 (1.195)

�á«¨ ãáà¥¤­¨âì ®¡¥ áâ®à®­ë íâ®£® ­¥à ¢¥­áâ¢  á ¯®¬®éìî äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï
�0, â® ¯à ¢ ï ç áâì ¤ áâ ­ã«ì, â ª ª ª

R
d�1d�2:::

Q
i �
0
i =

Q
i

R
d�i�i = 1 ¢ á¨«ã

ãá«®¢¨© ­®à¬¨à®¢ª¨. �¥¢ ï ¦¥ ç áâì á¢®¤¨âáï ª < � ln�0 > +
P
i < ln �0i >, â ª çâ®

¯®«ãç ¥¬:
� < ln�0 > �S0 � 0 (1.196)

� á¨«ã â¥®à¥¬ë �¨ã¢¨««ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï � ­¥ ¬¥­ï¥âáï ¯à¨ ¤¢¨¦¥­¨¨
¯® § ª®­ ¬ ¬¥å ­¨ª¨, ¯®íâ®¬ã ¢¥«¨ç¨­  � < ln�0 > ®áâ ¥âáï à ¢­®© � < ln� >,
ª®â®à ï ¥áâì ­ ç «ì­ ï í­âà®¯¨ï S. � ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬:

S0 � S; (1.197)

çâ® ¤®ª §ë¢ ¥â § ª®­ ¢®§à áâ ­¨ï í­âà®¯¨¨: ¥á«¨ á®áâ®ï­¨¥ § ¬ª­ãâ®© á¨áâ¥¬ë

¢ ­¥ª®â®àë© ¬®¬¥­â ¢à¥¬¥­¨ § ¤ ­® ¬ ªà®áª®¯¨ç¥áª¨¬ ®¡à §®¬, â® ­ ¨¡®«¥¥ ¢¥-

à®ïâ­ë¬ á«¥¤áâ¢¨¥¬ ¢ ­¥ª®â®àë© ¤àã£®© ¬®¬¥­â ¢à¥¬¥­¨ ¡ã¤¥â ¢®§à áâ ­¨¥ í­-

âà®¯¨¨.
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�à ¢­¥­¨ï ¬¥å ­¨ª¨ å à ªâ¥à¨§ãîâáï á¨¬¬¥âà¨¥© ¯® ®â­®è¥­¨î ª § ¬¥­¥ t ­ 
�t. �®íâ®¬ã, ¥á«¨ § ª®­ë ¬¥å ­¨ª¨ ¤®¯ãáª îâ ­¥ª®â®àë© ¯à®æ¥áá, á®¯à®¢®¦¤ î-
é¨©áï, ­ ¯à¨¬¥à, ¢®§à áâ ­¨¥¬ í­âà®¯¨¨, â® ®­¨ ¤®«¦­ë ¤®¯ãáª âì ¨ ¯àï¬® ¯à®-
â¨¢®¯®«®¦­ë© ¯à®æ¥áá, ª®£¤  á¨áâ¥¬  ¯à®å®¤¨â ç¥à¥§ â¥ ¦¥ á ¬ë¥ ª®­ä¨£ãà æ¨¨
¢ ®¡à â­®¬ ¯®àï¤ª¥ ¨ ¥¥ í­âà®¯¨ï ã¡ë¢ ¥â. � § «®áì ¡ë, íâ® ¯à®â¨¢®à¥ç¨â § ª®­ã
¢®§à áâ ­¨ï í­âà®¯¨¨. �  á ¬®¬ ¦¥ ¤¥«¥ â®«ìª® çâ® ¯à¨¢¥¤¥­­ ï ¥£® ä®à¬ã«¨-
à®¢ª  ­¨áª®«ìª® ­¥ ¯à®â¨¢®à¥ç¨â á¨¬¬¥âà¨¨ ¯® ®â­®è¥­¨î ª ®¡à é¥­¨î ¢à¥¬¥­¨,
â ª ª ª ¢ ­¥© £®¢®à¨âáï â®«ìª® ® ­ ¨¡®«¥¥ ¢¥à®ïâ­®¬ á«¥¤áâ¢¨¨ ¬ ªà®áª®¯¨ç¥áª¨
®¯à¥¤¥«¥­­®£® á®áâ®ï­¨ï. �â® áâ ­®¢¨âáï ¥é¥ ïá­¥¥, ¥á«¨ ®¡à â¨âì ¢­¨¬ ­¨¥, çâ®
¯à¨ ¯à®¢¥¤¥­­®¬ ¢ëè¥ ¤®ª § â¥«ìáâ¢¥ ¬ë ¢®¢á¥ ­¥ ¯®«ì§®¢ «¨áì â¥¬, çâ® t0 > t.
�­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¯®ª §ë¢ îâ, çâ® S0 � S ¨ ¯à¨ t � t0. �­ë¬¨ á«®¢ ¬¨,
¯à¨­æ¨¯ ¢®§à áâ ­¨ï í­âà®¯¨¨ ®§­ ç ¥â â®«ìª® â®, çâ® ¥á«¨ ¤ ­® ­¥ª®â®à®¥ ¬ -
ªà®áª®¯¨ç¥áª¨ ®¯¨á ­­®¥ á®áâ®ï­¨¥, â® ¨§ ¢á¥å ¬¨ªà®áª®¯¨ç¥áª¨å á®áâ®ï­¨©, ã¤®-
¢«¥â¢®àïîé¨å ¤ ­­®¬ã ¬ ªà®áª®¯¨ç¥áª®¬ã á®áâ®ï­¨î, ¯®¤ ¢«ïîé¥¥ ¡®«ìè¨­áâ¢®
¤ ¥â ¢ á«¥¤ãîé¨¥ ¬®¬¥­âë ¢à¥¬¥­¨ ¢®§à áâ ­¨¥ í­âà®¯¨¨ (¨«¨ âã ¦¥ á ¬ãî í­-
âà®¯¨î).

�â ª, ®¡é¥¯à¨­ïâ ï â®çª  §à¥­¨ï á®áâ®¨â ¢ â®¬, çâ® àï¤ ¯®á«¥¤®¢ â¥«ì­® ¯à®-
å®¤¨¬ëå ¨§®«¨à®¢ ­­®© á¨áâ¥¬®© á®áâ®ï­¨© á®®â¢¥âáâ¢ã¥â ¢á¥ ¡®«¥¥ ¢¥à®ïâ­®¬ã

à á¯à¥¤¥«¥­¨î. �â® ¢®§à áâ ­¨¥ ¢¥à®ïâ­®áâ¨ çà¥§¢ëç ©­® ¢¥«¨ª®, ¢ á¨«ã ä ªâ®à 
exp(S), £¤¥ ¢ íªá¯®­¥­â¥ áâ®¨â  ¤¤¨â¨¢­ ï ¢¥«¨ç¨­ . �®íâ®¬ã ¯à®æ¥ááë, ¯à®â¥ª -
îé¨¥ ¢ ­¥à ¢­®¢¥á­®© § ¬ª­ãâ®© á¨áâ¥¬¥, ¨¤ãâ â ª¨¬ ®¡à §®¬, çâ® á¨áâ¥¬  ­¥¯à¥-
àë¢­® ¯¥à¥å®¤¨â ¨§ á®áâ®ï­¨© á ¬¥­ìè¥© ¢ á®áâ®ï­¨¥ á ¡®«ìè¥© í­âà®¯¨¥©, ¯®ª , ­ -
ª®­¥æ, í­âà®¯¨ï ­¥ ¤®áâ¨£ ¥â ­ ¨¡®«ìè¥£® ¢®§¬®¦­®£® §­ ç¥­¨ï, á®®â¢¥âáâ¢ãîé¥£®
¯®«­®¬ã áâ â¨áâ¨ç¥áª®¬ã à ¢­®¢¥á¨î. �®¢®àï ® \­ ¨¡®«¥¥ ¢¥à®ïâ­®¬" ¯®¢¥¤¥­¨¨,
á«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨ ¢¥à®ïâ­®áâì ¯¥à¥å®¤  ¢ á®áâ®ï­¨¥ á
¡®«ìè¥© í­âà®¯¨¥© ­ áâ®«ìª® ¯®¤ ¢«ïîé¥ ¢¥«¨ª  ¯® áà ¢­¥­¨î á ¢¥à®ïâ­®áâìî
áª®«ìª® ­¨¡ã¤ì § ¬¥â­®£® ¥¥ ã¬¥­ìè¥­¨ï, çâ® ¯®á«¥¤­¥¥ ¢®®¡é¥ ä ªâ¨ç¥áª¨ ­¨-
ª®£¤  ­¥ ¬®¦¥â ­ ¡«î¤ âìáï ¢ ¯à¨à®¤¥ (ªà®¬¥ ¬ «ëå ä«ãªâã æ¨©). �â® ä®à¬ã-
«¨à®¢ª  § ª®­  ¢®§à áâ ­¨ï í­âà®¯¨¨ ¢ ç¨áâ® ¢¥à®ïâ­®áâ­®¬ á¬ëá«¥ (�®«ìæ¬ ­).
\�àï¤-«¨ áä®à¬ã«¨à®¢ ­­ë© â ª¨¬ ®¡à §®¬ § ª®­ ¢®§à áâ ­¨ï í­âà®¯¨¨ ¢®®¡é¥
¬®£ ¡ë ¡ëâì ¢ë¢¥¤¥­ ­  ®á­®¢¥ ª« áá¨ç¥áª®© ¬¥å ­¨ª¨"[1, 2]14. � à ¬ª å á®¢à¥¬¥­-
­®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ­¥à ¢­®¢¥á­ëå á¨áâ¥¬ [4, 18] ¨ ä¨§¨ç¥áª®© ª¨­¥â¨ª¨
[15, 16, 17] ã¤ ¥âáï ï¢­® ¯à®¤¥¬®­áâà¨à®¢ âì ¢®§à áâ ­¨¥ í­âà®¯¨¨ ­  æ¥«®¬ àï¤¥
ª®­ªà¥â­ëå áâ â¨áâ¨ç¥áª¨å ¬®¤¥«¥©.

14� ­¤ ã ¯à¨­ ¤«¥¦¨â ¨­â¥à¥á­®¥ § ¬¥ç ­¨¥ ® â®¬, çâ® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¯®«®¦¥­¨¥ ­¥-
áª®«ìª® ¬¥­ï¥âáï. �®âï ãà ¢­¥­¨¥ �à¥¤¨­£¥à  á ¬® ¯® á¥¡¥ ¨­¢ à¨ ­â­® ¯® ®â­®è¥­¨î ª ¨§-
¬¥­¥­¨î §­ ª  ¢à¥¬¥­¨ (¯à¨ ®¤­®¢à¥¬¥­­®© § ¬¥­¥  ­   ?), ª¢ ­â®¢ ï ¬¥å ­¨ª  á®¤¥à¦¨â ¢
á¥¡¥ ­¥ªãî ­¥íª¢¨¢ «¥­â­®áâì ®¡®¨å ­ ¯à ¢«¥­¨© ¢à¥¬¥­¨. �â  ­¥íª¢¨¢ «¥­â­®áâì ¯à®ï¢«ï¥âáï
¢ á¢ï§¨ á ¢ ¦­¥©è¨¬ ¤«ï ª¢ ­â®¢®© ¬¥å ­¨ª¨ ¯à®æ¥áá®¬ ¢§ ¨¬®¤¥©áâ¢¨ï ª¢ ­â®¢®£® ®¡ê¥ªâ  á
ª« áá¨ç¥áª®© á¨áâ¥¬®©. � ¨¬¥­­®, ¥á«¨ á ¤ ­­ë¬ ª¢ ­â®¢ë¬ ®¡ê¥ªâ®¬ ¯®á«¥¤®¢ â¥«ì­® ¯à®¨á-
å®¤ïâ ¤¢  ¯à®æ¥áá  A ¨ B, â® ãâ¢¥à¦¤¥­¨¥, çâ® ¢¥à®ïâ­®áâì â®£® ¨«¨ ¨­®£® à¥§ã«ìâ â  ¯à®æ¥áá 
B ®¯à¥¤¥«ï¥âáï à¥§ã«ìâ â®¬ ¯à®æ¥áá  A, ¬®¦¥â ¡ëâì á¯à ¢¥¤«¨¢® «¨èì ¢ â®¬ á«ãç ¥, ¥á«¨ ¯à®-
æ¥áá A ¨¬¥« ¬¥áâ® à ­ìè¥ ¯à®æ¥áá  B. � ª¨¬ ®¡à §®¬, ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¨¬¥¥âáï ä¨§¨ç¥áª ï
­¥íª¢¨¢ «¥­â­®áâì ®¡®¨å ­ ¯à ¢«¥­¨© ¢à¥¬¥­¨, ¨ § ª®­ ¢®§à áâ ­¨ï í­âà®¯¨¨ ¬®£ ¡ë ¡ëâì ¥¥
¬ ªà®áª®¯¨ç¥áª¨¬ ¢ëà ¦¥­¨¥¬. �¤­ ª®, ¢ â ª®¬ á«ãç ¥ ¤®«¦­® ¡ë«® ¡ë áãé¥áâ¢®¢ âì á®¤¥à-
¦ é¥¥ �h ­¥à ¢¥­áâ¢®, ®¡¥á¯¥ç¨¢ îé¥¥ á¯à ¢¥¤«¨¢®áâì íâ®£® § ª®­ . �® á¨å ¯®à ­¨ª®¬ã ¥é¥
­¥ ã¤ «®áì ¯à®á«¥¤¨âì â ªãî á¢ï§ì ¨ ¯®ª § âì, çâ® ®­  ¤¥©áâ¢¨â¥«ì­® ¨¬¥¥â ¬¥áâ®. �î¤  ¦¥
¬®¦­® ®â­¥áâ¨ ¨ ¢®§¬®¦­®áâì ®¡êïá­¥­¨ï â¥à¬®¤¨­ ¬¨ç¥áª®© ­¥®¡à â¨¬®áâ¨ ­  ®á­®¢¥ íªá¯¥-
à¨¬¥­â «ì­® ãáâ ­®¢«¥­­®£® ¢ á®¢à¥¬¥­­®© ä¨§¨ª¥ í«¥¬¥­â à­ëå ç áâ¨æ çà¥§¢ëç ©­® á« ¡®£®
­ àãè¥­¨ï â ª ­ §ë¢ ¥¬®© CP -á¨¬¬¥âà¨¨, ­¥¨§¡¥¦­® ¯à¨¢®¤ïé¥£® ª ®ç¥­ì á« ¡®¬ã ­ àãè¥­¨î
T -¨­¢ à¨ ­â­®áâ¨ ¢ ¯à®æ¥áá å ¢§ ¨¬®¤¥©áâ¢¨ï í«¥¬¥­â à­ëå ç áâ¨æ.
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� ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ �¨¡¡á .

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ¢ ¦­¥©è¥©, á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï, § ¤ ç¨ ® ­ å®-
¦¤¥­¨¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¯à®¨§¢®«ì­®£® ¬ ªà®áª®¯¨ç¥áª®£® â¥« , ï¢«ïîé¥-
£®áï ¬ «®© ç áâìî ª ª®©-«¨¡® ¡®«ìè®© § ¬ª­ãâ®© á¨áâ¥¬ë. �ë¤¥«¨¬ ¨§ § ¬ª­ãâ®©
á¨áâ¥¬ë ¨­â¥à¥áãîé¥¥ ­ á â¥«® ¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì á¨áâ¥¬ã ª ª á®áâ ¢«¥­­ãî
¨§ ¤¢ãå ç áâ¥©: ¨§ ¤ ­­®£® â¥«  (¯®¤á¨áâ¥¬ë) ¨ ¢á¥© ®áâ «ì­®© ¥¥ ç áâ¨ (®ªàã¦ -
îé¥© ¨­â¥à¥áãîé¥¥ ­ á â¥«®), ª®â®àãî ¡ã¤¥¬ ­ §ë¢ âì â¥à¬®áâ â®¬ ¨«¨ áà¥¤®©
(�¬. �¨á. 2-1). �®¤à §ã¬¥¢ ¥âáï, çâ® â¥à¬®áâ â ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã á ¡®«ì-
è¨¬ ç¨á«®¬ áâ¥¯¥­¥© á¢®¡®¤ë, á¯®á®¡­ãî ®¡¬¥­¨¢ âìáï í­¥à£¨¥© á à áá¬ âà¨¢ ¥-
¬®© ¯®¤á¨áâ¥¬®©, ¯à¨ç¥¬ áç¨â ¥¬, çâ® ®­ ­ áâ®«ìª® ¢¥«¨ª, çâ® ¥£® á®áâ®ï­¨¥ ¯à¨
â ª®¬ ¢§ ¨¬®¤¥©áâ¢¨¨ ­¥ ¬¥­ï¥âáï1.

�à®¢¥¤¥¬ à áá¬®âà¥­¨¥ á­ ç «  ­  ®á­®¢¥ ª¢ ­â®¢®© áâ â¨áâ¨ª¨. �®¢®ªã¯­®áâì
¤ ­­®© á¨áâ¥¬ë ¨ â¥à¬®áâ â  ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ¥¤¨­ãî, í­¥à£¥â¨ç¥áª¨ ¨§®-
«¨à®¢ ­­ãî § ¬ª­ãâãî á¨áâ¥¬ã á £ ¬¨«ìâ®­¨ ­®¬

H = H1 +H2 (2.1)

£¤¥H1 { £ ¬¨«ìâ®­¨ ­ ¨§ãç ¥¬®© á¨áâ¥¬ë,H2 { £ ¬¨«ìâ®­¨ ­ â¥à¬®áâ â , ª®â®àë©
¯à¥¤¯®« £ ¥âáï §­ ç¨â¥«ì­® ¡®«ìè¨¬, ç¥¬ ¨­â¥à¥áãîé ï ­ á á¨áâ¥¬ . �§ ¨¬®¤¥©-
áâ¢¨¥ ¬¥¦¤ã á¨áâ¥¬®© ¨ â¥à¬®áâ â®¬ ¯à¥¤¯®« £ ¥¬ ®ç¥­ì ¬ «ë¬, ­®, áâà®£® £®¢®àï,

1�®á«¥¤ãîé¥¥ ¨§«®¦¥­¨¥, ¢ ®á­®¢­®¬, á«¥¤ã¥â [4]. �ï¤ ¢®¯à®á®¢ ¨§«®¦¥­ ¯® [1, 2].
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�¨á. 2-1 �¨áâ¥¬  (1) ¢ â¥à¬®áâ â¥ (áà¥¤¥) (2).

­¥ à ¢­ë¬ ­ã«î, ¯®áª®«ìªã ®­® ¤®«¦­® ®¡¥á¯¥ç¨âì ¯®áâ®ï­áâ¢® í­¥à£¨¨ ¯®«­®© á¨-
áâ¥¬ë (¢ £ ¬¨«ìâ®­¨ ­¥ (2.1) ®­® ¢®®¡é¥ ­¥ ä¨£ãà¨àã¥â) 2. � â ª®¬ á«ãç ¥, ¢®«­®-
¢ ï äã­ªæ¨ï, á®®â¢¥âáâ¢ãîé ï £ ¬¨«ìâ®­¨ ­ã (2.1), à á¯ ¤ ¥âáï ­  ¯à®¨§¢¥¤¥­¨¥
¢®«­®¢ëå äã­ªæ¨© â¥à¬®áâ â  (á¨áâ¥¬  2) ¨ ¨§ãç ¥¬®£® â¥«  (á¨áâ¥¬  1):

 ik(x; y) =  k(x) i(y) (2.2)

£¤¥  k(x) { á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ H1,  i(y) { á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ H2,   x ¨ y {
á®¢®ªã¯­®áâì ª®®à¤¨­ â á¨áâ¥¬ë ¨ â¥à¬®áâ â  á®®â¢¥âáâ¢¥­­®.

�à®¢­¨ í­¥à£¨¨ ¯®«­®© á¨áâ¥¬ë (á ãç¥â®¬ ä ªâ¨ç¥áª®£® ¯à¥­¥¡à¥¦¥­¨ï íää¥ª-
â ¬¨ ¯®¢¥àå­®áâ­®£® ¢§ ¨¬®¤¥©áâ¢¨ï) à ¢­ë áã¬¬¥ ãà®¢­¥© á¨áâ¥¬ (1) ¨ (2):

Eik = Ei + Ek (2.3)

£¤¥ Ek { ãà®¢­¨ á¨áâ¥¬ë (1), Ei { ãà®¢­¨ í­¥à£¨¨ â¥à¬®áâ â  (2).
�â â¨áâ¨ç¥áª¨© ®¯¥à â®à (¬ âà¨æ  ¯«®â­®áâ¨) ¯®«­®© (§ ¬ª­ãâ®©!) á¨áâ¥¬ë

¨¬¥¥â ¢¨¤:

�(xy;x0y0) =
X
ik

wik ik(x; y) 
?
ik(x

0; y0) (2.4)

£¤¥ wik ®¯à¥¤¥«ï¥âáï, ¢ á®®â¢¥âáâ¢¨¨ á ­ è¨¬ ®á­®¢­ë¬ ¯®áâã« â®¬, ¬¨ªà®ª ­®­¨-
ç¥áª¨¬ à á¯à¥¤¥«¥­¨¥¬ (1.58):

w(Eik) =

�
[
(E)]�1 ¯à¨ E � Eik � E +�E
0 ¢­¥ íâ®£® á«®ï

(2.5)

2� ¯à¨¬¥à, â¥¯«®¢®© ª®­â ªâ â¥«  á â¥à¬®áâ â®¬ ®áãé¥áâ¢«ï¥âáï ç¥à¥§ áâ¥­ª¨ á®áã¤  ¨ ï¢«ï-
¥âáï ¬ «ë¬ ¯®¢¥àå­®áâ­ë¬ íää¥ªâ®¬.
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� âà¨æã ¯«®â­®áâ¨ ¨§ãç ¥¬®© á¨áâ¥¬ë (1) ¯®«ãç¨¬, ¢ëç¨á«¨¢ è¯ãà ®â ¯®«­®£®
áâ â®¯¥à â®à  ¯® ª®®à¤¨­ â ¬ â¥à¬®áâ â  (á¨áâ¥¬ë (2))3:

�(x; x0) = Sp2�(xy;x
0y0) =

X
ik

wik

Z
dy ik(x; y) 

?
ik(x

0; y) (2.6)

®âªã¤ , á ¯®¬®éìî (2.2) ¨ ¨á¯®«ì§ãï ®àâ®­®à¬¨à®¢ ­­®áâì ¢®«­®¢ëå äã­ªæ¨©, ­¥-
¬¥¤«¥­­® ¯®«ãç ¥¬:

�(x; x0) =
X
k

wk k(x) 
?
k(x

0) (2.7)

£¤¥
wk =

X
i

wik (2.8)

�âáî¤  ïá­®, çâ® ¤«ï â®£® çâ®¡ë ­ ©â¨ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© à¥ «¨§ æ¨¨ á®-
áâ®ï­¨© ¢ á¨áâ¥¬¥ (1), ­ã¦­® ¯à®áã¬¬¨à®¢ âì à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¢ ¯®«­®©
á¨áâ¥¬¥ ¯® ¢á¥¬ á®áâ®ï­¨ï¬ â¥à¬®áâ â  (¤ «¥¥ ®¡®§­ ç ¥¬ ¤«ï ªà âª®áâ¨ Eik = E):

w(Ek) =
X
i

w(Ei +Ek)jEi+Ek=E =
1


(E)

X
i

1jEi=E�Ek : (2.9)

�á­®, çâ® (2.9) á¢®¤¨âáï ª:

w(Ek) =

2(E �Ek)


(E)
(2.10)

£¤¥ 
2(E � Ek) { ç¨á«® ª¢ ­â®¢®¬¥å ­¨ç¥áª¨å á®áâ®ï­¨© â¥à¬®áâ â , á®®â¢¥âáâ¢ã-
îé¨å í­¥à£¨¨ E�Ek,   
(E) { ç¨á«® á®áâ®ï­¨© ¯®«­®© á¨áâ¥¬ë, á®®â¢¥âáâ¢ãîé¨å
í­¥à£¨¨ E.

�¢®¤ï í­âà®¯¨î â¥à¬®áâ â  S2(E) ¨ í­âà®¯¨î ¢á¥© á¨áâ¥¬ë S(E) á ¯®¬®éìî
(1.170) ¯¥à¥¯¨è¥¬ (2.10) ¢ ¢¨¤¥:

w(Ek) = expfS2(E � Ek)� S(E)g (2.11)

�ç¨âë¢ ï, çâ® ­ è  á¨áâ¥¬  (1) ¬ «  ¯® áà ¢­¥­¨î á â¥à¬®áâ â®¬, â ª çâ® ¨ Ek �
E, ¯à®¢¥¤¥¬ à §«®¦¥­¨¥:

S2(E � Ek) � S2(E) � @S2
@E

Ek (2.12)

�®¤áâ ¢«ïï (2.12) ¢ (2.11) ¯®«ãç ¥¬:

w(Ek) = A exp

�
�Ek
T

�
(2.13)

£¤¥ ¢¢¥«¨ â¥¬¯¥à âãàã T (â¥à¬®áâ â !) ª ª:

1

T
=
@S2(E)

@E
=
@ ln
2(E)

@E
(2.14)

� ª®¥ ®¯à¥¤¥«¥­¨¥ (®¡à â­®©) â¥¬¯¥à âãàë á®¢¯ ¤ ¥â á â¥à¬®¤¨­ ¬¨ç¥áª¨¬, ¥á«¨
®â®¦¤¥áâ¢¨âì ­ èã áâ â¨áâ¨ç¥áªãî í­âà®¯¨î á â¥à¬®¤¨­ ¬¨ç¥áª®©. � (2.13) A =

3�â® ¢¯®«­¥  ­ «®£¨ç­® â®¬ã, ª ª ¢ëè¥ ¬ë ¯®«ãç «¨, ­ ¯à¨¬¥à, ®¤­®ç áâ¨ç­ãî¬ âà¨æã ¯«®â-
­®áâ¨ ¨§ ¤¢ãåç áâ¨ç­®©.
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expfS2(E) � S(E)g = const, ­¥ § ¢¨áïé ï ®â Ek, â.¥. ®â á®áâ®ï­¨ï ¨­â¥à¥áãîé¥©
­ á á¨áâ¥¬ë (1), ª®â®àãî, ä ªâ¨ç¥áª¨ ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨.
�ëà ¦¥­¨¥ (2.13) { ®¤­  ¨§ ¢ ¦­¥©è¨å ä®à¬ã« áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨, ®­  ®¯à¥-
¤¥«ï¥â áâ â¨áâ¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¤«ï ¯à®¨§¢®«ì­®£® ¬ ªà®áª®¯¨ç¥áª®£® â¥« ,
ï¢«ïîé¥£®áï áà ¢­¨â¥«ì­® ¬ «®© ç áâìî ­¥ª®â®à®© ¡®«ìè®© § ¬ª­ãâ®© á¨áâ¥¬ë
(  íâ®, ¯® áãâ¨ ¤¥« , ¥áâì ­ ¨¡®«¥¥ ®¡é¨© á«ãç ©, á ª®â®àë¬ ¯à¨å®¤¨âáï ¨¬¥âì
¤¥«® ¯à¨ à¥è¥­¨¨ à¥ «ì­ëå § ¤ ç { ®ªàã¦ îé ï áà¥¤  ¢á¥£¤  ¥áâì!). �ëà ¦¥­¨¥
(2.13) ­ §ë¢ ¥âáï ª ­®­¨ç¥áª¨¬ à á¯à¥¤¥«¥­¨¥¬ �¨¡¡á .

�®à¬¨à®¢®ç­ ï ¯®áâ®ï­­ ï A ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬
P
kwk = 1, ®âªã¤  ¨ ¨§

(2.13) áà §ã ¯®«ãç ¥¬:
1

A
� Z =

X
k

e�
Ek
T : (2.15)

�¢¥¤¥­­ãî §¤¥áì ¢¥«¨ç¨­ã Z ­ §ë¢ îâ áâ â¨áâ¨ç¥áª®© áã¬¬®©. � ¯®¬®éìî â -
ª®£® ®¡®§­ ç¥­¨ï ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ (2.13) ¯¥à¥¯¨áë¢ ¥âáï ¢ á«¥¤ãîé¥¬
áâ ­¤ àâ­®¬ ¢¨¤¥4:

w(Ek) = Z�1 exp
�
�Ek
T

�
(2.16)

�à¥¤­¥¥ §­ ç¥­¨¥ «î¡®© ä¨§¨ç¥áª®© ¢¥«¨ç¨­ë, ®¯¨áë¢ ¥¬®© ®¯¥à â®à®¬ f , ¬®¦­®
â¥¯¥àì á®áç¨â âì á ¯®¬®éìî à á¯à¥¤¥«¥­¨ï �¨¡¡á  ª ª:

< f >=
X
k

wkfkk =

P
k fkke

�Ek
TP

k e
�Ek

T

(2.17)

£¤¥ fkk { ¤¨ £®­ «ì­ë© ¬ âà¨ç­ë© í«¥¬¥­â f ¯® ¢®«­®¢ë¬ äã­ªæ¨ï¬, á®®â¢¥âáâ¢ã-
îé¨¬ â®ç­ë¬ ãà®¢­ï¬ í­¥à£¨¨ á¨áâ¥¬ë Ek.

� ª« áá¨ç¥áª®© áâ â¨áâ¨ª¥ ¬®¦­® ¤¥©áâ¢®¢ âì á®¢¥àè¥­­®  ­ «®£¨ç­ë¬ ®¡à -
§®¬. �ë¤¥«¨¬ ¨§ § ¬ª­ãâ®© ª« áá¨ç¥áª®© á¨áâ¥¬ë ¬ «ãî ç áâì (¯®¤á¨áâ¥¬ã), â®£¤ 
í«¥¬¥­â ®¡ê¥¬  d�0 ä §®¢®£® ¯à®áâà ­áâ¢  ¢á¥© (¯®«­®©) á¨áâ¥¬ë ¬®¦­® § ¯¨á âì
¢ ¢¨¤¥ d�0 = d�0d�, £¤¥ d� ®â­®á¨âáï ª ­ è¥© ¯®¤á¨áâ¥¬¥,   d�0 ª â¥à¬®áâ âã
(®ªàã¦ îé¥© áà¥¤¥). � á ¨­â¥à¥áã¥â äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¤«ï ¯®¤á¨áâ¥¬ë,  
£¤¥ ­ å®¤¨âáï ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ â¥à¬®áâ â ­ á ­¥ ¨­â¥à¥áã¥â, ¯®íâ®¬ã ¯®
¯¥à¥¬¥­­ë¬ â¥à¬®áâ â  ­ã¦­® ¯à®¨­â¥£à¨à®¢ âì. �®£¤  ¯® ¯à¨­æ¨¯ã à ¢­®¢¥à®ïâ-
­®áâ¨ á®áâ®ï­¨© ¢ ¬¨ªà®ª ­®­¨ç¥áª®¬  ­á ¬¡«¥ (®¯¨áë¢ îé¥¬ ¯®«­ãî § ¬ª­ãâãî
á¨áâ¥¬ã { ¯®¤á¨áâ¥¬  + â¥à¬®áâ â) ¯à®áâ® ¯®«ãç ¥¬:

dw � 
0d� (2.18)

£¤¥ 
0 { ä §®¢ë© ®¡ê¥¬ (áâ â¢¥á) â¥à¬®áâ â . �¥à¥¯¨è¥¬ â¥¯¥àì íâ®â áâ â¢¥á ç¥à¥§
í­âà®¯¨î:


0 � expfS0(E0 �E(p; q))g (2.19)

£¤¥ E0 { í­¥à£¨ï ¢á¥© § ¬ª­ãâ®© á¨áâ¥¬ë,   E(p; q) { í­¥à£¨ï ¯®¤á¨áâ¥¬ë. �®á«¥¤-
­ïï § ¯¨áì ¯à®áâ® ãç¨âë¢ ¥â, çâ® í­¥à£¨ï â¥à¬®áâ â  E0 = E0 � E(p; q), â ª ª ª
E0 = E0 + E(p; q), ¥á«¨ ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯®¤á¨áâ¥¬ë ¨ â¥à¬®áâ â  ¬®¦­® ¯à ªâ¨-
ç¥áª¨ ¯à¥­¥¡à¥çì. �¥¯¥àì ¢á¥ ¯à®áâ®:

dw = �(p; q)d� � expfS0(E0 � E(p; q))gd� (2.20)

4�á«¨ ¨§¬¥àïâì â¥¬¯¥à âãàã ¢ £à ¤ãá å,   ­¥ ¢ í­¥à£¥â¨ç¥áª¨å ¥¤¨­¨æ å, ª ª íâ® ¤¥« ¥¬ ¬ë
¢® ¢á¥¬ ªãàá¥, â® ¢¥§¤¥ ­ ¤® á¤¥« âì § ¬¥­ã T ! kBT , £¤¥ kB = 1:3810�16íà£ £à ¤ { ¯®áâ®ï­­ ï
�®«ìæ¬ ­ . � ç áâ­®áâ¨ â®£¤  kB ¤®¡ ¢¨âáï ¨ ¢ ®¯à¥¤¥«¥­¨¥ í­âà®¯¨¨: S = kB ln
.
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â ª çâ®
�(p; q) � expfS0(E0 �E(p; q))g (2.21)

� ª ¨ ¢ëè¥ ¯à®¢¥¤¥¬ à §«®¦¥­¨¥:

S0(E0 �E(p; q)) � S0(E0) �E(p; q)dS
0(E0)

dE0
= S0(E0)� E(p; q)

T
(2.22)

£¤¥ ®¯ïâì ¢¢¥«¨ â¥¬¯¥à âãàã â¥à¬®áâ â  T . � ¨â®£¥ ¯®«ãç ¥¬ ª ­®­¨ç¥áª®¥ à á¯à¥-
¤¥«¥­¨¥:

�(p; q) = Ae�
E(p;q)
T (2.23)

£¤¥ E(p; q) { í­¥à£¨ï ¨§ãç ¥¬®£® â¥«  (¯®¤á¨áâ¥¬ë ¢ â¥à¬®áâ â¥), ª ª äã­ªæ¨ï ¥£®
ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢. �®à¬¨à®¢®ç­ ï ¯®áâ®ï­­ ï A ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬:Z

d��(p; q) = A

Z
d�e�

E(p;q)
T = 1

Z = A�1 =
Z
d�e�

E(p;q)
T (2.24)

£¤¥ Z ¬®¦­® ­ §ë¢ âì áâ â¨áâ¨ç¥áª¨¬ ¨­â¥£à «®¬.
�¥à­¥¬áï ª ª¢ ­â®¢®¬ã á«ãç î. � ­®­¨ç¥áª®¬ã à á¯à¥¤¥«¥­¨î �¨¡¡á  á®®â¢¥â-

áâ¢ã¥â áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à (¬ âà¨æ  ¯«®â­®áâ¨) ¢¨¤ :

�(x; x0) = Z�1
X
k

e�
Ek
T  k(x) 

?
k(x

0) (2.25)

£¤¥ x { á®¢®ªã¯­®áâì ª®®à¤¨­ â (¨ ¢®§¬®¦­® á¯¨­®¢) ç áâ¨æ (¥á«¨ à ¡®â ¥¬ ¢ ª®-
®à¤¨­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨),  k(x) { á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ £ ¬¨«ìâ®­¨ ­  H.

�¢¥¤¥¬ ®¯¥à â®à exp
��H

T

�
. �®£¤  ¬®¦­® § ¯¨á âì ª®¬¯ ªâ­®¥ ®¯¥à â®à­®¥ ¢ë-

à ¦¥­¨¥ ¤«ï ª ­®­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï:

� = Z�1 exp
�
�H
T

�
(2.26)

¨ ¤«ï áâ âáã¬¬ë:

Z = Sp exp

�
�H
T

�
(2.27)

� ­­®¥ ¢ëà ¦¥­¨¥ ¤«ï áâ âáã¬¬ë ®ç¥­ì ã¤®¡­®, â ª ª ª ¨§-§  ¨­¢ à¨ ­â­®áâ¨
®¯¥à æ¨¨ Sp ®â­®á¨â¥«ì­® ¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ®­® ­¥ § ¢¨á¨â ®â ¢ë¡®à  äã­ªæ¨©
 k(x), ª®â®àë¥ ¬®£ãâ ¨ ­¥ ¡ëâì á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ H.

�® á¨å ¯®à ¬ë £®¢®à¨«¨ ® ª ­®­¨ç¥áª®¬ à á¯à¥¤¥«¥­¨¨ �¨¡¡á  ª ª ® áâ â¨áâ¨ç¥-
áª®¬ à á¯à¥¤¥«¥­¨¨ ¤«ï ¯®¤á¨áâ¥¬ë ¢­ãâà¨ ¡®«ìè®© § ¬ª­ãâ®© á¨áâ¥¬ë. � ¬¥â¨¬,
çâ® ¢ëè¥ ¢ (1.56) ¬ë, ä ªâ¨ç¥áª¨, ã¦¥ ¯®«ãç «¨ ¥£® ¯®çâ¨ \¨§ ­¨ç¥£®", ¯à¨ ®¡áã-
¦¤¥­¨¨ à®«¨ í­¥à£¨¨ ¨ ¤àã£¨å  ¤¤¨â¨¢­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï. �à®¢¥¤¥­­ë© â ¬
¢ë¢®¤, ¢ ¯à¨­æ¨¯¥, ¢¯®«­¥ ¯à ¢¨«¥­, ­® ®­ ­¥ ¢¯®«­¥ à áªàë¢ ¥â ä¨§¨ç¥áª¨© á¬ëá«
íâ®£® à á¯à¥¤¥«¥­¨ï. � ¦­® ¯®¤ç¥àª­ãâì, çâ® ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¬®¦­®
á ãá¯¥å®¬ ¯à¨¬¥­ïâì ¨ ¤«ï ®¯à¥¤¥«¥­¨ï ®á­®¢­ëå áâ â¨áâ¨ç¥áª¨å á¢®©áâ¢ § ¬ª­ã-
âëå á¨áâ¥¬. �¥©áâ¢¨â¥«ì­®, §­ ç¥­¨ï â¥à¬®¤¨­ ¬¨ç¥áª¨å å à ªâ¥à¨áâ¨ª â¥« ­¥
§ ¢¨áïâ ®â â®£®, à áá¬ âà¨¢ ¥¬-«¨ ¬ë â¥«® ª ª § ¬ª­ãâ®¥ ¨«¨ ª ª ¯®¬¥é¥­­®¥ ¢
¢®®¡à ¦ ¥¬ë© â¥à¬®áâ â. �â«¨ç¨¥ § ¬ª­ãâ®£® â¥«  ®â ­¥§ ¬ª­ãâ®£® ¯à®ï¢«ï¥âáï,
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¯® áãé¥áâ¢ã, «¨èì ¯à¨ à áá¬®âà¥­¨¨ áà ¢­¨â¥«ì­® ¬ «® ¨­â¥à¥á­®£® ¢®¯à®á  ®
ä«ãªâã æ¨ïå ¯®«­®© í­¥à£¨¨ â¥«. � ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¤ ¥â ¤«ï áà¥¤­¥©
ä«ãªâã æ¨¨ íâ®© ¢¥«¨ç¨­ë ®â«¨ç­®¥ ®â ­ã«ï §­ ç¥­¨¥, ª®â®à®¥ ¤«ï â¥« , ­ å®¤ï-
é¥£®áï ¢ áà¥¤¥, ¨¬¥¥â à¥ «ì­ë© á¬ëá«,   ¤«ï § ¬ª­ãâ®£® â¥«  ä¨ªâ¨¢­®, ¯®áª®«ìªã
í­¥à£¨ï â ª®£® â¥«  ¯® ®¯à¥¤¥«¥­¨î ¯®áâ®ï­­  ¨ ­¥ ä«ãªâã¨àã¥â. � â®¦¥ ¢à¥¬ï,
ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ �¨¡¡á  ­¥áà ¢­¥­­® ã¤®¡­¥¥ ¤«ï ¯à®¢¥¤¥­¨ï ª®­ªà¥â-
­ëå à áç¥â®¢, ­¥¦¥«¨ ¬¨ªà®ª ­®­¨ç¥áª®¥. �¬¥­­® ®­® à¥ «ì­® ¨ ¨á¯®«ì§ã¥âáï,
á®áâ ¢«ïï ®á­®¢ã  ¯¯ à â  áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨.

� á¯à¥¤¥«¥­¨¥ � ªá¢¥«« .

� ª ç¥áâ¢¥ ¯à¨¬¥à  ¯à®áâ¥©è¥£®, ­® ¢ ¦­®£®, ¯à¨¬¥­¥­¨ï ª ­®­¨ç¥áª®£® à á¯à¥¤¥-
«¥­¨ï à áá¬®âà¨¬ ¢ë¢®¤ á ¥£® ¯®¬®éìî à á¯à¥¤¥«¥­¨ï � ªá¢¥«« . �­¥à£¨ï E(p; q)
¢ ª« áá¨ç¥áª®¬ á«ãç ¥ ¢á¥£¤  ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ áã¬¬ë ª¨­¥â¨ç¥áª®©
¨ ¯®â¥­æ¨ «ì­®© í­¥à£¨©. �¨­¥â¨ç¥áª ï í­¥à£¨ï ¨¬¥¥â ¢¨¤ ª¢ ¤à â¨ç­®© ä®à¬ë
¯® ¨¬¯ã«ìá ¬ ®â¤¥«ì­ëå  â®¬®¢ â¥« ,   ¯®â¥­æ¨ «ì­ ï ¤ ¥âáï ­¥ª®â®à®© äã­ªæ¨¥©
¨å ª®®à¤¨­ â, § ¢¨áïé¥© ®â § ª®­  ¢§ ¨¬®¤¥©áâ¢¨ï ¨ ¢­¥è­¥£® ¯®«ï, ¥á«¨ â ª®¢®¥
¨¬¥¥âáï:

E(p; q) = K(p) + U (q) (2.28)

â ª çâ® ¢¥à®ïâ­®áâì dw = �(p; q)dpdq § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

dw = Ae�
K(p)
T e�

U(q)
T dpdq (2.29)

â.¥. à §¡¨¢ ¥âáï ­  ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¬­®¦¨â¥«¥©, ¨§ ª®â®àëå ®¤¨­ § ¢¨á¨â â®«ìª®
®â ¨¬¯ã«ìá®¢,   ¤àã£®© { â®«ìª® ®â ª®®à¤¨­ â. �â® ®§­ ç ¥â, çâ® à á¯à¥¤¥«¥­¨ï
¢¥à®ïâ­®áâ¥© ¤«ï ¨¬¯ã«ìá®¢ (áª®à®áâ¥©) ¨ ª®®à¤¨­ â ­¥§ ¢¨á¨¬ë ¤àã£ ®â ¤àã£ .
�®íâ®¬ã ¬®¦­® ­ ¯¨á âì:

dwp = ae�
K(p)
T dp (2.30)

dwq = be�
U(q)
T dq (2.31)

� ¦¤ ï ¨§ íâ¨å äã­ªæ¨© à á¯à¥¤¥«¥­¨ï ¬®¦¥â ¡ëâì ­®à¬¨à®¢ ­  ­  ¥¤¨­¨æã, çâ®
¨ ®¯à¥¤¥«¨â ­®à¬¨à®¢®ç­ë¥ ª®­áâ ­âë a ¨ b.

� áá¬®âà¨¬ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¤«ï ¨¬¯ã«ìá®¢ (áª®à®áâ¥©), ª®â®à®¥, ¢
à ¬ª å ª« áá¨ç¥áª®£® ¯®¤å®¤ , ­¥ § ¢¨á¨â ®â ¢¨¤  ¢§ ¨¬®¤¥©áâ¢¨ï ç áâ¨æ ¢­ãâà¨
á¨áâ¥¬ë ¨«¨ ®â ¢­¥è­¥£® ¯®«ï ¨ ï¢«ï¥âáï, ¢ íâ®¬ á¬ëá«¥, ã­¨¢¥àá «ì­ë¬. �«ï
 â®¬  á ¬ áá®© m ¨¬¥¥¬5:

dwp = a exp

�
� 1

2mT
(p2x + p2y + p2z)

�
dpxdpydpz (2.32)

®âªã¤ , ¢ ç áâ­®áâ¨, ¢¨¤­®, çâ® ¨ à á¯à¥¤¥«¥­¨ï ®â¤¥«ì­ëå ª®¬¯®­¥­â ¨¬¯ã«ìá 
â ª¦¥ ­¥§ ¢¨á¨¬ë. �®áâ®ï­­ãî a ®¯à¥¤¥«¨¬ ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨. � ¯®¬®éìî

5�¨­¥â¨ç¥áª ï í­¥à£¨ï ¢á¥£® â¥«  { áã¬¬  ª¨­¥â¨ç¥áª¨å í­¥à£¨© ª ¦¤®£® ¨§ ¢å®¤ïé¨å ¢ ­¥£®
 â®¬®¢, â ª çâ® ¢¥à®ïâ­®áâì ®¯ïâì à á¯ ¤ ¥âáï ­  ¯à®¨§¢¥¤¥­¨¥ ¬­®¦¨â¥«¥©, ª ¦¤ë© ¨§ ª®â®àëå
§ ¢¨á¨â ®â ¨¬¯ã«ìá®¢ ®¤­®£®  â®¬ .
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¨§¢¥áâ­®© ä®à¬ã«ë �ã áá®­ -� ãáá 6:

I =

Z 1

�1
dxe��x

2

=

r
�

�
(2.33)

­ å®¤¨¬

a

Z 1

�1
dpx

Z 1

�1
dpy

Z 1

�1
dpz exp

�
� 1

2mT
(p2x + p2y + p2z)

�
=

= a

�Z 1

�1
dpe�p

2=2mT

�3
= a(2�mT )3=2

â ª çâ®:
a = (2�mT )�3=2 (2.34)

�ª®­ç â¥«ì­® à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¤«ï ¨¬¯ã«ìá®¢ ¨¬¥¥â ¢¨¤:

dwp =
1

(2�mT )3=2
exp

 
�p

2
x + p2y + p2z
2mT

!
dpxdpydpz (2.35)

�¥à¥å®¤ï ®â ¨¬¯ã«ìá®¢ ª áª®à®áâï¬, ¬®¦­® ­ ¯¨á âì  ­ «®£¨ç­®¥ à á¯à¥¤¥«¥­¨¥
¤«ï áª®à®áâ¥©:

dwv =
� m

2�T

�3=2
exp

 
�m(v

2
x + v2y + v2z)

2T

!
dvxdvydvz (2.36)

�â® ¨ ¥áâì à á¯à¥¤¥«¥­¨¥ � ªá¢¥««  { ®¤¨­ ¨§ ¯¥à¢ëå à¥§ã«ìâ â®¢ ª« áá¨ç¥áª®©
áâ â¨áâ¨ª¨. � ªâ¨ç¥áª¨, ®­® à á¯ ¤ ¥âáï ­  ¯à®¨§¢¥¤¥­¨¥ âà¥å ­¥§ ¢¨á¨¬ëå ¬­®-
¦¨â¥«¥©:

dwvx =

r
m

2�T
e�

mv2x
2T dvx::: (2.37)

ª ¦¤ë© ¨§ ª®â®àëå ®¯à¥¤¥«ï¥â à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¤«ï ®â¤¥«ì­®© ª®¬¯®-
­¥­âë áª®à®áâ¨.

� ¬¥â¨¬, çâ® à á¯à¥¤¥«¥­¨¥ � ªá¢¥««  ¨¬¥¥â ¬¥áâ® ¨ ¤«ï ¯®áâã¯ â¥«ì­®£® ¤¢¨-
¦¥­¨ï ¬®«¥ªã« (­ ¯à¨¬¥à, ¢ ¬­®£® â®¬­®¬ £ §¥), ¢­¥ § ¢¨á¨¬®áâ¨ ®â å à ªâ¥à 
¢­ãâà¨¬®«¥ªã«ïà­®£® ¤¢¨¦¥­¨ï  â®¬®¢ (m ¢ íâ®¬ á«ãç ¥ { ¬ áá  ¬®«¥ªã«ë), ®­®
¦¥ á¯à ¢¥¤«¨¢® ¤«ï ¡à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ç áâ¨æ, ¢§¢¥è¥­­ëå ¢ ¦¨¤ª®áâ¨.

�á«¨ ®â ¤¥ª àâ®¢ëå ª®®à¤¨­ â ¢ ¯à®áâà ­áâ¢¥ áª®à®áâ¥© ¯¥à¥©â¨ ª áä¥à¨ç¥-
áª¨¬, ¯®«ãç¨¬:

dwv =
� m

2�T

�3=2
e�

mv2

2T v2 sin �d�d'dv (2.38)

£¤¥ v {  ¡á®«îâ­ ï ¢¥«¨ç¨­  áª®à®áâ¨,   � ¨ ' { ¯®«ïà­ë© ¨  §¨¬ãâ «ì­ë© ã£«ë,
®¯à¥¤¥«ïîé¨¥ ­ ¯à ¢«¥­¨¥ ¢¥ªâ®à  áª®à®áâ¨ v. �­â¥£à¨àãï ¯® ã£« ¬, ­ å®¤¨¬
à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¤«ï  ¡á®«îâ­®© ¢¥«¨ç¨­ë áª®à®áâ¨:

dwv = 4�
� m

2�T

�3=2
e�

mv2

2T v2dv (2.39)

6�¥£ª® ¢¨¤¥âì, çâ® I2 =
R
1

�1
dxe��x

2 R1
�1

dye��y
2

=
R
1

�1
dx
R
1

�1
dye��(x

2+y2) =

2�
R
1

0
d��e���

2
= �
R
1

0
dze��z = �=�, çâ® ¨ ¤®ª §ë¢ ¥â ä®à¬ã«ã �ã áá®­ -� ãáá 
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� ª ç¥áâ¢¥ ¯à®áâ®£® ¯à¨¬¥à  ¯à¨¬¥­¥­¨ï à á¯à¥¤¥«¥­¨ï � ªá¢¥«« , ¢ëç¨á«¨¬
áà¥¤­¥¥ §­ ç¥­¨¥ ª¨­¥â¨ç¥áª®© í­¥à£¨¨  â®¬ . �«ï «î¡®© ¨§ ¤¥ª àâ®¢ëå ª®¬¯®-
­¥­â áª®à®áâ¨ ¨¬¥¥¬7:

< v2x >=

r
m

2�T

Z 1

�1
dvxv

2
xe
�mv2x

2T =
T

m
(2.40)

�®íâ®¬ã áà¥¤­¥¥ §­ ç¥­¨¥ ª¨­¥â¨ç¥áª®© í­¥à£¨¨  â®¬  à ¢­® 3T=2, â.¥. 3kBT=2
¯à¨ ¨§¬¥à¥­¨¨ â¥¬¯¥à âãàë ¢ £à ¤ãá å. �®£¤  áà¥¤­ïï ª¨­¥â¨ç¥áª ï í­¥à£¨ï ¢á¥å
ç áâ¨æ â¥«  ¢ ª« áá¨ç¥áª®© áâ â¨áâ¨ª¥ ¢á¥£¤  à ¢­  3NT=2, £¤¥ N { ¯®«­®¥ ç¨á«®
 â®¬®¢.

�¢®¡®¤­ ï í­¥à£¨ï ¢ à á¯à¥¤¥«¥­¨¨ �¨¡¡á .

� á®®â¢¥âáâ¢¨¨ á ¢ëà ¦¥­¨¥¬ (1.175) í­âà®¯¨ï â¥«  ¬®¦¥â ¡ëâì ¢ëç¨á«¥­  ª ª
áà¥¤­¥¥ §­ ç¥­¨¥ «®£ à¨ä¬  äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï:

S = � < lnwk >= �
X
k

wk lnwk (2.41)

�®¤áâ ¢«ïï áî¤  ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢ ¢¨¤¥ (2.16), ¯®«ãç ¥¬, çâ®:
� < lnwk >= lnZ + 1

T

P
kwkEk = lnZ + <E>

T , £¤¥ < E >=
P

kwkEk { áà¥¤­ïï
í­¥à£¨ï. �®áª®«ìªã áà¥¤­ïï í­¥à£¨ï < E > { íâ® ª ª à § â®, çâ® ¯®­¨¬ ¥âáï ¯®¤
í­¥à£¨¥© â¥«  E ¢ â¥à¬®¤¨­ ¬¨ª¥, ¬®¦¥¬ ­ ¯¨á âì (2.41) ¢ ¢¨¤¥: S = lnZ+ E

T , ¨«¨,
ãç¨âë¢ ï, çâ® á¢®¡®¤­ ï í­¥à£¨ï ¢ â¥à¬®¤¨­ ¬¨ª¥ F = E � TS:

F = �T lnZ = �T ln
X
k

e�
Ek
T (2.42)

�â® ¢ëà ¦¥­¨¥ ¤ ¥â ®á­®¢­ãî ä®à¬ã«ã à ¢­®¢¥á­®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ {
¢ëà ¦¥­¨¥ ¤«ï á¢®¡®¤­®© í­¥à£¨¨ ¯à®¨§¢®«ì­®© á¨áâ¥¬ë ç¥à¥§ ¥¥ áâ â¨áâ¨ç¥áªãî
áã¬¬ã. � ªâ¨ç¥áª¨, íâ®â äã­¤ ¬¥­â «ì­ë© à¥§ã«ìâ â ®§­ ç ¥â, çâ® ¤«ï ¢ëç¨á«¥-
­¨ï á¢®¡®¤­®© í­¥à£¨¨ â¥«  ¤®áâ â®ç­® §­ âì ¥£® â®ç­ë© í­¥à£¥â¨ç¥áª¨© á¯¥ªâà.
�à¨ íâ®¬ §­ ­¨ï, áª ¦¥¬, ¢®«­®¢ëå äã­ªæ¨© ­¥ âà¥¡ã¥âáï,   § ¤ ç  ­ å®¦¤¥­¨ï
á¯¥ªâà  ãà ¢­¥­¨ï �à¥¤¨­£¥à , ¢ ¯à¨­æ¨¯¥, ¯à®é¥ ¯®«­®© ª¢ ­â®¢®¬¥å ­¨ç¥áª®©
§ ¤ ç¨, ¢ª«îç îé¥© ¨ ­ å®¦¤¥­¨¥ ¢®«­®¢ëå äã­ªæ¨© (á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢).

�§ (2.42) ¢¨¤­®, çâ® ­®à¬¨à®¢®ç­ë© ¬­®¦¨â¥«ì ¢ à á¯à¥¤¥«¥­¨¨ �¨¡¡á  (2.16),

ä ªâ¨ç¥áª¨, ¢ëà ¦ ¥âáï ç¥à¥§ á¢®¡®¤­ãî í­¥à£¨î: 1
Z
= e

F
T , â ª çâ® (2.16) ¬®¦¥â

¡ëâì § ¯¨á ­® ¢ ¢¨¤¥:

wk = exp

�
F �Ek
T

�
(2.43)

¢ ª®â®à®¬ ®­® ç áâ® ¨ ¯à¨¬¥­ï¥âáï.

7�«ï ¨­â¥£à «  ®¡é¥£® ¢¨¤  In =
R
1

0
dxxne��x

2
¨¬¥¥¬: In = 1

2�
�
n+1
2 �

�
n+1
2

�
, £¤¥ �(x) {

�-äã­ªæ¨ï, §­ ç¥­¨ï ª®â®à®© ¯à¨ ¯®«ãæ¥«ëå §­ ç¥­¨ïå  à£ã¬¥­â  å®à®è® ¨§¢¥áâ­ë.
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�­ «®£¨ç­ë¬ ®¡à §®¬, ¢ ª« áá¨ç¥áª®¬ á«ãç ¥, ¨á¯®«ì§ãï (1.167), (2.23) ¨ (2.24),
¯®«ãç ¥¬:

�(p; q) = exp

�
F � E(p; q)

T

�
(2.44)

£¤¥

F = �T ln
Z
d� exp

�
�E(p; q)

T

�
(2.45)

£¤¥ d� = dpdq
(2��h)3NN ! . � ª¨¬ ®¡à §®¬ ¢ ª« áá¨ª¥ áâ âáã¬¬  § ¬¥­ï¥âáï áâ â¨áâ¨ç¥-

áª¨¬ ¨­â¥£à «®¬. � ãç¥â®¬ â®£®, çâ® E(p; q) ¢á¥£¤  ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥
áã¬¬ë ª¨­¥â¨ç¥áª®© K(p) ¨ ¯®â¥­æ¨ «ì­®© U (q) í­¥à£¨¨,   ª¨­¥â¨ç¥áª ï í­¥à£¨ï
¥áâì ª¢ ¤à â¨ç­ ï ä®à¬  ¯® ¨¬¯ã«ìá ¬, ¨­â¥£à¨à®¢ ­¨¥ ¯® ¨¬¯ã«ìá ¬ ¢ áâ â¨áâ¨-
ç¥áª®¬ ¨­â¥£à «¥ ¬®¦­® ¢ë¯®«­¨âì ¢ ®¡é¥¬ ¢¨¤¥ (áà. ¢ëè¥ ¢ë¢®¤ à á¯à¥¤¥«¥­¨ï
� ªá¢¥«« !). �®íâ®¬ã § ¤ ç  ® ¢ëç¨á«¥­¨¨ áâ â¨áâ¨ç¥áª®£® ¨­â¥£à «  á¢®¤¨âáï ª

§ ¤ ç¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ¢á¥¬ ª®®à¤¨­ â ¬ äã­ªæ¨¨ e�
U(q)
T , çâ®, ª®­¥ç­®, ¢ ®¡é¥¬

á«ãç ¥ ­¥¢®§¬®¦­® á¤¥« âì â®ç­®.

� á¯à¥¤¥«¥­¨¥ �¨¡¡á  á ¯¥à¥¬¥­­ë¬ ç¨-
á«®¬ ç áâ¨æ.

�® á¨å ¯®à ¬ë ¬®«ç «¨¢® ¯à¥¤¯®« £ «¨, çâ® ç¨á«® ç áâ¨æ ¢ â¥«¥ ¥áâì ­¥ª®â®à ï
§ ¤ ­­ ï ¯®áâ®ï­­ ï ¢¥«¨ç¨­ . � ¤¥©áâ¢¨â¥«ì­®áâ¨, ¬¥¦¤ã à §«¨ç­ë¬¨ ¯®¤á¨áâ¥-
¬ ¬¨ ¡®«ìè®© á¨áâ¥¬ë ¬®¦¥â ¯à®¨áå®¤¨âì ®¡¬¥­ ç áâ¨æ ¬¨. �¨á«® ç áâ¨æ N ¢
¯®¤á¨áâ¥¬¥ ¡ã¤¥â ä«ãªâã¨à®¢ âì ¢¡«¨§¨ á¢®¥£® áà¥¤­¥£® §­ ç¥­¨ï. �ã­ªæ¨ï à á-
¯à¥¤¥«¥­¨ï § ¢¨á¨â â¥¯¥àì ­¥ â®«ìª® ®â í­¥à£¨¨ ª¢ ­â®¢®£® á®áâ®ï­¨ï, ­® ¨ ®â
ç¨á«  ç áâ¨æ N ¢ â¥«¥, ¯à¨ç¥¬ á ¬¨ ãà®¢­¨ í­¥à£¨¨ EkN â®¦¥ à §«¨ç­ë ¯à¨
à §­ëå N . �¥à®ïâ­®áâì â¥«ã á®¤¥à¦ âì N ç áâ¨æ ¨ ­ å®¤¨âìáï ¯à¨ íâ®¬ ¢ k-¬
á®áâ®ï­¨¨ ¡ã¤¥¬ ®¡®§­ ç âì wkN . �¨¤ íâ®© äã­ªæ¨¨ ¬®¦­® ®¯à¥¤¥«¨âì ¢ â®ç­®áâ¨
â¥¬ ¦¥ á¯®á®¡®¬, ª ª¨¬ ¢ëè¥ ¡ë«  ¯®«ãç¥­  äã­ªæ¨ï wk.

�ãáâì § ¬ª­ãâ ï á¨áâ¥¬  á í­¥à£¨¥© E(0) ¨ ç¨á«®¬ ç áâ¨æ N (0) á®áâ®¨â ¨§ ¤¢ãå
á« ¡® ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¯®¤á¨áâ¥¬ á í­¥à£¨ï¬¨ E0 (â¥à¬®áâ â) ¨ EkN (¬ « ï
¯®¤á¨áâ¥¬ ) ¨ ç¨á« ¬¨ ç áâ¨æ N 0 (â¥à¬®áâ â) ¨ N (¯®¤á¨áâ¥¬ ):

E(0) = EkN + E0 N (0) = N +N 0 (2.46)

�à¥¤¯®« £ ¥¬, çâ® ¨­â¥à¥áãîé ï ­ á ¯®¤á¨áâ¥¬  ¬ «  ¯® áà ¢­¥­¨î á â¥à¬®áâ â®¬
(à¥§¥à¢ã à®¬ ç áâ¨æ):

EkN � E0 N � N 0 (2.47)

�®áª®«ìªã ¯®«­ ï á¨áâ¥¬  áç¨â ¥âáï § ¬ª­ãâ®©, ª ­¥© ¬®¦­® ®¯ïâì ¯à¨¬¥­¨âì
¬¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥. �­ «®£¨ç­® â®¬ã, ª ª íâ® ¤¥« «®áì ¢ëè¥ ¯à¨
¢ë¢®¤¥ ª ­®­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï, ­ ©¤¥¬ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¢ ¬ -
«®© ¯®¤á¨áâ¥¬¥ wkN , ¯à®áã¬¬¨à®¢ ¢ ¬¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¯®«­®© á¨-
áâ¥¬ë ¯® ¢á¥¬ á®áâ®ï­¨ï¬ â¥à¬®áâ â . � ¯®«­®©  ­ «®£¨¨ á (2.10) ¯®«ãç¨¬:

wkN =

0(E(0) �EkN ; N (0) �N )


(0)(E(0); N (0))
(2.48)
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£¤¥ 
0 { áâ â¢¥á â¥à¬®áâ â , 
(0) { áâ â¢¥á ¢á¥© § ¬ª­ãâ®© á¨áâ¥¬ë. �á¯®«ì§ãï
®¯à¥¤¥«¥­¨¥ í­âà®¯¨¨ ­¥¬¥¤«¥­­® ¯®«ãç ¥¬:

wkN = Const exp
n
S0(E(0) �EkN ; N (0) �N )

o
(2.49)

� «¥¥ ¬®¦­® á­®¢  à §«®¦¨âì S0 ¯® áâ¥¯¥­ï¬ EkN ¨ N , ®£à ­¨ç¨¢ ïáì «¨­¥©­ë¬¨
ç«¥­ ¬¨:

S0(E(0)�EkN ; N (0)�N ) � S0(E(0); N (0))�
�
@S0

@E

�
V;N

EkN�
�
@S0

@N

�
E;V

N + ::: (2.50)

�á¯®¬­¨¬ â¥¯¥àì â¥à¬®¤¨­ ¬¨ç¥áª¨¥ á®®â­®è¥­¨ï ¤«ï á¨áâ¥¬ë á ¯¥à¥¬¥­­ë¬ ç¨-
á«®¬ ç áâ¨æ:

dE = TdS � PdV + �dN ; � =

�
@E

@N

�
S;V

(2.51)

¨«¨

dS =
dE

T
+
P

T
dV � �

T
dN; (2.52)

®âªã¤  ¯®«ãç ¥¬: �
@S

@E

�
V;N

=
1

T
;

�
@S

@N

�
E;V

= � �
T

(2.53)

�®£¤  à §«®¦¥­¨¥ (2.50) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

S0(E(0) �EkN ; N (0) � N ) � S0(E(0); N (0))� EkN
T

+
�N

T
(2.54)

¯à¨ç¥¬ ­ã¦­® ¨¬¥âì ¢¢¨¤ã, çâ® å¨¬¨ç¥áª¨© ¯®â¥­æ¨ « � ¨ â¥¬¯¥à âãà  T ¤«ï
â¥«  (¯®¤á¨áâ¥¬ë) ¨ â¥à¬®áâ â  á®¢¯ ¤ îâ ¢ á¨«ã ãá«®¢¨© â¥à¬®¤¨­ ¬¨ç¥áª®£®
à ¢­®¢¥á¨ï.

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ¢ ¢¨¤¥:

wkN = A exp

�
�N � EkN

T

�
(2.55)

�®à¬¨à®¢®ç­ ï ¯®áâ®ï­­ ï A ®¯ïâì ¬®¦¥â ¡ëâì ¢ëà ¦¥­  ç¥à¥§ â¥à¬®¤¨­ ¬¨ç¥-
áª¨¥ ¢¥«¨ç¨­ë. �«ï íâ®£® ¢ëç¨á«¨¬ í­âà®¯¨î â¥« :

S = � < lnwkN >= � lnA� �

T
< N > +

1

T
< E > (2.56)

¨«¨
T lnA =< E > �TS � � < N > : (2.57)

�â®¦¤¥áâ¢«ïï < E > á â¥à¬®¤¨­ ¬¨ç¥áª®© í­¥à£¨¥© â¥«  E,   < N > á â¥à¬®-
¤¨­ ¬¨ç¥áª¨¬ ç¨á«®¬ ç áâ¨æ N ¨ ãç¨âë¢ ï, çâ® E � TS = F ,   F � �N ¥áâì, ¯®
®¯à¥¤¥«¥­¨î, â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « 
 8, ¨¬¥¥¬ T lnA = 
, â ª çâ® (2.55)
¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

wkN = exp

�

+ �N � EkN

T

�
(2.58)

8�¥ ¯ãâ âì á® áâ â¨áâ¨ç¥áª¨¬ ¢¥á®¬!
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�â® ¨ ¥áâì ®ª®­ç â¥«ì­ ï ä®à¬  à á¯à¥¤¥«¥­¨ï �¨¡¡á  ¤«ï á¨áâ¥¬ë á ¯¥à¥¬¥­­ë¬
ç¨á«®¬ ç áâ¨æ, ª®â®à ï ­ §ë¢ ¥âáï ¡®«ìè¨¬ ª ­®­¨ç¥áª¨¬ à á¯à¥¤¥«¥­¨¥¬.

�á«®¢¨¥ ­®à¬¨à®¢ª¨ à á¯à¥¤¥«¥­¨ï (2.58) ¨¬¥¥â ¢¨¤:X
N

X
k

wkN = e


T

X
N

 
e
�N
T

X
k

e�
EkN
T

!
= 1 (2.59)

�âáî¤  ¯®«ãç ¥¬ ®¡é¥¥ ¢ëà ¦¥­¨¥ ¤«ï â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ «  
:


 = �T ln
X
N

 
e
�N
T

X
k

e�
EkN
T

!
(2.60)

£¤¥ ¢ëà ¦¥­¨¥ ¢ ¯à ¢®© ç áâ¨ ¬®¦­® ­ §¢ âì ¡®«ìè®© áâ â¨áâ¨ç¥áª®© áã¬¬®©.
�ëà ¦¥­¨ï (2.42) ¨ (2.60) ®¯à¥¤¥«ïîâ â¥à¬®¤¨­ ¬¨ç¥áª¨¥ ¢¥«¨ç¨­ë ¯à®¨§¢®«ì-

­ëå á¨áâ¥¬, ­ å®¤ïé¨åáï ¢ á®áâ®ï­¨¨ à ¢­®¢¥á¨ï. �à¨ íâ®¬ á¢®¡®¤­ ï í­¥à£¨ï F
®¯à¥¤¥«ï¥âáï (2.42) ª ª äã­ªæ¨ï T , N ¨ V ,   â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « 

®¯à¥¤¥«ï¥âáï ¨§ (2.60) ª ª äã­ªæ¨ï T , � ¨ V .

�­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã, ¢ ª« áá¨ç¥áª®© áâ â¨áâ¨ª¥ ¡®«ìè®¥ ª ­®­¨ç¥áª®¥
à á¯à¥¤¥«¥­¨¥ ¨¬¥¥â ¢¨¤:

dwN = exp

�

 + �N � EN (p; q)

T

�
dp(N)dq(N)

(2��h)3NN !
� �Nd�N (2.61)

�¥à¥¬¥­­ãî N ¯¨è¥¬ §¤¥áì ¢ ¢¨¤¥ ¨­¤¥ªá  ã äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¨ ã í«¥¬¥­â 
ä §®¢®£® ®¡ê¥¬ , çâ®¡ë ¯®¤ç¥àª­ãâì, çâ® ª ¦¤®¬ã §­ ç¥­¨î N á®®â¢¥âáâ¢ã¥â á¢®¥
ä §®¢®¥ ¯à®áâà ­áâ¢® (á® á¢®¨¬ ç¨á«®¬ ¨§¬¥à¥­¨© 6N ). �®à¬ã«  ¤«ï ¯®â¥­æ¨ « 

 ¨¬¥¥â â¥¯¥àì ¢¨¤:


 = �T ln
(X

N

e
�N
T

Z
d�N exp

�
�EN (p; q)

T

�)
(2.62)

�á­®, çâ® ¯à¨ ®¯à¥¤¥«¥­¨¨ ¢á¥å áâ â¨áâ¨ç¥áª¨å á¢®©áâ¢ â¥« , ªà®¬¥ ä«ãªâã æ¨©
¯®«­®£® ç¨á«  ç áâ¨æ ¢ ­¥¬, ª ­®­¨ç¥áª®¥ ¨ ¡®«ìè®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨ï
�¨¡¡á  á®¢¥àè¥­­® íª¢¨¢ «¥­â­ë. �à¨ ¯à¥­¥¡à¥¦¥­¨¨ ä«ãªâã æ¨ï¬¨ ç¨á«  ç áâ¨æ
N ¨¬¥¥¬ 
 + �N = F ¨ íâ¨ à á¯à¥¤¥«¥­¨ï ¯à®áâ® á®¢¯ ¤ îâ.

�á¯®«ì§®¢ ­¨¥ â®£® ¨«¨ ¨­®£® à á¯à¥¤¥«¥­¨ï ¢ ¡®«ìè¨­áâ¢¥ § ¤ ç ï¢«ï¥âáï
«¨èì ¢®¯à®á®¬ ã¤®¡áâ¢  ¢ëç¨á«¥­¨©. � ªâ¨ç¥áª¨, ¬¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥-
­¨¥ ï¢«ï¥âáï á ¬ë¬ ­¥ã¤®¡­ë¬,   ­ ¨¡®«¥¥ ã¤®¡­ë¬ ç áâ® ®ª §ë¢ ¥âáï ¡®«ìè®¥
ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥.

�ë¢®¤ â¥à¬®¤¨­ ¬¨ç¥áª¨å á®®â­®è¥­¨©
¨§ à á¯à¥¤¥«¥­¨ï �¨¡¡á .

� ¢¥àè¨¬ â¥¯¥àì ­ è¥ áâ â¨áâ¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ â¥à¬®¤¨­ ¬¨ª¨ ¢ë¢®¤®¬ ¥¥
®á­®¢­ëå á®®â­®è¥­¨© ¨§ à á¯à¥¤¥«¥­¨ï �¨¡¡á . �é¥ ¯à¨ ®¡áã¦¤¥­¨¨ à®«¨  ¤-
¤¨â¨¢­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï ¨ ¢ë¢®¤¥ (1.56), ï¢«ïîé¥£®áï, ä ªâ¨ç¥áª¨, ª ­®-
­¨ç¥áª¨¬ à á¯à¥¤¥«¥­¨¥¬ �¨¡¡á , ¬ë ®â¬¥ç «¨, çâ® ¬­®¦¨â¥«ì � ¯à¨ í­¥à£¨¨ ¢
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(1.56) ®¤¨­ ª®¢, ¤«ï ¢á¥å ¯®¤á¨áâ¥¬ ¤ ­­®© § ¬ª­ãâ®© á¨áâ¥¬ë. �ç¨âë¢ ï, çâ® ¢
ª ­®­¨ç¥áª®¬ à á¯à¥¤¥«¥­¨¨ � = �1=T , ¬ë ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® íâ® ãá«®¢¨¥
íª¢¨¢ «¥­â­® ®¡ëç­®¬ã â¥à¬®¤¨­ ¬¨ç¥áª®¬ã ãá«®¢¨î à ¢¥­áâ¢  â¥¬¯¥à âãà ¤«ï
¢á¥å ç áâ¥© á¨áâ¥¬ë, ­ å®¤ïé¥©áï ¢ à ¢­®¢¥á¨¨9. �¥âàã¤­® ¯®­ïâì, çâ® â¥¬¯¥à -
âãà  T > 0, â ª ª ª ¨­ ç¥ ­¥¨§¡¥¦­® à §®©¤¥âáï ­®à¬¨à®¢®ç­ ï áã¬¬ 

P
k wk,

¯®áª®«ìªã í­¥à£¨¨ ãà®¢­¥© Ek ¬®£ãâ ¯à¨­¨¬ âì áª®«ì ã£®¤­® ¡®«ìè¨¥ §­ ç¥­¨ï.
�á¥ íâ¨ á¢®©áâ¢  á®¢¯ ¤ îâ á ®á­®¢­ë¬¨ á¢®©áâ¢ ¬¨ â¥à¬®¤¨­ ¬¨ç¥áª®© â¥¬¯¥à -
âãàë.

�à¨ ¢ë¢®¤¥ ®á­®¢­ëå â¥à¬®¤¨­ ¬¨ç¥áª¨å á®®â­®è¥­¨© ¬®¦­® ¯®áâã¯ âì ¯® à §-
­®¬ã. � ¯¨è¥¬ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢ ®¯¥à â®à­®¬ ¢¨¤¥ ª ª:

� = e
F�H
T (2.63)

�®£¤  ãá«®¢¨¥ ­®à¬¨à®¢ª¨ Sp� = 1 ¬®¦­® ¯¥à¥¯¨á âì â ª:

e�
F
T = Sp

�
e�

H
T

�
(2.64)

çâ®, ¯® áãâ¨ ¤¥« , ï¢«ï¥âáï ®¯à¥¤¥«¥­¨¥¬ á¢®¡®¤­®© í­¥à£¨¨. �à®¤¨ää¥à¥­æ¨àã¥¬
íâ® à ¢¥­áâ¢® ¯® T , â®£¤ �

F

T 2
� 1

T

@F

@T

�
e�

F
T =

1

T 2
Sp
�
He�

H
T

�
(2.65)

�¬­®¦ ï íâ® à ¢¥­áâ¢® ­  T 2e
F
T ¨ ãç¨âë¢ ï < H >= E, ¯®«ãç ¥¬ ®á­®¢­®¥ â¥à¬®-

¤¨­ ¬¨ç¥áª®¥ á®®â­®è¥­¨¥ �¨¡¡á -�¥«ì¬£®«ìæ :

F = E + T
@F

@T
(2.66)

�à ¢­¨¢ ï íâ® ¢ëà ¦¥­¨¥ á ®¯à¥¤¥«¥­¨¥¬ F = E � TS, ¯®«ãç ¥¬

S = �@F
@T

= � 1

T
(F� < H >) (2.67)

�ëè¥ ¢ (1.174) ¬ë ¢¨¤¥«¨, çâ® ¢ ®¯¥à â®à­®¬ ¢¨¤¥ í­âà®¯¨ï § ¯¨áë¢ ¥âáï ª ª:

S = �Sp� ln � (2.68)

�®¦¤¥áâ¢¥­­®áâì íâ®£® ¢ëà ¦¥­¨ï ¤«ï S á ¯à¥¤ë¤ãé¨¬ ¢¨¤­  ¨§ â®£®, çâ® á®£« á­®
(2.63) ¨¬¥¥¬ ln� = 1

T (F �H), ®áâ «ì­®¥ ®ç¥¢¨¤­®.
� ¤àã£®¬ ¢ à¨ ­â¥ à ááã¦¤¥­¨©, à áá¬®âà¨¬ ãá«®¢¨¥ ­®à¬¨à®¢ª¨ ¢ ¢¨¤¥:X

k

e
F�Ek
T = 1 (2.69)

¨ ¯à®¤¨ää¥à¥­æ¨àã¥¬ íâ® à ¢¥­áâ¢®, à áá¬ âà¨¢ ï ¥£® «¥¢ãî ç áâì ª ª äã­ªæ¨î
T ¨ ­¥ª®â®àëå ¢¥«¨ç¨­ �1; �2; :::, å à ªâ¥à¨§ãîé¨å ¢­¥è­¨¥ ãá«®¢¨ï, ¢ ª®â®àëå ­ -
å®¤¨âáï à áá¬ âà¨¢ ¥¬®¥ â¥«®. �â¨ ¢¥«¨ç¨­ë ¬®£ãâ, ­ ¯à¨¬¥à, ®¯à¥¤¥«ïâì ä®à¬ã

9�ëà ¦¥­¨¥ (1.56) á®¢¯ ¤ ¥â á ª ­®­¨ç¥áª¨¬ à á¯à¥¤¥«¥­¨¥¬ (2.43), ¥á«¨ áç¨â âì â ª¦¥, çâ®
� = F=T ¨ à áá¬ âà¨¢ âì ¯®ª®ïéãîáï á¨áâ¥¬ã.
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¨ à §¬¥àë § ­¨¬ ¥¬®£® â¥«®¬ ®¡ê¥¬ , § ¤ ¢ âì ¢­¥è­¨¥ ¯®«ï ¨ â.¯. �à®¢­¨ í­¥à-
£¨¨ á¨áâ¥¬ë Ek § ¢¨áïâ ®â �1; �2; ::: ª ª ®â ¯ à ¬¥âà®¢. �¨ää¥à¥­æ¨àãï ¯®«ãç¨¬
(¤«ï ªà âª®áâ¨ ¯¨è¥¬ ®¤¨­ ¯ à ¬¥âà �)10:X

k

wk
T

�
dF � @Ek

@�
d�� F � Ek

T
dT

�
= 0 (2.70)

�âáî¤  ¨¬¥¥¬:

dF
X
k

wk = d�
X
k

wk
@Ek
@�

+
dT

T
(F �

X
k

wkEk) (2.71)

�ç¨âë¢ ï â¥¯¥àì
P
kwk = 1,

P
k wkEk =< E >= E ¨

P
kwk

@Ek
@�

= @<Ek>
@�

,   â ª¦¥
F � E = �TS ¨ á®®â­®è¥­¨¥11:

@ < Ek >

@�
=
@ < H >

@�
(2.72)

¯®«ãç ¥¬ ®ª®­ç â¥«ì­®:

dF = �SdT +
@ < H >

@�
d� = �SdT +

@E

@�
d� (2.73)

çâ® ¥áâì ®¡é¨© ¢¨¤ ¤¨ää¥à¥­æ¨ «  á¢®¡®¤­®© í­¥à£¨¨ ¢ â¥à¬®¤¨­ ¬¨ª¥.
�­ «®£¨ç­ë¬ ®¡à §®¬, ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨ ¡®«ìè®£® ª ­®­¨ç¥áª®£® à á¯à¥-

¤¥«¥­¨ï 12 (2.59) ¬®¦­® ¯®«ãç¨âì ®¡é¨© ¢¨¤ ¤¨ää¥à¥­æ¨ «  â¥à¬®¤¨­ ¬¨ç¥áª®£®
¯®â¥­æ¨ «  
:

d
 = �SdT �Nd�+ @ < H >

@�
d� (2.74)

�ëè¥ ¯®¤à §ã¬¥¢ «®áì, çâ® ¢­¥è­¨¥ ¯ à ¬¥âàë �1; �2; ::: ¬ ªà®áª®¯¨ç¥áª¨ å -
à ªâ¥à¨§ãîâ á®áâ®ï­¨¥ áâ â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë. � -
ª¨¬¨ ¯ à ¬¥âà ¬¨ ¬®£ãâ ¡ëâì ®¡ê¥¬ á®áã¤ , ­ ¯àï¦¥­­®áâì ¢­¥è­¥£® í«¥ªâà¨ç¥-
áª®£® ¨«¨ ¬ £­¨â­®£® ¯®«ï ¨ â.¤. �â¨ ¯ à ¬¥âàë �1; �2; ::: áç¨â îâáï ¬¥­ïîé¨¬¨áï
áâ®«ì ¬¥¤«¥­­®, çâ® §  ¢à¥¬ï ¯®àï¤ª  ¢à¥¬¥­¨ à¥« ªá æ¨¨ á¨áâ¥¬ë ª à ¢­®¢¥á­®¬ã
á®áâ®ï­¨î ¨å ¬®¦­® áç¨â âì ¯à ªâ¨ç¥áª¨ ¯®áâ®ï­­ë¬¨. �®£¤  ¬®¦­® áç¨â âì, çâ®
¢ ª ¦¤ë© ¬®¬¥­â ¢à¥¬¥­¨ á¨áâ¥¬  ­ å®¤¨âáï ¢ á®áâ®ï­¨¨ à ¢­®¢¥á¨ï, ­¥á¬®âàï
­  ¨§¬¥­¥­¨¥ ¢­¥è­¨å ¯ à ¬¥âà®¢. � ª®© ¯à®æ¥áá ¨§¬¥­¥­¨ï ¢­¥è­¨å ¯ à ¬¥âà®¢
­ §ë¢ ¥âáï ª¢ §¨áâ â¨ç¥áª¨¬. �á«¨ à áá¬ âà¨¢ âì ¯ à ¬¥âàë �1; �2; ::: ª ª ®¡®¡-
é¥­­ë¥ ª®®à¤¨­ âë, â® á®®â¢¥âáâ¢ãîé¨¥ ®¡®¡é¥­­ë¥ á¨«ë à ¢­ë:

�i = �@H
@�i

(2.75)

10�®ç­¥¥, § ¯¨è¥¬ ¯®«­ë© ¤¨ää¥à¥­æ¨ « «¥¢®© ç áâ¨ (2.69): d
P

k
e
F�Ek
T =

P
k
wkd

�
F�Ek
T

�
=

0, çâ® ¨ ¤ áâ (2.70)
11�á«¨ £ ¬¨«ìâ®­¨ ­ H ,   á ­¨¬ ¨ ¥£® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï Ek, § ¢¨áïâ ®â ¯ à ¬¥âà  �, â®

@Ek
@�

=
�
@H
@�

�
kk
, ®âªã¤  ¯®á«¥ ãáà¥¤­¥­¨ï ¨ á«¥¤ã¥â (2.72)

12� ¬¥â¨¬, çâ® ¡®«ìè®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ â ª¦¥ ¬®¦­® ¯®«ãç¨âì ¨§ à ááã¦¤¥­¨©,
¨á¯®«ì§®¢ ­­ëå ¯à¨ ¢ë¢®¤¥ (1.56), ¥á«¨ à áá¬®âà¥âì ç¨á«® ç áâ¨æ N ª ª ¤¨­ ¬¨ç¥áªãî ¯¥à¥¬¥­-
­ãî, ª®â®à ï, ®ç¥¢¨¤­®, â ª¦¥ ï¢«ï¥âáï  ¤¤¨â¨¢­ë¬ ¨­â¥£à «®¬ ¤¢¨¦¥­¨ï. �®£¤ , ¤«ï ¯®ª®ï-
é¥©áï á¨áâ¥¬ë ¬®¦­® ­ ¯¨á âì: lnwkN = � + �EkN + 
N , £¤¥ 
 ¨ � ¤®«¦­ë ¡ëâì ®¤¨­ ª®¢ë
¤«ï ¢á¥å ç áâ¥© à ¢­®¢¥á­®© á¨áâ¥¬ë. �®« £ ï � = 
=T , � = �1=T ¨ 
 = �=T ¯®«ãç ¥¬ ¡®«ì-
è®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥. �à¨ íâ®¬, ®ç¥¢¨¤­®, ¯®«ãç ¥¬ ¨ ¨§¢¥áâ­®¥ ãá«®¢¨¥ à ¢¥­áâ¢ 
å¨¬¨ç¥áª¨å ¯®â¥­æ¨ «®¢ ¯®¤á¨áâ¥¬, ­ å®¤ïé¨åáï ¢ à ¢­®¢¥á¨¨.
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�«ï ª¢ §¨áâ â¨ç¥áª®£® ¯à®æ¥áá  ­ ¡«î¤ ¥¬®¥ §­ ç¥­¨¥ ®¡®¡é¥­­ëå á¨« à ¢­®
áà¥¤­¥¬ã §­ ç¥­¨î ¯® à ¢­®¢¥á­®¬ã áâ â¨áâ¨ç¥áª®¬ã  ­á ¬¡«î ¢¨¤ :

< �i >= Sp(��i) = �@ < H >

@�i
(2.76)

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥àë. � ç áâ­®¬ á«ãç ¥, ¥á«¨ ¢ ª ç¥áâ¢¥ ®¡®¡é¥­­®£®
¢­¥è­¥£® ¯ à ¬¥âà  ¢ë¡¨à ¥âáï ®¡ê¥¬ á¨áâ¥¬ë V , ®¡®¡é¥­­ ï á¨«  ¥áâì ¤ ¢«¥­¨¥:

P = �@ < H >

@V
= �@E

@V
(2.77)

�®£¤  (2.73) ¯à¨­¨¬ ¥â ¨§¢¥áâ­ë© ¢¨¤:

dF = �SdT � PdV (2.78)

�á«¨ ¢ ª ç¥áâ¢¥ ®¡®¡é¥­­®£® ¯ à ¬¥âà  ¢ë¡¨à ¥âáï ¢­¥è­¥¥ í«¥ªâà¨ç¥áª®¥ ¯®«¥ E,
â® ®¡®¡é¥­­ ï á¨«  ¥áâì ¢¥ªâ®à ¯®«ïà¨§ æ¨¨ (¯®«­ë© í«¥ªâà¨ç¥áª¨© ¤¨¯®«ì­ë©
¬®¬¥­â â¥« ) P:

dF = �SdT �PdE; P = �@ < H >

@E
(2.79)

�«ï ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï H  ­ «®£¨ç­® ¨¬¥¥¬ ¢ ª ç¥áâ¢¥ ®¡®¡é¥­­®© á¨«ë
¯®«­ë© ¬ £­¨â­ë© ¬®¬¥­â (­ ¬ £­¨ç¥­­®áâì) â¥«  M:

dF = �SdT �MdH; M = �@ < H >

@H
(2.80)

� ª¨¬ ®¡à §®¬, ä ªâ¨ç¥áª¨ ­ ¬ ã¤ «®áì ¯®«ãç¨âì ¯®«­®¥ áâ â¨áâ¨ª® - ¬¥å ­¨ç¥-
áª®¥ ®¡®á­®¢ ­¨¥ ®á­®¢­ëå á®®â­®è¥­¨© â¥à¬®¤¨­ ¬¨ª¨. � ¯®¬­¨¬, çâ® ¨áâ®à¨ç¥-
áª¨ ¢®§­¨ª­®¢¥­¨¥ áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ á¢ï§ ­® ¨¬¥­­® á ¯®¯ëâª ¬¨ à¥è¥­¨ï
íâ®© § ¤ ç¨.

�®á«¥¤­¨© ¢®¯à®á, ª®â®àë© ®áâ «®áì ¥é¥ à áá¬®âà¥âì ¢ á¢ï§¨ á ¯à®¡«¥¬®©
®¡®á­®¢ ­¨ï â¥à¬®¤¨­ ¬¨ª¨, íâ® ¢®¯à®á ® â¥®à¥¬¥ �¥à­áâ , ­ §ë¢ ¥¬®©, ¨­®£¤ ,
âà¥âì¨¬ ­ ç «®¬ â¥à¬®¤¨­ ¬¨ª¨. � ¬¥â¨¬ áà §ã ¦¥, çâ® ¢ ®â«¨ç¨¥ ®â ¯¥à¢®£® ¨
¢â®à®£® ­ ç «, ª®â®àë¥ ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ãîâ, ª ª ¬ë ¢¨¤¥«¨ ¨§ à á¯à¥¤¥«¥-
­¨ï �¨¡¡á , áâ®«ì ¦¥ ®¡é¥¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �¥à­áâ  ®âáãâáâ¢ã¥â, å®âï
¤«ï ¢á¥å \à §ã¬­ëå" ¬®¤¥«¥© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ®­  ¢ë¯®«­ï¥âáï. � á ¬®¬
¤¥«¥, à áá¬®âà¨¬ ¢®¯à®á ® â®¬, ª ç¥¬ã áâà¥¬¨âáï à á¯à¥¤¥«¥­¨¥ �¨¡¡á :

wk = e
F�Ek
T (2.81)

¯à¨ T ! 0. �á¯®«ì§ãï ¢ëà ¦¥­¨¥ ¤«ï í­âà®¯¨¨ ¢ ¢¨¤¥

S =
1

T
(< H > �F ); (2.82)

§ ¯¨è¥¬ wk = expf�S + 1
T (< H > �Ek)g, ¨«¨:

wk = exp

�
�S + < H > �E0

T
+
E0 � Ek

T

�
(2.83)

£¤¥E0 { í­¥à£¨ï ®á­®¢­®£® á®áâ®ï­¨ï á¨áâ¥¬ë, â ª çâ®Ek > E0 ¯à¨ k 6= 0. �ëç¨á«ïï
¯à¥¤¥« ¢ëà ¦¥­¨ï (2.83) ¤«ï T ! 0, ¯®«ãç¨¬:

lim
T!0

wk = wk(0) = expf�S(0) + CV (0)g�Ek�E0 (2.84)
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£¤¥

�Ek�E0 =
�

1 ¯à¨ Ek = E0

0 ¯à¨ Ek 6= E0
(2.85)

� (2.84) CV (0) =
�
@<H>
@T

�
T=0

¯à¥¤áâ ¢«ï¥â á®¡®© â¥¯«®¥¬ª®áâì â¥«  ¯à¨ T = 0 ¨
¯®áâ®ï­­®¬ ®¡ê¥¬¥. �® ¨§ ¢ëà ¦¥­¨ï (2.82), ¯® ¯à ¢¨«ã �®¯¨â «ï, á«¥¤ã¥â, çâ®
¯à¨ T ! 0:

S(0) =

�
@ < H >

@T
� @F

@T

�
T!0

= CV (0) + S(0) (2.86)

â ª çâ® CV (0) = 0 (�¥à­áâ). �®®â¢¥âáâ¢¥­­®, ¢ëà ¦¥­¨¥ (2.84) á¢®¤¨âáï ª:

wk(0) = expf�S(0)g�Ek�E0 (2.87)

çâ®, ä ªâ¨ç¥áª¨, ¨¬¥¥â ¢¨¤ ¬¨ªà®ª ­®­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï:

wk(0) =
1


0
�Ek�E0 (2.88)

£¤¥ 
0 { ªà â­®áâì ¢ëà®¦¤¥­¨ï ®á­®¢­®£® á®áâ®ï­¨ï. �âáî¤  ïá­®, çâ® í­âà®¯¨ï
¯à¨ T = 0:

S(0) = ln
0 (2.89)

�«ï ¡®«ìè¨­áâ¢  ¨§¢¥áâ­ëå á¨áâ¥¬ (ªà¨áâ ««ë, ª¢ ­â®¢ë¥ £ §ë ¨ ¦¨¤ª®áâ¨ ¨ â.¯.)
®á­®¢­®¥ á®áâ®ï­¨¥ ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­ë¬, â ª çâ® 
0 = 1, ¨ í­âà®¯¨ï áâà¥-
¬¨âáï ª ­ã«î ¯à¨ T ! 0. � ¦¥ ¥á«¨ 
0 � 1, ­® ¯à¥¤¥« limN!1 1

N ln
0 = 0
(í­âà®¯¨ï, ¢ à áç¥â¥ ­  ®¤­ã ç áâ¨æã), â® ¬®¦­® áç¨â âì, çâ® S(0) = 0, çâ® ¨
á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ â¥®à¥¬ë �¥à­áâ  13.

� á®¦ «¥­¨î, ¤¥«® ®¡áâ®¨â ­¥ â ª ¯à®áâ® ¨ ä¨§¨ç¥áª ï áãé­®áâì â¥®à¥¬ë
�¥à­áâ  á¢ï§ ­  ­¥ ¯à®áâ® á ®âáãâáâ¢¨¥¬ ¢ëà®¦¤¥­¨ï ®á­®¢­®£® á®áâ®ï­¨ï, ­® á
®á®¡¥­­®áâï¬¨ í­¥à£¥â¨ç¥áª®£® á¯¥ªâà  á¨áâ¥¬ë ¯à¨ ¬ «ëå ¢®§¡ã¦¤¥­¨ïå,   ¥¥
¯à®ï¢«¥­¨ï ­ ç¨­ îâ ®éãé âìáï ã¦¥ ¯à¨ â¥¬¯¥à âãà å T , ª®â®àë¥ áãé¥áâ¢¥­­®
¯à¥¢ëè îâ à §­®áâì ¯¥à¢®£® ¢®§¡ã¦¤¥­­®£® ¨ ®á­®¢­®£® ãà®¢­¥© á¨áâ¥¬ë. �ëè¥
¬ë ã¦¥ ®â¬¥ç «¨, çâ® í­¥à£¥â¨ç¥áª¨© á¯¥ªâà ¬ ªà®áª®¯¨ç¥áª®£® â¥«  ¬®¦­® áç¨-
â âì ¯à ªâ¨ç¥áª¨ ­¥¯à¥àë¢­ë¬, â ª çâ® íâ  ¢¥«¨ç¨­  ¯à ªâ¨ç¥áª¨ ­¥­ ¡«î¤ ¥¬®
¬ « . � ¯à¨¬¥à, ¤«ï ¨¤¥ «ì­®£® £ §   â®¬®¢ á ¬ áá®© m, ­ å®¤ïé¨åáï ¢ ®¡ê¥¬¥
V = L3, ¬®¦­® ®æ¥­¨âì:

E1 � E0 � �h2

2m
k2min =

h2

2mV 2=3
£¤¥ kmin =

2�

L
(2.90)

¯à¨ç¥¬ ®¡ê¥¬ V ! 1. � ªâ¨ç¥áª¨ ¦¥, ¤«ï â®£® ¦¥ ¨¤¥ «ì­®£® £ § , ¯à®ï¢«¥­¨ï
â¥®à¥¬ë�¥à­áâ  áâ ­®¢ïâáï § ¬¥â­ë¬¨ ¯à¨ â¥¬¯¥à âãà å ¯®àï¤ª  â ª ­ §ë¢ ¥¬®©

â¥¬¯¥à âãàë ¢ëà®¦¤¥­¨ï T0 � �h2

m

�
N
V

�2=3
.

�«ï â®£®, çâ®¡ë ¤®ª § âì â¥®à¥¬ã �¥à­áâ  ¤«ï ®¡é¥£® á«ãç ï, ­ã¦­® ¡ë«® ¡ë
¨áá«¥¤®¢ âì à á¯à¥¤¥«¥­¨¥ Ek ¢¡«¨§¨ ®á­®¢­®£® ãà®¢­ï, â.¥. ¨áá«¥¤®¢ âì ¯®¢¥¤¥-
­¨¥ áâ â¨áâ¨ç¥áª®£® ¢¥á  
(E;N; V ) ¢¡«¨§¨ E = E0 ¢ ®¡é¥¬ ¢¨¤¥. �® ­ áâ®ïé¥£®
¢à¥¬¥­¨ â ª®¥ ¨áá«¥¤®¢ ­¨¥ ã¤ ¢ «®áì á¤¥« âì «¨èì ¤«ï ®¯à¥¤¥«¥­­ëå ¬®¤¥«¥©.

13�¥®à¥¬  �¥à­áâ  ­¥¯à¨¬¥­¨¬  ª  ¬®àä­ë¬ â¥« ¬ (áâ¥ª« ¬) ¨«¨ ­¥ã¯®àï¤®ç¥­­ë¬ á¯« ¢ ¬,
ª®â®àë¥ ­¥ ­ å®¤ïâáï ¢ á®áâ®ï­¨¨ â¥à¬®¤¨­ ¬¨ç¥áª®£® à ¢­®¢¥á¨ï, ­® ¬®£ãâ áãé¥áâ¢®¢ âì ¯à¨
â¥¬¯¥à âãà å T ! 0, ®áâ ¢ ïáì \§ ¬®à®¦¥­­ë¬¨" ¢ ®¤­®¬ ¨§ ¬­®£¨å ¢®§¬®¦­ëå ¤«ï ­¨å ¬¥â áâ -
¡¨«ì­ëå á®áâ®ï­¨© á ®ç¥­ì ¡®«ìè¨¬ (¨­®£¤  ¯à ªâ¨ç¥áª¨ ¡¥áª®­¥ç­ë¬!) ¢à¥¬¥­¥¬ à¥« ªá æ¨¨.



58 ������������� ������

�®¦­® áª § âì, çâ® ¢® ¢á¥å á«ãç ïå, ª®£¤  á« ¡ë¥ ¢®§¡ã¦¤¥­¨ï á¨áâ¥¬ë ¯à¥¤áâ -
¢«ïîâáï ¢ ¢¨¤¥ ¨¤¥ «ì­®£® £ §  ª¢ §¨ç áâ¨æ, â¥®à¥¬  �¥à­áâ  ®ª §ë¢ ¥âáï ¢ë¯®«-
­¥­­®©. � ¤ «ì­¥©è¥¬, ¬ë ¡ã¤¥¬ ¨¬¥âì ¤¥«® â®«ìª® á â ª¨¬¨ á¨áâ¥¬ ¬¨.

�  íâ®¬ § ¢¥àè ¥âáï ¨§«®¦¥­¨¥ ®á­®¢ £¨¡¡á®¢áª®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨.
�á¥ ¤ «ì­¥©è¥¥ ¨§«®¦¥­¨¥, ¯® áãâ¨ ¤¥« , ¡ã¤¥â ¯à¨¬¥­¥­¨¥¬ íâ®£® ®¡é¥£® ¯®¤å®¤ 
ª à §«¨ç­ë¬ ª®­ªà¥â­ë¬ § ¤ ç ¬ â¥®à¨¨ á¨áâ¥¬ ¬­®£¨å ç áâ¨æ.
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� á¯à¥¤¥«¥­¨¥ �®«ìæ¬ ­ .

� ª ç¥áâ¢¥ ¯à®áâ¥©è¥© á¨áâ¥¬ë, ­  ª®â®à®© å®à®è® ¨««îáâà¨àã¥âáï ¯à¨¬¥­¥­¨¥
®¡é¨å ¬¥â®¤®¢ áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨, à áá¬®âà¨¬ ¨¤¥ «ì­ë© £ §, á®áâ®ïé¨© ¨§
­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å  â®¬®¢ ¨«¨ ¬®«¥ªã«1. �â  ¬®¤¥«ì áë£à «  ¡®«ìèãî à®«ì ­ 
­ ç «ì­®¬ íâ ¯¥ à §¢¨â¨ï áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨2.

�âáãâáâ¢¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã  â®¬ ¬¨ (¬®«¥ªã« ¬¨) ¨¤¥ «ì­®£® £ §  ¯®-
§¢®«ï¥â á¢¥áâ¨ ª¢ ­â®¢®¬¥å ­¨ç¥áªãî § ¤ çã ®¯à¥¤¥«¥­¨ï ãà®¢­¥© í­¥à£¨¨ En
¢á¥£® £ §  ¢ æ¥«®¬ ª § ¤ ç¥ ®¡ ®¯à¥¤¥«¥­¨¨ ãà®¢­¥© í­¥à£¨¨ ®â¤¥«ì­®£®  â®¬ 
(¬®«¥ªã«ë). �â¨ ãà®¢­¨ ¡ã¤¥¬ ®¡®§­ ç âì "k, £¤¥ k { ¯à¥¤áâ ¢«ï¥â á®¡®© ­ ¡®à
ª¢ ­â®¢ëå ç¨á¥«, ®¯à¥¤¥«ïîé¨å á®áâ®ï­¨¥  â®¬  (¬®«¥ªã«ë). �­¥à£¨¨ En ¢ëà -
¦ îâáï, ¢¢¨¤ã ®âáãâáâ¢¨ï ¢§ ¨¬®¤¥©áâ¢¨ï, ¢ ¢¨¤¥ áã¬¬ í­¥à£¨© ª ¦¤®© ¬®«¥ªã«ë.
�¡®§­ ç¨¬ nk ç¨á«® ç áâ¨æ ¢ £ §¥, ­ å®¤ïé¨åáï ¢ k-¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨. �ëç¨-
á«¨¬ áà¥¤­¥¥ §­ ç¥­¨¥ < nk > ¢ ¢ ¦­®¬ ¯à¥¤¥«ì­®¬ á«ãç ¥

< nk >� 1: (3.1)

�¨§¨ç¥áª¨ íâ®â á«ãç © á®®â¢¥âáâ¢ã¥â á¨«ì­® à §à¥¦¥­­®¬ã £ §ã. �à¨¬¥­¨¬ ª ¬®«¥-
ªã« ¬ £ §  ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ �¨¡¡á , à áá¬ âà¨¢ ï ®â¤¥«ì­ãî ¬®«¥ªã«ã
¢ ª ç¥áâ¢¥ ¯®¤á¨áâ¥¬ë ¢ â¥à¬®áâ â¥. �®£¤  ïá­®, çâ® ¢¥à®ïâ­®áâì ¬®«¥ªã«¥ ­ å®-
¤¨âìáï ¢ k-¬ á®áâ®ï­¨¨,   ¯®â®¬ã ¨ áà¥¤­¥¥ ç¨á«® < nk > ¬®«¥ªã« ¢ íâ®¬ á®áâ®ï­¨¨

1� §ã¬¥¥âáï, ¤«ï ãáâ ­®¢«¥­¨ï â¥à¬®¤¨­ ¬¨ç¥áª®£® à ¢­®¢¥á¨ï ¢á¥£¤  ­¥®¡å®¤¨¬® áãé¥áâ¢®-
¢ ­¨¥ ­¥ª®â®à®£®, å®âï-¡ë ®ç¥­ì á« ¡®£®, ¢§ ¨¬®¤¥©áâ¢¨ï (­ ¯à¨¬¥à ®ç¥­ì à¥¤ª¨å áâ®«ª­®¢¥­¨©
 â®¬®¢ (¬®«¥ªã«)). �à¨ ¢ëç¨á«¥­¨¨ à ¢­®¢¥á­ëå â¥à¬®¤¨­ ¬¨ç¥áª¨å á¢®©áâ¢ ¢ ¬®¤¥«¨ ¨¤¥ «ì-
­®£® £ §  ®¡ íâ®¬ ¢§ ¨¬®¤¥©áâ¢¨¨ ¬®¦­® § ¡ëâì.

2�®á«¥¤ãîé¥¥ ¨§«®¦¥­¨¥ ¯®çâ¨ æ¥«¨ª®¬ ®á­®¢ ­® ­  [1, 2].
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� e�
"k
T , â ª çâ®

< nk >= ae�
"k
T (3.2)

£¤¥ ª®íää¨æ¨¥­â a ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨:X
k

< nk >= N (3.3)

£¤¥N { ¯®«­®¥ ç¨á«® ç áâ¨æ ¢ £ §¥. � á¯à¥¤¥«¥­¨¥ (3.2) ­ §ë¢ ¥âáï à á¯à¥¤¥«¥­¨¥¬
�®«ìæ¬ ­ .

�à¨¢¥¤¥¬ ¤àã£®© ¢ à¨ ­â ¢ë¢®¤  íâ®£® à á¯à¥¤¥«¥­¨ï, ®á­®¢ ­­ë© ­  ¯à¨¬¥­¥-
­¨¨ ¡®«ìè®£® à á¯à¥¤¥«¥­¨ï �¨¡¡á  ª á®¢®ªã¯­®áâ¨ ¢á¥å ç áâ¨æ £ § , ­ å®¤ïé¨åáï
¢ ¤ ­­®¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨ (à áá¬ âà¨¢ ¥¬®© ª ª ¯®¤á¨áâ¥¬  ¢ â¥à¬®áâ â¥). �®-
« £ ï ¢ ®¡é¥© ä®à¬ã«¥ à á¯à¥¤¥«¥­¨ï �¨¡¡á  á ¯¥à¥¬¥­­ë¬ ç¨á«®¬ ç áâ¨æ (2.58)
E = nk"k, N = nk ¨ ¯à¨¯¨áë¢ ï ¨­¤¥ªá k ¥é¥ ¨ ¢¥«¨ç¨­¥ 
, ¯®«ãç¨¬:

wnk = e

k+nk(��"k)

T (3.4)

� ç áâ­®áâ¨, w0 = e

k
T ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥à®ïâ­®áâì ¯®«­®£® ®âáãâáâ¢¨ï ç áâ¨æ

¢ ¤ ­­®¬ á®áâ®ï­¨¨. � ¨­â¥à¥áãîé¥¬ ­ á ¯à¥¤¥«¥ < nk >� 1, ¢¥à®ïâ­®áâì w0 =

e

k
T � 1, ¯®íâ®¬ã ¨§ (3.4) ¬®¦­® ¯®«ãç¨âì:

w1 = e
��"k
T (3.5)

�â® ¦¥ ª á ¥âáï ¢¥à®ïâ­®áâ¨ §­ ç¥­¨© nk > 1, â® ®­¨ ¢ â®¬ ¦¥ ¯à¨¡«¨¦¥­¨¨
¤®«¦­ë ¡ëâì ¯®«®¦¥­ë à ¢­ë¬¨ ­ã«î. �®íâ®¬ã ¢ áã¬¬¥, ®¯à¥¤¥«ïîé¥© < nk >,
®áâ ¥âáï â®«ìª® ®¤­® á« £ ¥¬®¥:

< nk >=
X
nk

wnknk = w1; (3.6)

¨ ¬ë ¯®«ãç ¥¬:

< nk >= e
��"k
T (3.7)

� ª¨¬ ®¡à §®¬, ª®íää¨æ¨¥­â ¢ ä®à¬ã«¥ (3.2) ®ª §ë¢ ¥âáï ¢ëà ¦¥­­ë¬ ç¥à¥§ å¨-
¬¨ç¥áª¨© ¯®â¥­æ¨ « £ § , ª®â®àë© ®¯à¥¤¥«ï¥âáï ¢ ­¥ï¢­®¬ ¢¨¤¥ ¨§ ãá«®¢¨ï ­®à-
¬¨à®¢ª¨ ­  ç¨á«® ç áâ¨æ (3.3).

� á¯à¥¤¥«¥­¨¥ �®«ìæ¬ ­  ¢ ª« áá¨ç¥áª®©
áâ â¨áâ¨ª¥.

�à¥¤ë¤ãé¥¥ à áá¬®âà¥­¨¥ ¢¥«®áì ­  ª¢ ­â®¢®¬ ï§ëª¥. �®á¬®âà¨¬, ª ª ¢á¥ íâ® ¯¥-
à¥¯¨áë¢ ¥âáï ¢ ª« áá¨ª¥. �¢¥¤¥¬ dN { áà¥¤­¥¥ ç¨á«® ¬®«¥ªã«, § ª«îç¥­­ëå ¢
í«¥¬¥­â¥ ®¡ê¥¬  ä §®¢®£® ¯à®áâà ­áâ¢  ¬®«¥ªã«ë dpdq = dp1:::dprdq1:::dqr (§¤¥áì
r { ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë ¬®«¥ªã«ë). � ¯¨è¥¬ ¥£® ¢ ¢¨¤¥:

dN = n(p; q)d� d� =
dpdq

(2��h)r
(3.8)
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£¤¥ n(p; q) ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥. �®£¤ :

n(p; q) = e
��"(p;q)

T (3.9)

£¤¥ "(p; q) { í­¥à£¨ï ¬®«¥ªã«ë ª ª äã­ªæ¨ï ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢ ¥¥  â®¬®¢.
�«ï £ §  ­¥ ­ å®¤ïé¥£®áï ¢ ª ª®¬-«¨¡® ¢­¥è­¥¬ ¯®«¥ ®âáî¤  ¤®«¦­®, ®ç¥¢¨¤­®,

¯®«ãç¨âìáï à á¯à¥¤¥«¥­¨¥ � ªá¢¥«« 3:

dNp =
N

V (2�mT )3=2
e�

p2x+p
2
y+p

2
z

2mT dpxdpydpz (3.10)

dNv =
N

V

� m

2�T

�3=2
e�

m(v2x+v
2
y+v

2
z )

2T dvxdvydvz (3.11)

£¤¥ m { ¬ áá  ¬®«¥ªã«ë. �à ¢­¥­¨¥ (3.10) ¨ (3.9) ¤ ¥â e
�
T = N

V (2�)
3=2�h3(mT )�3=2,

â ª çâ® å¨¬¯®â¥­æ¨ « ¡®«ìæ¬ ­®¢áª®£® £ § :

� = T ln

�
N

V

(2�)3=2�h3

(mT )3=2

�
(3.12)

�â®â à¥§ã«ìâ â ¬®¦­® ¯®«ãç¨âì ¨ ­¥¯®áà¥¤áâ¢¥­­® ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨ (3.9)
­  ¯®«­®¥ ç¨á«® ç áâ¨æ ¢ ¥¤¨­¨æ¥ ®¡ê¥¬  (3.3). � á ¬®¬ ¤¥«¥, ¢ ª« áá¨ç¥áª®¬

¯à¨¡«¨¦¥­¨¨ "k =
p2x+p

2
y+p

2
z

2m
, â ª çâ® (3.3) § ¯¨è¥âáï ª ª:

X
k

e
��"k
T = N ¨«¨ e

�
T

Z
d3p

(2��h)3
e�

p2x+p
2
y+p

2
z

2mT =
N

V
(3.13)

çâ® ¨ ¤ ¥â (3.12) ¯®á«¥ ¢ëç¨á«¥­¨ï í«¥¬¥­â à­®£® £ ãáá®¢  ¨­â¥£à « :

� = T ln

(
N

V

�Z
d3p

(2��h)3
e�

p2x+p
2
y+p

2
z

2mT

��1)
= T ln

�
N

V

(2�)3=2�h3

(mT )3=2

�
(3.14)

� ª¨¬ ®¡à §®¬ å¨¬¨ç¥áª¨© ¯®â¥­æ¨ « £ §  ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ¯«®â­®áâìî
ç áâ¨æ £ §  ¨ â¥¬¯¥à âãà®©.

� áá¬®âà¨¬ â¥¯¥àì £ §, ­ å®¤ïé¨©áï ¢® ¢­¥è­¥¬ ¯®«¥, ¢ ª®â®à®¬ ¯®â¥­æ¨ «ì­ ï
í­¥à£¨ï ¬®«¥ªã«ë § ¢¨á¨â â®«ìª® ®â ª®®à¤¨­ â ¥¥ æ¥­âà  ¨­¥àæ¨¨: U = U (x; y; z).
� ¯à¨¬¥à à¥çì ¬®¦¥â ¡ëâì ® £à ¢¨â æ¨®­­®¬ ¯®«¥. � ªá¢¥««®¢áª®¥ à á¯à¥¤¥«¥-
­¨¥ ¯® áª®à®áâï¬ ®áâ ¥âáï, ª ª ¬ë ¢¨¤¥«¨ ¢ëè¥, ­¥¨§¬¥­­ë¬,   à á¯à¥¤¥«¥­¨¥ ¯®
ª®®à¤¨­ â ¬ æ¥­âà  ¨­¥àæ¨¨ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©:

dNr = n0e
�U(x;y;z)

T dV (3.15)

çâ® ¨ ¤ ¥â ç¨á«® ¬®«¥ªã« ¢ í«¥¬¥­â¥ ¯à®áâà ­áâ¢¥­­®£® ®¡ê¥¬  dV = dxdydz. �à¨
íâ®¬ ¢¥«¨ç¨­ 

n(r) = n0e
�U(r)

T (3.16)

¯à¥¤áâ ¢«ï¥â á®¡®© ¯«®â­®áâì ç¨á«  ç áâ¨æ ¢ â®çª¥ r. �®áâ®ï­­ ï n0 ¥áâì ¯«®â-
­®áâì ¢ â®çª å, £¤¥ U = 0. �ëà ¦¥­¨¥ (3.16) ­ §ë¢ ¥âáï ä®à¬ã«®© �®«ìæ¬ ­ .

3� ®â«¨ç¨¥ ®â § ¯¨á¨ íâ®£® à á¯à¥¤¥«¥­¨ï, à áá¬®âà¥­­®© ¢ëè¥, §¤¥áì ¢¢¥¤¥­ ¤®¯®«­¨â¥«ì­ë©
¬­®¦¨â¥«ì N=V , á¢ï§ ­­ë© á ­®à¬¨à®¢ª®© ­  ¯«®â­®áâì ç¨á«  ç áâ¨æ.
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� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ £ § ¢ ®¤­®à®¤­®¬ £à ¢¨â æ¨®­­®¬ ¯®«¥ (�¥¬«¨),
­ ¯à ¢«¥­­®¬ ¢¤®«ì ®á¨ z, â ª çâ® U = mgz (g { ãáª®à¥­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï) ¨
¤«ï à á¯à¥¤¥«¥­¨ï ¯«®â­®áâ¨ £ §  ¯®«ãç ¥¬ ¡ à®¬¥âà¨ç¥áªãî ä®à¬ã«ã:

n(z) = n0e
�mgz

T (3.17)

£¤¥ n0 { ¯«®â­®áâì ­  ãà®¢­¥ z = 0 (­  ãà®¢­¥ ¬®àï).

�¥à ¢­®¢¥á­ë© ¨¤¥ «ì­ë© £ §.

� áá¬®âà¨¬¨¤¥ «ì­ë© £ § ¢ ¯à®¨§¢®«ì­®¬ (­¥®¡ï§ â¥«ì­® à ¢­®¢¥á­®¬) á®áâ®ï­¨¨.
�à¥¤¯®«®¦¨¬, çâ® ¢á¥ ª¢ ­â®¢ë¥ á®áâ®ï­¨ï ®â¤¥«ì­®© ç áâ¨æë ¬®¦­® à á¯à¥¤¥-
«¨âì ¯® ­¥ª®â®àë¬ £àã¯¯ ¬, ª ¦¤ ï ¨§ ª®â®àëå á®¤¥à¦¨â ¡«¨§ª¨¥ ¯® í­¥à£¨ï¬
á®áâ®ï­¨ï, ¯à¨ç¥¬ ª ª ç¨á«® á®áâ®ï­¨© ¢ ª ¦¤®© £àã¯¯¥, â ª ¨ ç¨á«® ­ å®¤ïé¨åáï
¢ ­¨å ç áâ¨æ ¢á¥ ¦¥ ®ç¥­ì ¢¥«¨ª¨4. �¥à¥­ã¬¥àã¥¬ íâ¨ £àã¯¯ë á®áâ®ï­¨© ­®¬¥à ¬¨
j = 1; 2; ::: ¨ ¯ãáâì Gj ¥áâì ç¨á«® á®áâ®ï­¨© ¢ j-© £àã¯¯¥,   Nj { ç¨á«® ç áâ¨æ ¢ íâ¨å
á®áâ®ï­¨ïå. �®£¤  ­ ¡®à ç¨á¥« Nj ¡ã¤¥â ¯®«­®áâìî å à ªâ¥à¨§®¢ âì ¬ ªà®á®áâ®ï-
­¨¥ £ § ,   ¨å ¯à®¨§¢®«ì­®áâì ¨ ®§­ ç ¥â, çâ® á®áâ®ï­¨¥, á ª®â®àë¬ ¬ë ¨¬¥¥¬ ¤¥«®,
ï¢«ï¥âáï ¯à®¨§¢®«ì­ë¬ ­¥à ¢­®¢¥á­ë¬ á®áâ®ï­¨¥¬.

�ëç¨á«¨¬ í­âà®¯¨î â ª®£® á®áâ®ï­¨ï, çâ® á¢®¤¨âáï ª § ¤ ç¥ ®¡ ®¯à¥¤¥«¥­¨¨
áâ â¨áâ¨ç¥áª®£® ¢¥á  
 ¤ ­­®£® ¬ ªà®á®áâ®ï­¨ï, â.¥. ç¨á«  ¬¨ªà®áª®¯¨ç¥áª¨å á¯®-
á®¡®¢, ª®â®àë¬¨ íâ® á®áâ®ï­¨¥ ¬®¦¥â ¡ëâì ®áãé¥áâ¢«¥­®. � áá¬ âà¨¢ ï ª ¦¤ãî
£àã¯¯ã ¨§ Nj ç áâ¨æ ª ª ­¥§ ¢¨á¨¬ãî ¯®¤á¨áâ¥¬ã ¨ ®¡®§­ ç ï ç¥à¥§ 
j ¥¥ áâ â¢¥á,
¨¬¥¥¬:


 =
Y
j


j (3.18)

�¥¯¥àì ­ ¤® á®áç¨â âì 
j . � áâ â¨áâ¨ª¥ �®«ìæ¬ ­  áà¥¤­¨¥ ç¨á«  § ¯®«­¥­¨ï ¢á¥å
ª¢ ­â®¢ëå á®áâ®ï­¨© ¬ «ë ¯® áà ¢­¥­¨î á ¥¤¨­¨æ¥©. �â® §­ ç¨â, çâ® Nj � Gj,
å®âï á ¬¨ ¯® á¥¡¥ Nj ¢á¥ ¦¥ ®ç¥­ì ¢¥«¨ª¨. � «®áâì ç¨á¥« § ¯®«­¥­¨ï ¯®§¢®«ï¥â
áç¨â âì, çâ® ¢á¥ ç áâ¨æë à á¯à¥¤¥«¥­ë ¯® à §«¨ç­ë¬ á®áâ®ï­¨ï¬ ­¥§ ¢¨á¨¬® ¤àã£
®â ¤àã£ . �®¬¥é ï ª ¦¤ãî ¨§ Nj ç áâ¨æ ¢ ®¤­® ¨§ Gj á®áâ®ï­¨© ¯®«ãç¨¬ ¢á¥£®

G
Nj
j ¢®§¬®¦­ëå à á¯à¥¤¥«¥­¨©, áà¥¤¨ ª®â®àëå ¥áâì ®¤­ ª® â®¦¤¥áâ¢¥­­ë¥, ®â«¨-

ç îé¨¥áï â®«ìª® ¯¥à¥áâ ­®¢ª®© (®¤¨­ ª®¢ëå) ç áâ¨æ. �®íâ®¬ã á®®â¢¥âáâ¢ãîé¥¥
ç¨á«® ­ã¦­® ¥é¥ ¯®¤¥«¨âì ­  Nj !, â ª çâ®:


j =
G
Nj
j

Nj !
(3.19)

�®£¤  í­âà®¯¨ï £ §  ¢ëç¨á«ï¥âáï ª ª:

S = ln
 =
X
j

ln
j =
X
j

(Nj lnGj � lnNj !) (3.20)

4�â® ¯à¥¤¯®«®¦¥­¨¥, ¯® áãâ¨ ¤¥« , ­¥ ï¢«ï¥âáï ®£à ­¨ç¥­¨¥¬ ®¡é­®áâ¨ ­ è¥£®  ­ «¨§ .
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�®á¯®«ì§ã¥¬áï ä®à¬ã«®© �â¨à«¨­£ , á¯à ¢¥¤«¨¢®© ¯à¨ N � 1 5:

lnN ! � N ln

�
N

e

�
(3.21)

¨ ¯®«ãç¨¬:

S =
X
j

Nj ln
eGj
Nj

(3.22)

�â  ä®à¬ã«  ®¯à¥¤¥«ï¥â í­âà®¯¨î ¨¤¥ «ì­®£® £ § , ­ å®¤ïé¥£®áï ¢ ¯à®¨§¢®«ì-
­®¬ ¬ ªà®áª®¯¨ç¥áª®¬ á®áâ®ï­¨¨, ®¯à¥¤¥«ï¥¬®¬ ­ ¡®à®¬ ç¨á¥« Nj. �¥à¥¯¨è¥¬ ¥¥,
¢¢¥¤ï áà¥¤­¨¥ ç¨á«  < nj > ç áâ¨æ ¢ ª ¦¤®¬ ¨§ ª¢ ­â®¢ëå á®áâ®ï­¨© j-© £àã¯¯ë
< nj >= Nj=Gj. �®£¤ :

S =
X
j

Gj < nj > ln
e

< nj >
(3.23)

�á«¨ ¤¢¨¦¥­¨¥ ç áâ¨æ ¬®¦­® à áá¬®âà¥âì ª¢ §¨ª« áá¨ç¥áª¨, ¬®¦¥¬ ¯¥à¥©â¨ ª à á-
¯à¥¤¥«¥­¨î ç áâ¨æ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥. � §¤¥«¨¬ ä §®¢®¥ ¯à®áâà ­áâ¢® ­ 
®¡ê¥¬ç¨ª¨ �p(j)�q(j), ª ¦¤ë© ¨§ ª®â®àëå ¬ «, ­® á®¤¥à¦¨â ¢á¥ ¦¥ ¡®«ìè®¥ ç¨á«®
ç áâ¨æ. �¨á«  ª¢ ­â®¢ëå á®áâ®ï­¨©, ¯à¨å®¤ïé¨åáï ­  íâ¨ ®¡ê¥¬ç¨ª, à ¢­ë (r {
ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë ¬®«¥ªã«ë £ § , ¤«ï ®¤­® â®¬­®£® £ §  r = 3):

Gj =
�p(j)�q(j)

(2��h)r
= �� (j); (3.24)

  ç¨á«  ç áâ¨æ ¢ íâ¨å á®áâ®ï­¨ïå ­ ¯¨è¥¬ ¢ ¢¨¤¥ Nj = n(p; q)�� (j). �®¤áâ ¢«ïï
íâ¨ ¢ëà ¦¥­¨ï ¢ (3.23), ¯®«ãç ¥¬:

S =

Z
d�n(p; q) ln

e

n(p; q)
(3.25)

{ ¡®«ìæ¬ ­®¢áªãî í­âà®¯¨î ¨¤¥ «ì­®£® £ §  ¢ ¯à®¨§¢®«ì­®¬ ­¥à ¢­®¢¥á­®¬ á®áâ®-
ï­¨¨, ®¯à¥¤¥«ï¥¬®¬ ®¤­®ç áâ¨ç­®© äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï n(p; q) 6.

� ª á¢ï§ ­  ¡®«ìæ¬ ­®¢áª ï í­âà®¯¨ï (3.25) á £¨¡¡á®¢áª®© (1.167)? � £¨¡¡á®¢-
áª®© í­âà®¯¨¨:

S = �
Z

dpdq

(2��h)3NN !
�(p; q; t) ln�(p; q; t) (3.26)

�(p; q) ®¡®§­ ç ¥â ¯®«­ãî N -ç áâ¨ç­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï, § ¢¨áïéãî ®â
ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢ ¢á¥å N ¬®«¥ªã« ¢ £ §¥. �«ï ¨¤¥ «ì­®£® £ § , ¢ ª®â®à®¬ ç -
áâ¨æë ­¥ ¢§ ¨¬®¤¥©áâ¢ãîâ, íâ  äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ®ç¥¢¨¤­ë¬ ®¡à §®¬ ä ª-
â®à¨§ã¥âáï (áâ â¨áâ¨ç¥áª ï ­¥§ ¢¨á¨¬®áâì { ®âáãâáâ¢¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï!) ­  ¯à®-
¨§¢¥¤¥­¨¥ (®¤­®ç áâ¨ç­ëå) äã­ªæ¨© à á¯à¥¤¥«¥­¨ï ®â¤¥«ì­ëå ç áâ¨æ:

�(p; q) =
N !

NN

NY
i=1

n(pi; qi) (3.27)

5�à¨ N � 1 áã¬¬  lnN ! = ln1 + ln2 + :::+ lnN ¯à¨¡«¨¦¥­­® á¢®¤¨âáï ª
R N
0
dx lnx, ®âªã¤  ¨

á«¥¤ã¥â (3.21).
6�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï n(p; q) ¬®¦¥â § ¢¨á¥âì ®â ¢à¥¬¥­¨, á®®â¢¥âáâ¢ãîé ï § ¢¨á¨¬®áâì ¬®-

¦¥â ¡ëâì à ááç¨â ­  á ¯®¬®éìî ª¨­¥â¨ç¥áª®£® ãà ¢­¥­¨ï�®«ìæ¬ ­ .�¬¥­­® ¤«ï í­âà®¯¨¨ (3.25)
¢ à ¬ª å ª¨­¥â¨ç¥áª®© â¥®à¨¨ ¤®ª §ë¢ ¥âáï H-â¥®à¥¬  �®«ìæ¬ ­ , ®¯¨áë¢ îé ï ¢®§à áâ ­¨¥
(3.25) á à®áâ®¬ ¢à¥¬¥­¨.
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£¤¥ ®¤­®ç áâ¨ç­ë¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï n(pi; qi) ­®à¬¨àã¥¬ ª ª (¨¬¥¥¬ ¢¢¨¤ã
®¤­® â®¬­ë© £ §, â.¥. r = 3.): Z

dp1dq1
(2��h)3

n(p1; q1) = N (3.28)

�­®¦¨â¥«ì N !=NN ¢ (3.27) á®£« á®¢ë¢ ¥â íâã ­®à¬¨à®¢ªã á ¯à¨­ïâ®© ¢ëè¥ ¤«ï
�(p; q):

Z
d��(p; q) =

�
1

N

Z
dp1dq1
(2��h)3

n(p1; q1)

�N
= 1 d� =

dpdq

(2��h)3NN !
(3.29)

�®£¤  ¨á¯®«ì§ãï (3.27), (3.21) ¢ (3.26), ¯®«ãç ¥¬:

S = �
Z
dp1dq1
(2��h)3

n(p1; q1) ln
n(p1; q1)

e
(3.30)

çâ® á®¢¯ ¤ ¥â á (3.25).

� á®áâ®ï­¨¨ à ¢­®¢¥á¨ï í­âà®¯¨ï ¤®«¦­  ¨¬¥âì ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥. �§
íâ®£® âà¥¡®¢ ­¨ï ¬®¦­® ­ ©â¨ à ¢­®¢¥á­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï. � ©¤¥¬ â -
ª¨¥ < nj >, ¯à¨ ª®â®àëå áã¬¬  (3.23) ¨¬¥¥â ¬ ªá¨¬ã¬, ¯à¨ ¢ë¯®«­¥­¨¨ ¤®¯®«­¨-
â¥«ì­ëå ãá«®¢¨© ¯®áâ®ï­áâ¢  ç¨á«  ç áâ¨æ ¨ áà¥¤­¥© í­¥à£¨¨:X

j

Nj =
X
j

Gj < nj >= N (3.31)

X
j

"jNj =
X
j

"jGj < nj >= E (3.32)

�®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ¬­®¦¨â¥«¥© � £à ­¦  ¨ à áá¬®âà¨¬
ãá«®¢¨¥:

@

@nj
(S + �N + �E) = 0 (3.33)

£¤¥ � ¨ � { ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥. �à®¢®¤ï ¤¨ää¥à¥­æ¨à®¢ ­¨¥, ­ å®¤¨¬:

Gj(� ln < nj > +�+ �"j) = 0 (3.34)

®âªã¤  ln < nj >= �+ �"j , ¨«¨

< nj >= exp(�+ �"j) (3.35)

�â® ®¯ïâì ¥áâì à á¯à¥¤¥«¥­¨¥ �®«ìæ¬ ­ ,   ¯®áâ®ï­­ë¥ � ¨ � á¢ï§ ­ë á T ¨ �:
� = �=T , � = �1=T . �®á«¥¤­¥¥ ïá­®, ¢ ç áâ­®áâ¨, ¨ ¨§ â®£® ®¡áâ®ïâ¥«ìáâ¢ , çâ®
(3.33) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ á®®â­®è¥­¨ï ¬¥¦¤ã ¤¨ää¥à¥­æ¨ « ¬¨: dS + �dN +
�dE = 0, çâ® ¤®«¦­® á®¢¯ ¤ âì á ¨§¢¥áâ­ë¬ ¨§ â¥à¬®¤¨­ ¬¨ª¨ ¢ëà ¦¥­¨¥¬ ¤«ï
¤¨ää¥à¥­æ¨ «  ¢­ãâà¥­­¥© í­¥à£¨¨ (¯à¨ ä¨ªá¨à®¢ ­­®¬ ®¡ê¥¬¥) dE = TdS+�dN .
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�¢®¡®¤­ ï í­¥à£¨ï ¡®«ìæ¬ ­®¢áª®£® ¨¤¥-
 «ì­®£® £ § .

�à¨¬¥­¨¬ ®á­®¢­ãî ä®à¬ã«ã áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨:

F = �T lnZ = �T ln
X
n

e�
En
T (3.36)

¤«ï ¢ëç¨á«¥­¨ï á¢®¡®¤­®© í­¥à£¨¨ ¨¤¥ «ì­®£® £ § , ¯®¤ç¨­ïîé¥£®áï áâ â¨áâ¨ª¥
�®«ìæ¬ ­ . �à®¢­¨ í­¥à£¨¨ á¨áâ¥¬ë ¢ æ¥«®¬ En ¯à¥¤áâ ¢«ïîâ á®¡®© áã¬¬ë í­¥à-
£¨© "k, ª®â®àë¥ ¢ ¡®«ìæ¬ ­®¢áª®¬ á«ãç ¥ ¬®¦­® áç¨â âì ¢á¥ à §«¨ç­ë¬¨ ¬¥¦¤ã
á®¡®© (¯®áª®«ìªã ¢ ª ¦¤®¬ á®áâ®ï­¨¨ ¨¬¥¥âáï ­¥ ¡®«¥¥ ®¤­®© ¬®«¥ªã«ë). �®£¤ ,

§ ¯¨áë¢ ï e�
En
T ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ¬­®¦¨â¥«¥© e�

"k
T ¤«ï ª ¦¤®© ¨§ ¬®«¥ªã« ¨

áã¬¬¨àãï ­¥§ ¢¨á¨¬® ¯® ¢á¥¬ á®áâ®ï­¨ï¬ ª ¦¤®© ¬®«¥ªã«ë, ¯®«ãç¨¬ ¤«ï áâ â-
áã¬¬ë £ §  á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥7:

Z �
 X

k

e�
"k
T

!N
(3.37)

�â® ¢ëà ¦¥­¨¥ ­ ¤® ¥é¥ à §¤¥«¨âì ­  N ! { ç¨á«® ¯¥à¥áâ ­®¢®ª â®¦¤¥áâ¢¥­­ëå
ç áâ¨æ (¬®«¥ªã«). �®£¤  ¨¬¥¥¬:

Z =
X
n

e�
En
T =

1

N !

 X
k

e�
"k
T

!N
(3.38)

�®¤áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥ ¢ (3.36), ¯®«ãç ¥¬:

F = �TN ln
X
k

e�
"k
T + T lnN ! (3.39)

¨«¨, ¢®á¯®«ì§®¢ ¢è¨áì á­®¢  lnN ! � N lnN=e, ¨¬¥¥¬:

F = �NT ln
(
e

N

X
k

e�
"k
T

)
(3.40)

� ª« áá¨ç¥áª®© áâ â¨áâ¨ª¥ ¬®¦­® áà §ã ­ ¯¨á âì:

F = �NT ln e

N

Z
d�e�

"(p;q)
T d� =

drpdrq

(2��h)r
(3.41)

£¤¥ r ®¯ïâì ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë ¬®«¥ªã«ë £ § .

7�¬¥¥¬ e�
En
T = e�

"k1
T e�

"k2
T :::e�

"kN
T , £¤¥ ¢á¥£® N ¬­®¦¨â¥«¥©, ¯à¨ç¥¬ ¢á¥ kL(L = 1;2; :::;N)

à §­ë¥. � â¥¬ ¢ëç¨á«ï¥¬
P

k1

P
k2
:::
P

kN
!
�P

k

�N
, çâ® ¨ ¤ ¥â (3.37)
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�à ¢­¥­¨¥ á®áâ®ï­¨ï ¨¤¥ «ì­®£® £ § .

�­¥à£¨î ¬®«¥ªã«ë £ §  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

"k(px; py; pz) =
p2x + p2y + p2z

2m
+ "0k (3.42)

£¤¥ ¯¥à¢ë© ç«¥­ { ª¨­¥â¨ç¥áª ï í­¥à£¨ï ¯®áâã¯ â¥«ì­®£® ¤¢¨¦¥­¨ï,   "0k { ¢­ã-
âà¥­­¨¥ ãà®¢­¨ í­¥à£¨¨ ¬®«¥ªã«ë (á®®â¢¥âáâ¢ãîé¨¥, ­ ¯à¨¬¥à, ¥¥ ¢à é¥­¨î, ª®-
«¥¡ ­¨ï¬  â®¬®¢ ¢¡«¨§¨ ¨å ¯®«®¦¥­¨© à ¢­®¢¥á¨ï, ¢­ãâà¨ â®¬­ë¬ ãà®¢­ï¬ ¨ â.¤.).
�à¨ íâ®¬ ¢ ¦­®, çâ® "0k ­¥ § ¢¨áïâ ®â ¨¬¯ã«ìá®¢ (áª®à®áâ¥©) ¨ ª®®à¤¨­ â æ¥­âà 
¨­¥àæ¨¨ ¬®«¥ªã«ë. �®£¤  áã¬¬ , áâ®ïé ï ¯®¤ §­ ª®¬ ln ¢ (3.40), à ¢­ 8:X

k

1

(2��h)3
e�

"0
k
T

Z
V

dV

Z 1

�1
dpx

Z 1

�1
dpy

Z 1

�1
dpze

� p2x+p
2
y+p

2
z

2mT =

= V

�
mT

2��h2

�3=2X
k

e�
"0
k
T (3.43)

�®£¤  á¢®¡®¤­ ï í­¥à£¨ï £ §  § ¯¨áë¢ ¥âáï ª ª:

F = �NT ln
"
eV

N

�
mT

2��h2

�3=2X
k

e�
"0
k
T

#
= �NT ln

"
eV

N

�
mT

2��h2

�3=2

Z 0
#

(3.44)

£¤¥ ¢¢¥«¨ \¢­ãâà¥­­îî" áâ âáã¬¬ã ¬®«¥ªã«ë Z 0 =
P
k e

� "0
k
T . �â  áã¬¬  ­¥ ¬®¦¥â

¡ëâì ¢ëç¨á«¥­  ¢ ®¡é¥¬ ¢¨¤¥, âà¥¡ã¥âáï §­ ­¨¥ ¢­ãâà¥­­¨å ãà®¢­¥© í­¥à£¨¨ ¬®-
«¥ªã« ¤ ­­®£® £ § . � ¦­®, ®¤­ ª®, çâ® ®­  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®áâ® ­¥ª®â®àãî
äã­ªæ¨î â¥¬¯¥à âãàë, â ª çâ® (3.44) ¤ ¥â ¯®«­®¥ ®¯¨á ­¨¥ § ¢¨á¨¬®áâ¨ á¢®¡®¤­®©
í­¥à£¨¨ ®â ®¡ê¥¬ . �ë¤¥«ïï ¢ (3.44) ç«¥­ § ¢¨áïé¨© â®«ìª® ®â ®¡ê¥¬ , ¨¬¥¥¬:

F = �NT ln eV
N

+ Nf(T ); f(T ) = �T ln
�
mT

2��h2

�3=2
Z 0 (3.45)

�®£¤  ¤«ï ¤ ¢«¥­¨ï £ §  ­¥¬¥¤«¥­­® ¯®«ãç ¥¬:

P = �@F
@V

=
NT

V
¨«¨ PV = NT (3.46)

¨«¨ ãà ¢­¥­¨¥ á®áâ®ï­¨ï ¨¤¥ «ì­®£® £ § . �á«¨ ¨§¬¥àïâì â¥¬¯¥à âãàã ¢ £à ¤ãá å:

PV = NkBT = RT (3.47)

�«ï £à ¬¬{¬®«¥ªã«ë £ §  N = 6:023 1023 (ç¨á«® �¢®£ ¤à®), R = 8:314 107íà£/£à ¤,
kB = 1:3804 10�16íà£/£à ¤.

�­ ï F , ¬®¦­® ­ ©â¨ ¨ ¤àã£¨¥ â¥à¬®¤¨­ ¬¨ç¥áª¨¥ ¢¥«¨ç¨­ë. � ¯à¨¬¥à, â¥à-
¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « �¨¡¡á  ¥áâì:

� = F + PV = E � TS + PV = W � TS = �NT ln eV
N

+Nf(T ) + PV (3.48)

8�­â¥£à « ¯® dV §¤¥áì á¢ï§ ­ á ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ª®®à¤¨­ â ¬ æ¥­âà  ¨­¥àæ¨¨ ¬®«¥ªã«ë ¨
¤ ¥â ¯à®áâ® ¯®«­ë© ®¡ê¥¬, § ­¨¬ ¥¬ë© £ §®¬ V .



��������� ��� 67

£¤¥ W { í­â «ì¯¨ï. � ¬¥­ïï V ç¥à¥§ P ¨ T á ¯®¬®éìî ãà ¢­¥­¨ï á®áâ®ï­¨ï (3.46),
çâ®¡ë ¢ëà §¨âì � ª ª äã­ªæ¨î P ¨ T (­ ¯®¬­¨¬, çâ® d� = �SdT + V dP ) ¨ ¢¢®¤ï
­®¢ãî äã­ªæ¨î â¥¬¯¥à âãàë �(T ) = f(T ) � T lnT , ¯®«ãç ¥¬:

� = NT lnP +N�(T ) (3.49)

�­âà®¯¨ï £ §  (­ ¯®¬­¨¬, çâ® dF = �SdT � PdV ):

S = �@F
@T

= N ln
eV

N
�Nf 0(T ) (3.50)

¨«¨, ª ª äã­ªæ¨ï P ¨ T :

S = �@�
@T

= �N lnP �N�0(T ) (3.51)

�­ãâà¥­­ïï í­¥à£¨ï £ § :

E = F + TS = Nf(T ) � NTf 0(T ) (3.52)

¨ ï¢«ï¥âáï äã­ªæ¨¥© ®¤­®© â®«ìª® â¥¬¯¥à âãàë, â® ¦¥ ¢¥à­® ¨ ¤«ï í­â «ì¯¨¨
W = E + PV = E + NT . �â® ¬®¦­® «¥£ª® ¯®­ïâì { ¬®«¥ªã«ë ¨¤¥ «ì­®£® £ §  ­¥
¢§ ¨¬®¤¥©áâ¢ãîâ, â ª çâ® ¨§¬¥­¥­¨¥ áà¥¤­¥£® à ááâ®ï­¨ï ¬¥¦¤ã ­¨¬¨ ¯à¨ ¨§¬¥­¥-
­¨¨ ®¡é¥£® ®¡ê¥¬  ­¥ ¬®¦¥â áª § âìáï ­  ¥£® í­¥à£¨¨. �¬¥áâ¥ á E ¨ W äã­ªæ¨ï¬¨
T ï¢«ïîâáï ¨ â¥¯«®¥¬ª®áâ¨ Cv =

�
@E
@T

�
V
¨ Cp =

�
@W
@T

�
P
. � áâ® ¨á¯®«ì§ãîâ â¥¯«®-

¥¬ª®áâ¨ ¢ à áç¥â¥ ­  ®¤­ã ¬®«¥ªã«ã: Cv = Ncv ¨ Cp = Ncp. �«ï ¨¤¥ «ì­®£® £ § 
W �E = NT , â ª çâ® à §­®áâì cp � cv ¨¬¥¥â ã­¨¢¥àá «ì­®¥ §­ ç¥­¨¥:

cp � cv = 1 ¨«¨ cp � cv = kB (3.53)

� à áç¥â¥ ­  £à ¬¬-¬®«¥ªã«ã CP � CV = R.

�¤¥ «ì­ë© £ § á ¯®áâ®ï­­®© â¥¯«®¥¬ª®-
áâìî.

�ªá¯¥à¨¬¥­â «ì­® ¨§¢¥áâ­®, çâ® ¢ è¨à®ª®¬ ¨­â¥à¢ «¥ ¤®áâ â®ç­® ¢ëá®ª¨å â¥¬¯¥-
à âãà â¥¯«®¥¬ª®áâì £ §®¢ ®ª §ë¢ ¥âáï ¯®áâ®ï­­®© ¢¥«¨ç¨­®©, ­¥ § ¢¨áïé¥© ®â T .
�¨§¨ç¥áª¨¥ ¯à¨ç¨­ë íâ®£® áâ ­ãâ ïá­ë ­¨¦¥,   á¥©ç á ¬ë ¯®ª ¦¥¬, çâ® ¢ ¯à¥¤¯®-
«®¦¥­¨¨ ¯®áâ®ï­áâ¢  â¥¯«®¥¬ª®áâ¨, â¥à¬®¤¨­ ¬¨ç¥áª¨¥ ¢¥«¨ç¨­ë £ §  ¬®£ãâ ¡ëâì
¢ëç¨á«¥­ë ¢ ®¡é¥¬ ¢¨¤¥. � ¨¬¥­­®, ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ¢ ®¡é¥¬ ¢¨¤¥ ­¥¨§¢¥áâ-
­ ï äã­ªæ¨ï â¥¬¯¥à âãàë f(T ), ¢¢¥¤¥­­ ï ¢ëè¥ ¢ (3.45). �ª §ë¢ ¥âáï, çâ® ¢ íâ®¬
á«ãç ¥ ­ ¬ ­¥ ­ã¦­® ¢ëç¨á«ïâì ¢å®¤ïéãî ¢ ­¥¥ \¢­ãâà¥­­îî" áâ âáã¬¬ã Z0. �
á ¬®¬ ¤¥«¥, ¤¨ää¥à¥­æ¨àãï ¯® â¥¬¯¥à âãà¥ ¢ëà ¦¥­¨¥ (3.52) ¤«ï ¢­ãâà¥­­¥© í­¥à-
£¨¨ ­ å®¤¨¬:

cv = �Tf 00(T ) (3.54)

�ç¨â ï â¥¯«®¥¬ª®áâì ª®­áâ ­â®©, ®¯à¥¤¥«ï¥¬®© ¨§ íªá¯¥à¨¬¥­â , ¨­â¥£à¨àã¥¬
(3.54) ¤¢ ¦¤ë ¨ ¯®«ãç ¥¬:

f(T ) = �cvT lnT � �T + "0 (3.55)
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£¤¥ � ¨ "0 ¤¢¥ ª®­áâ ­âë ¨­â¥£à¨à®¢ ­¨ï. �®£¤  ¨§ (3.45) ¯®«ãç ¥¬ á¢®¡®¤­ãî í­¥à-
£¨î ¢ ¢¨¤¥:

F = N"0 �NT ln eV
N
� NcvT lnT � N�T (3.56)

�®áâ®ï­­ ï � ­ §ë¢ ¥âáï å¨¬¨ç¥áª®© ¯®áâ®ï­­®© £ § , ¤«ï ª®­ªà¥â­®£® £ §  ®­ ,
â ª¦¥ ª ª ¨ â¥¯«®¥¬ª®áâì, ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  íªá¯¥à¨¬¥­â «ì­®. �âáî¤ , á
¯®¬®éìî (3.52), ¯®«ãç ¥¬ ¢­ãâà¥­­îî í­¥à£¨î ¢ ¢¨¤¥ «¨­¥©­®© äã­ªæ¨¨ â¥¬¯¥-
à âãàë:

E = N"0 +NcvT (3.57)

�¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « �¨¡¡á  ¯®«ãç ¥âáï ¯à¨¡ ¢«¥­¨¥¬ ª (3.56) ¢¥«¨ç¨­ë
PV = NT , ¯à¨ç¥¬ ­ ¤® ¢ëà §¨âì ®¡ê¥¬ £ §  ç¥à¥§ ¤ ¢«¥­¨¥ ¨ â¥¬¯¥à âãàã. �®«ã-
ç ¥¬:

� = N"0 +NT lnP � NcpT lnT �N�T (3.58)

�­â «ì¯¨ï W = E + PV à ¢­ :

W = N"0 + NcpT (3.59)

�¨ää¥à¥­æ¨àãï (3.56) ¨ (3.58) ¯® T , ¯®«ãç¨¬ í­âà®¯¨î, ¢ëà ¦¥­­ãî á®®â¢¥â-
áâ¢¥­­® ç¥à¥§ T ¨ V ¨«¨ T ¨ P :

S = �
�
@F

@T

�
V

= �N ln
eV

N
+ Ncv lnT + (� + cv)N (3.60)

S = �
�
@�

@T

�
P

= �N lnP +Ncp lnT + (� + cp)N (3.61)

�§ íâ¨å ¢ëà ¦¥­¨© ¬®¦­® ¯®«ãç¨âì § ¢¨á¨¬®áâì, á¢ï§ë¢ îéãî ®¡ê¥¬, â¥¬¯¥à -
âãàã ¨ ¤ ¢«¥­¨¥ ¨¤¥ «ì­®£® £ §  (á ¯®áâ®ï­­®© â¥¯«®¥¬ª®áâìî) ¯à¨ ¥£®  ¤¨ ¡ â¨ç¥-
áª®¬ à áè¨à¥­¨¨ ¨«¨ á¦ â¨¨ ( ¤¨ ¡ â  �ã áá®­ ). �®áª®«ìªã ¯à¨  ¤¨ ¡ â¨ç¥áª®¬
¯à®æ¥áá¥ í­âà®¯¨ï ®áâ ¥âáï ¯®áâ®ï­­®©, â® ¨§ (3.61) ¨¬¥¥¬: �N lnP + Ncp lnT =
const, ®âªã¤  T cp=P = const, ¨«¨, ¨á¯®«ì§ãï cp � cv = 1:

T 
P 1�
 = const (3.62)

£¤¥ 
 = cp=cv. �á¯®«ì§ãï ãà ¢­¥­¨¥ á®áâ®ï­¨ï PV = NT , ¯®«ãç ¥¬ á®®â­®è¥­¨ï
¬¥¦¤ã T ¨ V ¨ ¬¥¦¤ã P ¨ V :

TV 
�1 = const PV 
 = const (3.63)

� ª®­ à ¢­®à á¯à¥¤¥«¥­¨ï.

� áá¬®âà¨¬ § ¤ çã ® â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ å £ §®¢ á â®çª¨ §à¥­¨ï ª« á-
á¨ç¥áª®© áâ â¨áâ¨ª¨. �®«¥ªã«  £ §  ¯à¥¤áâ ¢«ï¥â á®¡®© ª®­ä¨£ãà æ¨î  â®¬®¢,
á®¢¥àè îé¨å ¬ «ë¥ ª®«¥¡ ­¨ï ¢¡«¨§¨ ¯®«®¦¥­¨© à ¢­®¢¥á¨ï, á®®â¢¥âáâ¢ãîé¨å
¬¨­¨¬ã¬ã ¯®â¥­æ¨ «ì­®© í­¥à£¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï:

U = "0 +
roscX
i;k=1

aikqiqk (3.64)
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£¤¥ "0 { ¯®â¥­æ¨ «ì­ ï í­¥à£¨ï ¢§ ¨¬®¤¥©áâ¢¨ï  â®¬®¢, ª®£¤  ¢á¥ ®­¨ ­ å®¤ïâáï ¢
¯®«®¦¥­¨ïå à ¢­®¢¥á¨ï, rosc { ç¨á«® ª®«¥¡ â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë.

�¥«¨ç¨­ã rosc ¬®¦­® ­ ©â¨ ¯® ç¨á«ã  â®¬®¢ n ¢ ¬®«¥ªã«¥. n{ â®¬­ ï ¬®«¥ªã« 
¨¬¥¥â ¢á¥£® 3n áâ¥¯¥­¥© á¢®¡®¤ë. �§ ­¨å âà¨ á®®â¢¥âáâ¢ãîâ ¯®áâã¯ â¥«ì­®¬ã ¤¢¨-
¦¥­¨î ¬®«¥ªã«ë ª ª æ¥«®£® ¨ âà¨ ¥¥ ¢à é¥­¨î ª ª æ¥«®£®. �áâ «ì­ë¥ áâ¥¯¥­¨
á¢®¡®¤ë { ª®«¥¡ â¥«ì­ë¥ ¨ rosc = 3n � 6. �á«¨ ¢á¥  â®¬ë à á¯®«®¦¥­ë ¯® ®¤­®©
¯àï¬®© (¢ ç áâ­®áâ¨ ã ¤¢ãå â®¬­®© ¬®«¥ªã«ë), â® ¢à é â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë
¢á¥£® ¤¢¥. � íâ®¬ á«ãç ¥ rosc = 3n� 5. �à¨ n = 1 ª®«¥¡ â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë
­¥â.

�®«­ ï í­¥à£¨ï "(p; q) ¬®«¥ªã«ë ¥áâì áã¬¬  ¯®â¥­æ¨ «ì­®© ¨ ª¨­¥â¨ç¥áª®©
í­¥à£¨©. �®á«¥¤­ïï ï¢«ï¥âáï ª¢ ¤à â¨ç­®© äã­ªæ¨¥© ®â ¢á¥å ¨¬¯ã«ìá®¢, ç¨á«®
ª®â®àëå à ¢­® ¯®«­®¬ã ç¨á«ã 3n áâ¥¯¥­¥© á¢®¡®¤ë. �®íâ®¬ã í­¥à£¨ï "(p; q) =
"0 + fII (p; q), £¤¥ fII(p; q) { ª¢ ¤à â¨ç­ ï äã­ªæ¨ï ¨¬¯ã«ìá®¢ ¨ ª®®à¤¨­ â, ¯®«-
­®¥ ç¨á«® ¯¥à¥¬¥­­ëå ¢ íâ®© äã­ªæ¨¨ ¥áâì l = 6n� 6 (¤«ï ­¥«¨­¥©­®© ¬®«¥ªã«ë)
¨«¨ l = 6n � 5 (¤«ï «¨­¥©­®©). � ®¤­® â®¬­®£® £ §  l = 3, ª®®à¤¨­ âë ¢®®¡é¥ ­¥
¢å®¤ïâ ¢ ¢ëà ¦¥­¨¥ ¤«ï í­¥à£¨¨.

� à¥§ã«ìâ â¥ ¤«ï á¢®¡®¤­®© í­¥à£¨¨ £ §  ¨§ (3.41) ¨¬¥¥¬:

F = �NT ln ee
� "0

T

N

Z
d�e�

fII (p;q)
T (3.65)

�à®¨§¢¥¤¥¬ §¤¥áì § ¬¥­ã ¯¥à¥¬¥­­ëå p = p0
p
T ,q = q0

p
T ¤«ï ¢á¥å l ¯¥à¥¬¥­­ëå ®â

ª®â®àëå § ¢¨á¨â äã­ªæ¨ï fII(p; q). �á«¥¤áâ¢¨¥ ª¢ ¤à â¨ç­®áâ¨ äã­ªæ¨¨ fII(p; q)
¨¬¥¥¬:

fII (p; q) = TfII(p
0; q0) (3.66)

¨ T ¢ ¯®ª § â¥«¥ íªá¯®­¥­âë ¢ ¯®¤¨­â¥£à «ì­®¬ ¢ëà ¦¥­¨¨ á®ªà é ¥âáï. �­ «®-
£¨ç­®¥ ¯à¥®¡à §®¢ ­¨¥ ¤¨ää¥à¥­æ¨ «®¢ íâ¨å ¯¥à¥¬¥­­ëå, ¢å®¤ïé¨å ¢ d� ¤ áâ ¬­®-
¦¨â¥«ì T l=2, ª®â®àë© ¢ë­®á¨âáï §  ¨­â¥£à «. �­â¥£à¨à®¢ ­¨¥ ¯® ª®«¥¡ â¥«ì­ë¬
ª®®à¤¨­ â ¬ q ¯à®¨§¢®¤¨âáï ¯® â®© ®¡« áâ¨ ¨å §­ ç¥­¨©, ª®â®à ï á®®â¢¥âáâ¢ã¥â
ª®«¥¡ ­¨ï¬  â®¬®¢ ¢­ãâà¨ ¬®«¥ªã«ë. �¤­ ª®, ¢¢¨¤ã ¡ëáâà®© áå®¤¨¬®áâ¨ (ª¢ ¤à -
â¨ç­ ï äã­ªæ¨ï ¢ íªá¯®­¥­â¥), ¨­â¥£à¨à®¢ ­¨¥ ¯® p0 ¨ q0 ¬®¦­® à á¯à®áâà ­¨âì ®â
�1 ¤® 1, â®£¤  ¨­â¥£à « á¢¥¤¥âáï ª ­¥ª®â®à®© ª®­áâ ­â¥, ­¥§ ¢¨áïé¥© ®â â¥¬¯¥-
à âãàë. �ç¨âë¢ ï ¥é¥, çâ® ¨­â¥£à¨à®¢ ­¨¥ ¯® ª®®à¤¨­ â ¬ æ¥­âà  ¨­¥àæ¨¨ ¬®«¥-
ªã«ë ¤ áâ ®¡ê¥¬ V , § ­¨¬ ¥¬ë© £ §®¬, ¯®«ãç¨¬ ¤«ï á¢®¡®¤­®© í­¥à£¨¨ á«¥¤ãîé¥¥
¢ëà ¦¥­¨¥:

F = �NT ln
AV e�

"0
T T l=2

N
A = const (3.67)

� áªàë¢ ï «®£ à¨ä¬, ¯®«ãç ¥¬:

F = N"0 �NT ln eV
N
�N l

2
T lnT �NT lnA (3.68)

çâ® ¢ â®ç­®áâ¨ á®¢¯ ¤ ¥â á (3.56), ¥á«¨ ¯®«®¦¨âì:

cv =
l

2
(3.69)

¨ � = lnA. �®®â¢¥âáâ¢¥­­®:

cp = cv + 1 =
l + 2

2
(3.70)
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� ª¨¬ ®¡à §®¬, ç¨áâ® ª« áá¨ç¥áª¨© ¨¤¥ «ì­ë© £ § ®¡« ¤ ¥â ¯®áâ®ï­­®© â¥¯«®¥¬-
ª®áâìî, ¯à¨ç¥¬ ­  ª ¦¤ãî ¯¥à¥¬¥­­ãî ¢ í­¥à£¨¨ ¬®«¥ªã«ë "(p; q) ¯à¨å®¤¨âáï ¯®
à ¢­®© ¤®«¥ 1=2 ¢ â¥¯«®¥¬ª®áâ¨ cv (¨«¨ kB=2 ¢ ®¡ëç­ëå ¥¤¨­¨æ å), ¨«¨ ¦¥ ¯®
à ¢­®© ¤®«¥ T=2 (kBT=2 ¯à¨ ¨§¬¥à¥­¨¨ T ¢ £à ¤ãá å) ¢ ¥£® í­¥à£¨¨. �â® ¯à ¢¨«®
­ §ë¢ ¥âáï § ª®­®¬ à ¢­®à á¯à¥¤¥«¥­¨ï ¨ ï¢«ï¥âáï ¢¥áì¬  ®¡é¨¬ ãâ¢¥à¦¤¥­¨¥¬
ª« áá¨ç¥áª®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨, ¢ ç áâ­®áâ¨, ª ª ¬ë ã¢¨¤¨¬ ­¨¦¥, ®­ «¥£ª®
®¡®¡é ¥âáï ¨ ­  á«ãç © ª®­¤¥­á¨à®¢ ­­ëå â¥«9.�¬¥ï ¢¢¨¤ã, çâ® ®â ¯®áâã¯ â¥«ì-
­ëå ¨ ¢à é â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë ¢ "(p; q) ¢å®¤ïâ â®«ìª® á®®â¢¥âáâ¢ãîé¨¥
¨¬¯ã«ìáë, ¬®¦­® áª § âì, çâ® ª ¦¤ ï ¨§ íâ¨å áâ¥¯¥­¥© á¢®¡®¤ë ¢­®á¨â ¢ â¥¯«®¥¬-
ª®áâì ¢ª« ¤ 1=2. �â ª ¦¤®© ¦¥ ª®«¥¡ â¥«ì­®© áâ¥¯¥­¨ á¢®¡®¤ë ¢ "(p; q) ¢å®¤ïâ ¤¢¥
¯¥à¥¬¥­­ë¥ (ª®®à¤¨­ â  ¨ ¨¬¯ã«ìá) ¨ ¥¥ ¢ª« ¤ ¢ â¥¯«®¥¬ª®áâì à ¢¥­ 1.

�¤­® â®¬­ë© ¨¤¥ «ì­ë© £ §.

� áá¬®âà¨¬ ®¤­® â®¬­ë© ¨¤¥ «ì­ë© £ §. �®«­®¥ ¢ëç¨á«¥­¨¥ á¢®¡®¤­®© í­¥à£¨¨ â -
ª®£® £ §  âà¥¡ã¥â ª®­ªà¥â­®£® ¢ëç¨á«¥­¨ï \¢­ãâà¥­­¥©" áâ âáã¬¬ë Z0, ¢¢¥¤¥­­®©
¢ (3.44):

Z0 =
X
k

e�
"k
T (3.71)

£¤¥ "k { ¢­ãâà¥­­¨¥ ãà®¢­¨ í­¥à£¨¨  â®¬ . �â¨ ãà®¢­¨ ¬®£ãâ ¡ëâì ¢ëà®¦¤¥­­ë¬¨,
â®£¤  á®®â¢¥âáâ¢ãîé¥¥ á« £ ¥¬®¥ ¢®©¤¥â ¢ áâ âáã¬¬ã gk à §, £¤¥ gk { ªà â­®áâì
¢ëà®¦¤¥­¨ï (áâ â¢¥á ãà®¢­ï). �®£¤ :

Z0 =
X
k

gke
� "k

T (3.72)

�¢®¡®¤­ ï í­¥à£¨ï £ § , á®£« á­® (3.44), ¥áâì:

F = �NT ln
"
eV

N

�
mT

2��h2

�3=2
Z0
#

(3.73)

� ª ¨§¢¥áâ­®,  â®¬­ë¥ â¥à¬ë (®â¢«¥ª ïáì ®â ¨å â®­ª®© áâàãªâãàë) à á¯®«®¦¥­ë
â ª, çâ® à ááâ®ï­¨¥ ®â ®á­®¢­®£® ¤® ¯¥à¢®£® ¢®§¡ã¦¤¥­­®£® ãà®¢­ï áà ¢­¨¬® ¯®
¢¥«¨ç¨­¥ á í­¥à£¨¥© ¨®­¨§ æ¨¨  â®¬  Iion, çâ® ¤«ï à §«¨ç­ëå  â®¬®¢ ­ å®¤¨âáï ¢
¯à¥¤¥« å Iion=kB � 5� 28 104K. �®íâ®¬ã, ¯à¨ â¥¬¯¥à âãà å T � Iion, ¯à¥¤áâ ¢«ï-
îé¨å ®á­®¢­®© ¨­â¥à¥á, ¢ £ § å ¯à ªâ¨ç¥áª¨ ®âáãâáâ¢ãîâ ­¥ â®«ìª® ¨®­¨§®¢ ­­ë¥,
­® ¨ ¢®§¡ã¦¤¥­­ë¥  â®¬ë. �®íâ®¬ã ¢á¥  â®¬ë £ §  ¬®¦­® áç¨â âì ­ å®¤ïé¨¬¨áï
¢ ®á­®¢­®¬ á®áâ®ï­¨¨.

� áá¬®âà¨¬ ¯à®áâ¥©è¨© á«ãç ©  â®¬®¢, ª®â®àë¥ ¢ ®á­®¢­®¬ á®áâ®ï­¨¨ ­¥ ®¡« -
¤ îâ ­¨ ®à¡¨â «ì­ë¬ ¬®¬¥­â®¬, ­¨ á¯¨­®¬ (L = S = 0), â ª®¢ë, ­ ¯à¨¬¥à,  â®¬ë
¡« £®à®¤­ëå £ §®¢10. �à¨ íâ®¬ ®á­®¢­®¥ á®áâ®ï­¨¥ ­¥¢ëà®¦¤¥­® ¨ \¢­ãâà¥­­ïï"

9�à¨ ¯®­¨¦¥­¨¨ â¥¬¯¥à âãàë ­ ¡«î¤ îâáï áãé¥áâ¢¥­­ë¥ ®âª«®­¥­¨ï ®â § ª®­  à ¢­®à á¯à¥-
¤¥«¥­¨ï. �ç¥¢¨¤­®, çâ® ¯®áâ®ï­áâ¢® â¥¯«®¥¬ª®áâ¨ ¯à®â¨¢®à¥ç¨â ¨ â¥®à¥¬¥ �¥à­áâ . �áâ®à¨ç¥áª¨,
­ àãè¥­¨¥ § ª®­  à ¢­®à á¯à¥¤¥«¥­¨ï ¡ë«® ®¤­¨¬ ¨§ ¢ ¦­ëå ãª § ­¨© ­  ­¥¤®áâ â®ç­®áâì ª« á-
á¨ç¥áª®£® à áá¬®âà¥­¨ï, çâ®, ¢ ¨â®£¥, ¯à¨¢¥«® ª á®§¤ ­¨î ª¢ ­â®¢®© ¬¥å ­¨ª¨.
10�®¤à®¡­®¥ ®¡áã¦¤¥­¨¥ ¡®«¥¥ á«®¦­ëå á«ãç ¥¢, â ª¦¥ ª ª ¨ ¬­®£® â®¬­ëå (¬®«¥ªã«ïà­ëå)

£ §®¢, ¬®¦­® ­ ©â¨ ¢ [1, 2]
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áâ âáã¬¬  á¢®¤¨âáï ª ®¤­®¬ã á« £ ¥¬®¬ã: Z0 = e�
"0
T . �®£¤  ¨§ (3.73) áà §ã ¯®«ãç -

¥âáï ¢ëà ¦¥­¨¥ ¤«ï á¢®¡®¤­®© í­¥à£¨¨ â¨¯  (3.56) á ¯®áâ®ï­­®© â¥¯«®¥¬ª®áâìî:

cv = 3=2 (3.74)

¨ å¨¬¨ç¥áª®© ¯®áâ®ï­­®©:

� =
3

2
ln

m

2��h2
(3.75)

{ ä®à¬ã«  � ªãà -�¥âà®¤¥.
�®«ãç¥­­ë¥ ¢ëà ¦¥­¨ï ¯®§¢®«ïîâ ­ ©â¨ ªà¨â¥à¨© ¯à¨¬¥­¨¬®áâ¨ áâ â¨áâ¨ª¨

�®«ìæ¬ ­ . �ëè¥ ¬ë ¯®«ãç¨«¨ à á¯à¥¤¥«¥­¨¥ �®«ìæ¬ ­  ¢ ¯à¥¤¯®«®¦¥­¨¨ ¬ «®-
áâ¨ áà¥¤­¨å ç¨á¥« § ¯®«­¥­¨ï ãà®¢­¥©:

< nk >= e
��"k
T � 1: (3.76)

�ç¥¢¨¤­®, çâ® ¤®áâ â®ç­® ¯®âà¥¡®¢ âì ¢ë¯®«­¥­¨ï ãá«®¢¨ï:

e
�
T � 1; (3.77)

®âªã¤ , ªáâ â¨, ïá­®, çâ® å¨¬¯®â¥­æ¨ « ¡®«ìæ¬ ­®¢áª®£® £ §  ¢á¥£¤  ®âà¨æ â¥«¥­
¨ ¢¥«¨ª ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥. � ©¤¥¬ å¨¬¯®â¥­æ¨ « ¨§ ®¯à¥¤¥«¥­¨ï � = �=N ,
¢®á¯®«ì§®¢ ¢è¨áì ¢ëà ¦¥­¨¥¬ ¤«ï â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ «  �¨¡¡á  (3.58),
¯®¤áâ ¢¨¢ âã¤  cp = cv + 1 = 5=2 ¨ � ¨§ (3.75). �®«ãç ¥¬:

� = T ln

"
P

T 5=2

�
2��h2

m

�3=2
#
= T ln

"
N

V

�
2��h2

mT

�3=2#
(3.78)

çâ®, ®ç¥¢¨¤­®, á®¢¯ ¤ ¥â á ­ ©¤¥­­ë¬ ¢ëè¥ ¤àã£¨¬ á¯®á®¡®¬ ¢ëà ¦¥­¨¥¬ (3.12).
�®£¤  ¨§ (3.77),(3.78) ¯®«ãç ¥¬ ªà¨â¥à¨© ¯à¨¬¥­¨¬®áâ¨ ¡®«ìæ¬ ­®¢áª®© áâ â¨áâ¨ª¨
¢ ¢¨¤¥:

N

V

�
�h2

mT

�3=2
� 1 ¨«¨ T � �h2

m

�
N

V

�2=3

: (3.79)

� ª¨¬ ®¡à §®¬, áâ â¨áâ¨ª  �®«ìæ¬ ­  ¯à¨¬¥­¨¬ , ¥á«¨ £ § ¤®áâ â®ç­® à §à¥¦¥­,
  â¥¬¯¥à âãàë ¤®áâ â®ç­® ¢ëá®ª¨. � à ªâ¥à­ ï â¥¬¯¥à âãà  (í­¥à£¨ï), áâ®ïé ï ¢
¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¢ (3.79) ­ §ë¢ ¥âáï â¥¬¯¥à âãà®© (í­¥à£¨¥©)
¢ëà®¦¤¥­¨ï £ § . �­  â¥¬ ¢ëè¥, ç¥¬ ¡®«ìè¥ ¯«®â­®áâì £ § . �¨§¨ç¥áª¨© á¬ëá«
íâ®£® ªà¨â¥à¨ï ­¥âàã¤­® ¯®­ïâì ¨§ á«¥¤ãîé¨å ¯à®áâëå ®æ¥­®ª. �à¥¤­¥¥ ¬¥¦ â®¬-
­®¥ à ááâ®ï­¨¥ ¢ à áá¬ âà¨¢ ¥¬®¬ £ §¥ a � (V=N )1=3. �¢ ­â®¢ ï ­¥®¯à¥¤¥«¥­­®áâì
í­¥à£¨¨  â®¬ , á®®â¢¥âáâ¢ãîé ï ¥£® «®ª «¨§ æ¨¨ ­  â ª¨å à ááâ®ï­¨ïå, ¯®àï¤ª 

E0 � �h2

ma2 � �h2

m (N=V )2=3. �á«®¢¨¥ T � E0 (3.79) ®§­ ç ¥â, çâ® ª¢ ­â®¢ë¬¨ íää¥ª-
â ¬¨ ¬®¦­® ¯à¥­¥¡à¥çì. � ¯à®â¨¢, ¯à¨ T < E0 ª¢ ­â®¢ë¥ íää¥ªâë áâ ­®¢ïâáï
áãé¥áâ¢¥­­ë¬¨ ¨ ®â áâ â¨áâ¨ª¨ �®«ìæ¬ ­  ­ã¦­® ¯¥à¥å®¤¨âì ª ª¢ ­â®¢®© áâ â¨-
áâ¨ª¥ ¨¤¥ «ì­ëå £ §®¢11.

11�¥ã¤®¢«¥â¢®à¨â¥«ì­®áâì ¯®«ãç¥­­ëå ¢ëè¥ ¢ëà ¦¥­¨© ¤«ï â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ ¨¤¥-
 «ì­®£® £ §  ïá­  ã¦¥ ¨ ¨§ ®ç¥¢¨¤­®£® ¯à®â¨¢®à¥ç¨ï á â¥®à¥¬®© �¥à­áâ : ­¨ í­âà®¯¨ï, ­¨ â¥¯«®-
¥¬ª®áâì ­¥ ®¡à é îâáï ¢ ­ã«ì ¯à¨ T ! 0.
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�âª«®­¥­¨¥ £ §®¢ ®â ¨¤¥ «ì­®áâ¨.

� à¥ «ì­ëå £ § å, ¥áâ¥áâ¢¥­­®,  â®¬ë (¬®«¥ªã«ë) ¢§ ¨¬®¤¥©áâ¢ãîâ ¬¥¦¤ã á®¡®©.
�ã¤¥¬ áç¨â âì £ § ¤®áâ â®ç­® à §à¥¦¥­­ë¬, â ª çâ®¡ë ¬®¦­® ¡ë«® ¯à¥­¥¡à¥çì
âà®©­ë¬¨, ç¥â¢¥à­ë¬¨ ¨ â.¤. áâ®«ª­®¢¥­¨ï¬¨ ¬®«¥ªã« ¨ ¯à¥¤¯®«®¦¨âì, çâ® ¨å
¢§ ¨¬®¤¥©áâ¢¨¥ ®áãé¥áâ¢«ï¥âáï «¨èì ¯ãâ¥¬ ¯ à­ëå áâ®«ª­®¢¥­¨© 1.

�«ï ¯à®áâ®âë à áá¬®âà¨¬ ®¤­® â®¬­ë© à¥ «ì­ë© £ §. �¢¨¦¥­¨¥ ¥£® ç áâ¨æ
¡ã¤¥¬ à áá¬ âà¨¢ âì ª« áá¨ç¥áª¨, â ª çâ® ¥£® í­¥à£¨ï § ¯¨è¥âáï ¢ ¢¨¤¥:

E(p; q) =
NX
i=1

p2i
2m

+ U (4.1)

� ®¤­® â®¬­®£® £ §  í­¥à£¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ¥áâì äã­ªæ¨ï â®«ìª® ¢§ ¨¬­ëå à á-

áâ®ï­¨© ¬¥¦¤ã  â®¬ ¬¨. �â â¨áâ¨ç¥áª¨© ¨­â¥£à «
R
d�e�

E(p;q)
T à §¡¨¢ ¥âáï ­  ¯à®-

¨§¢¥¤¥­¨¥ ¨­â¥£à «  ¯® ¨¬¯ã«ìá ¬  â®¬®¢ ¨ ¨­â¥£à «  ¯® ¨å ª®®à¤¨­ â ¬. �®á«¥¤-
­¨© ¨¬¥¥â ¢¨¤: Z

dV1:::

Z
dVN e

�U
T (4.2)

�«ï ¨¤¥ «ì­®£® £ §  U = 0 ¨ íâ®â ¨­â¥£à « à ¢¥­ ¯à®áâ® V N . �á­®, çâ® ¯à¨ ¢ëç¨-
á«¥­¨¨ á¢®¡®¤­®© í­¥à£¨¨ á®£« á­® (2.45) ¬ë ¯®«ãç¨¬:

F = Fid � T ln 1

V N

Z
dV1:::

Z
dVN e

�U
T (4.3)

1�®á«¥¤ãîé¥¥ ¨§«®¦¥­¨¥ æ¥«¨ª®¬ á«¥¤ã¥â [1, 2].
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£¤¥ Fid { á¢®¡®¤­ ï í­¥à£¨ï ¨¤¥ «ì­®£® £ § . �à¨¡ ¢«ïï ¨ ¢ëç¨â ï ¨§ ¯®¤¨­â¥-
£à «ì­®£® ¢ëà ¦¥­¨ï ¯® ¥¤¨­¨æ¥ ¨ ãç¨âë¢ ï

R
dV1:::

R
dVN = V N , ¯¥à¥¯¨è¥¬ (4.3)

¢ ¢¨¤¥:

F = Fid � T ln

�
1

V N

Z
dV1:::

Z
dVN

�
e�

U
T � 1

�
+ 1

�
(4.4)

�ãáâì £ § ­¥ â®«ìª® ¤®áâ â®ç­® à §à¥¦¥­, ­® ¨ ª®«¨ç¥áâ¢® ¥£® ¤®áâ â®ç­® ¬ «®,
â ª çâ® ®¤­®¢à¥¬¥­­® ¢ ­¥¬ áâ «ª¨¢ ¥âáï ­¥ ¡®«¥¥ ®¤­®© ¯ àë  â®¬®¢. �â® ­¥
¥áâì ®£à ­¨ç¥­¨¥ ®¡é­®áâ¨, â ª ª ª ¢ á¨«ã  ¤¤¨â¨¢­®áâ¨ á¢®¡®¤­®© í­¥à£¨¨ F =
Nf(T; V=N ). �§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã  â®¬ ¬¨ ­¥ ®ç¥­ì ¬ «® â®«ìª® â®£¤ , ª®£¤ 
¤¢   â®¬  ­ å®¤ïâáï ®ç¥­ì ¡«¨§ª® ¤àã£ ª ¤àã£ã (áâ «ª¨¢ îâáï). �®íâ®¬ã ¯®¤¨­â¥-
£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢ (4.4) § ¬¥â­® ®â«¨ç­® ®â ­ã«ï â®«ìª® ¢ â¥å á«ãç ïå, ª®£¤ 
ª ª¨¥-«¨¡® ¤¢   â®¬  ®ç¥­ì ¡«¨§ª¨ ¤àã£ ª ¤àã£ã. �â®¬ã ãá«®¢¨î ¬®¦¥â ã¤®¢«¥-
â¢®à¨âì ®¤­®¢à¥¬¥­­® ­¥ ¡®«ìè¥ ®¤­®© ¯ àë  â®¬®¢ (¥á«¨ £ §  ¤®áâ â®ç­® ¬ «®),
¯à¨ç¥¬ íâã ¯ àã ¬®¦­® ¢ë¡à âì ¨§ N  â®¬®¢ 1

2
N (N � 1) á¯®á®¡ ¬¨. �á«¥¤áâ¢¨¥

íâ®£® ¨­â¥£à « ¢ (4.4) ¬®¦­® ­ ¯¨á âì ¢ ¢¨¤¥:

N (N � 1)

2

Z
dV1:::

Z
dVN

�
e�

U12
T � 1

�
(4.5)

£¤¥ U12 { í­¥à£¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ¤¢ãå  â®¬®¢ (ª ª¨å ¨¬¥­­® { ­¥¢ ¦­® ¢ á¨«ã ¨å
®¤¨­ ª®¢®áâ¨). �® ¢á¥¬ ®áâ «ì­ë¬ ª®®à¤¨­ â ¬ (ªà®¬¥ ª®®à¤¨­ â  â®¬®¢ 1 ¨ 2)
¨­â¥£à¨àã¥¬, çâ® ¤ ¥â ¯à®áâ® V N�2. �à®¬¥ â®£® N (N � 1) � N2 ¢ á¨«ã N � 1, â ª
çâ® (4.5) á¢®¤¨âáï ª:

N2V N�2
Z
dV1

Z
dV2

�
e�

U12
T � 1

�
: (4.6)

�®¤áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥ ¢ (4.4) ¨ ¨á¯®«ì§ãï ln(1 + x) � x ¯à¨ x� 1, ¨¬¥¥¬:

F = Fid � TN2

2V 2

Z
dV1

Z
dV2

�
e�

U12
T � 1

�
(4.7)

£¤¥ ¢â®à®¥ á« £ ¥¬®¥ ¤ ¥â ¬ «ãî ¯®¯à ¢ªã ª á¢®¡®¤­®© í­¥à£¨¨ ¨¤¥ «ì­®£® £ §  ¨§-
§  ¢§ ¨¬®¤¥©áâ¢¨ï. �®â¥­æ¨ « ¢§ ¨¬®¤¥©áâ¢¨ï U12 § ¢¨á¨â ®â à ááâ®ï­¨ï ¬¥¦¤ã
 â®¬ ¬¨. �®íâ®¬ã ¢ (4.7) ¬®¦­® ¯¥à¥©â¨ ª ¨­â¥£à¨à®¢ ­¨î ¯® à §­®áâ¨ ª®®à¤¨­ â
¤¢ãå  â®¬®¢ ¨ ¯® ª®®à¤¨­ â¥ ¨å æ¥­âà  ¨­¥àæ¨¨. �®á«¥¤­¥¥ ¤ áâ á­®¢  ®¡ê¥¬ V .
�ª®­ç â¥«ì­® ¯®«ãç ¥¬:

F = Fid +
N2TB(T )

V
(4.8)

£¤¥:

B(T ) =
1

2

Z
dV
�
1� e�U12

T

�
(4.9)

�âáî¤  ­ å®¤¨¬ ¤ ¢«¥­¨¥:

P = �@F
@V

=
NT

V

�
1 +

NB(T )

V

�
(4.10)

£¤¥ ãçâ¥­®, çâ® Pid = NT=V . �â® ¥áâì ãà ¢­¥­¨¥ á®áâ®ï­¨ï £ §  ¢ à áá¬ âà¨¢ ¥¬®¬
¯à¨¡«¨¦¥­¨¨.

�§ â¥à¬®¤¨­ ¬¨ª¨ ¨§¢¥áâ­®, çâ® ¨§¬¥­¥­¨ï á¢®¡®¤­®© í­¥à£¨¨ ¨ â¥à¬®¤¨­ ¬¨-
ç¥áª®£® ¯®â¥­æ¨ «  ¯à¨ ¬ «ëå ¨§¬¥­¥­¨ïå ¢­¥è­¨å ãá«®¢¨© à ¢­ë ¤àã£ ¤àã£ã,
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�¨á. 4-1 � à ªâ¥à­ë© ¢¨¤ ¯®â¥­æ¨ «  ¬¥¦ â®¬­®£® ¢§ ¨¬®¤¥©áâ¢¨ï.

¯à¨ç¥¬ ®¤­® ¡¥à¥âáï ¯à¨ ¯®áâ®ï­­®¬ ®¡ê¥¬¥,   ¤àã£®¥ ¯à¨ ¯®áâ®ï­­®¬ ¤ ¢«¥­¨¨.
�á«¨ à áá¬®âà¥âì ®âª«®­¥­¨¥ £ §  ®â ¨¤¥ «ì­®áâ¨ ª ª â ª®¥ ¨§¬¥­¥­¨¥, â® ¨§ (4.8)
¬®¦­® ¯®«ãç¨âì á®®â¢¥âáâ¢ãîé¥¥ ¢ëà ¦¥­¨¥ ¤«ï �. �ã¦­® â®«ìª® ¢ ¯®¯à ¢®ç-
­®¬ ç«¥­¥ ¢ëà §¨âì ®¡ê¥¬ ç¥à¥§ ¤ ¢«¥­¨¥, ¯à¨ç¥¬ íâ® á«¥¤ã¥â á¤¥« âì á ¯®¬®éìî
ãà ¢­¥­¨ï á®áâ®ï­¨ï ¨¤¥ «ì­®£® £ § . �®£¤ :

� = �id +NB(T )P (4.11)

�âáî¤  ¬®¦­® ¢ëà §¨âì ®¡ê¥¬ ç¥à¥§ ¤ ¢«¥­¨¥:

V =
NT

P
+ NB(T ) (4.12)

�á¥ ¯®«ãç¥­­ë¥ ä®à¬ã«ë ¨¬¥îâ á¬ëá« «¨èì ¯à¨ ãá«®¢¨¨, çâ® ¨­â¥£à « (4.9)
áå®¤¨âáï. �«ï íâ®£® ­ã¦­®, çâ®¡ë á¨«ë ¢§ ¨¬®¤¥©áâ¢¨ï ¤®áâ â®ç­® ¡ëáâà® ã¡ë-
¢ «¨ á à ááâ®ï­¨¥¬. �á«¨ ­  ¡®«ìè¨å à ááâ®ï­¨ïå U12 � r�n, â® ­ã¦­® n > 3. �«ï
®¤­® â®¬­ëå £ §®¢ U12 ¨¬¥¥â ¢¨¤, ¯®ª § ­­ë© ­  �¨á.4-1. �«ã¡¨­  ¯®â¥­æ¨ «ì­®©
ï¬ë U0 ®¡ëç­® ¯®àï¤ª  ªà¨â¨ç¥áª®© â¥¬¯¥à âãàë ¤ ­­®£® ¢¥é¥áâ¢ . �à¨ ¢ëá®ª¨å
â¥¬¯¥à âãà å T � U0 ¢® ¢á¥© ®¡« áâ¨ r > 2r0 ¨¬¥¥¬ jU12j=T � 1 ¨ ¯®¤¨­â¥£à «ì­®¥
¢ëà ¦¥­¨¥ ¢ (4.9) ¡«¨§ª® ª ­ã«î. �®íâ®¬ã §­ ç¥­¨¥ ¨­â¥£à «  ¢ (4.9) ¢ ®á­®¢­®¬
®¯à¥¤¥«ï¥âáï ®¡« áâìî r < 2r0, £¤¥ U12=T ¯®«®¦¨â¥«ì­® ¨ ¢¥«¨ª®, á®®â¢¥âáâ¢¥­­®
¯®«®¦¨â¥«¥­ ¨ ¢¥áì ¨­â¥£à «. � ª¨¬ ®¡à §®¬, ¯à¨ ¢ëá®ª¨å â¥¬¯¥à âãà å ¨¬¥¥¬
B(T ) > 0. � ¯à®â¨¢, ¯à¨ ­¨§ª¨å T � U0 ®á­®¢­ãî à®«ì ¢ ¨­â¥£à «¥ ¨£à ¥â ®¡« áâì
r > 2r0, £¤¥ â¥¯¥àì U12=T ®âà¨æ â¥«ì­® ¨ ¢¥«¨ª® ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥. �®-
íâ®¬ã, ¯à¨ ¤®áâ â®ç­® ­¨§ª¨å â¥¬¯¥à âãà å ¨¬¥¥¬ B(T ) < 0,   § ¢¨á¨¬®áâì B(T )

®â â¥¬¯¥à âãàë ®¯à¥¤¥«ï¥âáï, ¢ ®á­®¢­®¬, ¬­®¦¨â¥«¥¬ e�
U0
T . �§ íâ¨å à ááã¦¤¥­¨©

ïá­®, çâ® ¯à¨ ­¥ª®â®à®© â¥¬¯¥à âãà¥ B(T ) ¯à®å®¤¨â ç¥à¥§ ­ã«ì: B(TB ) = 0 (â®çª 
�®©«ï).

�à ¢­¥­¨¥ á®áâ®ï­¨ï (4.10), ¯® áãé¥áâ¢ã, ¤ ¥â ¯¥à¢ë© ¯®¯à ¢®ç­ë© ç«¥­ ª à §-
«®¦¥­¨î ¤ ¢«¥­¨ï ¯® áâ¥¯¥­ï¬ 1=V , á«¥¤ãîé¥£® ¢¨¤ :

P =
NT

V

�
1 +

NB(T )

V
+
N2C(T )

V 2
+ :::

�
(4.13)
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�¥à¢ë© ¯®¯à ¢®ç­ë© ç«¥­ §¤¥áì á¢ï§ ­ á ¯ à­ë¬¨ áâ®«ª­®¢¥­¨ï¬¨  â®¬®¢, ¢â®à®©
{ á âà®©­ë¬¨ ¨ â.¤. �¥§à §¬¥à­ë© ¬ «ë© ¯ à ¬¥âà íâ®£® à §«®¦¥­¨ï { ®â­®è¥-
­¨¥ Nv0=V \®¡ê¥¬ " ®¤­®£®  â®¬  v0 ª ¯à¨å®¤ïé¥¬ãáï ­  ®¤¨­  â®¬ ®¡ê¥¬ã £ § 
V=N . �®íää¨æ¨¥­âë B;C; ::: ­ §ë¢ îâáï ¢¨à¨ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨,   (4.13)
{ ¢¨à¨ «ì­®¥ à §«®¦¥­¨¥. �®¦­® ¯®ª § âì, çâ® ®¡é ï áâàãªâãà  ¢¨à¨ «ì­®£® à §-
«®¦¥­¨ï ¨¬¥¥â ¢¨¤:

P = T

1X
n=1

Jn
n!
�n (4.14)

£¤¥ � = Pid=T = N=V ,   ¢¨à¨ «ì­ë¥ ª®íää¨æ¨¥­âë:

J1 = 1 (4.15)

J2 =

Z
dV2

�
e�

U12
T � 1

�
(4.16)

J3 =

Z
dV2

Z
dV3

�
e�

U123
T � e�

U12
T � e�

U13
T � e�

U23
T + 2

�
(4.17)

¨ â.¤. �­â¥£à «ë ¢ Jn ¯®áâà®¥­ë ¯® ®ç¥¢¨¤­®¬ã § ª®­ã: ¯®¤¨­â¥£à «ì­®¥ ¢ëà -
¦¥­¨¥ ¢ Jn ®â«¨ç­® ®â ­ã«ï, «¨èì ¥á«¨ n  â®¬®¢ ¡«¨§ª¨ ¤àã£ ª ¤àã£ã, â.¥. ¯à¨
áâ®«ª­®¢¥­¨¨ n  â®¬®¢.

�®à¬ã«  � ­-¤¥à-�  «ìá .

�¥®à¨ï ¦¨¤ª®áâ¥© ¯à¥¤áâ ¢«ï¥â á®¡®© ®á®¡¥­­® á«®¦­ë© à §¤¥« áâ â¨áâ¨ç¥áª®©
¬¥å ­¨ª¨. �à ªâ¨ç¥áª¨ ­¥¢®§¬®¦­® ãáâ ­®¢¨âì ª ª¨¥-«¨¡® ®¡é¨¥ ä®à¬ã«ë, ª®-
«¨ç¥áâ¢¥­­® ®¯¨áë¢ îé¨¥ á¢®©áâ¢  ¦¨¤ª®áâ¥©. �¤­ ª®, ¬®¦­® ¤®áâ â®ç­® «¥£ª®
¯®«ãç¨âì ­¥ª®â®àãî ¨­â¥à¯®«ïæ¨®­­ãî ä®à¬ã«ã, ª ç¥áâ¢¥­­® ®¯¨áë¢ îéãî ¯¥à¥-
å®¤ ¬¥¦¤ã ¦¨¤ª®áâìî ¨ £ §®¬ ¨ ï¢«ïîéãîáï ¤®áâ â®ç­® å®à®è¨¬ ¨ ¯à ªâ¨ç­ë¬
ãà ¢­¥­¨¥¬ á®áâ®ï­¨ï á¨áâ¥¬ë £ § { ¦¨¤ª®áâì. �¥çì ¨¤¥â ®¡ ¨§¢¥áâ­®© ä®à¬ã«¥
� ­-¤¥à-�  «ìá .

�¯¨á ­­ë© ¢ëè¥ å à ªâ¥à ¢§ ¨¬®¤¥©áâ¢¨ï  â®¬®¢ £ §  ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì
¢¨¤ ¯¥à¢ëå ç«¥­®¢ à §«®¦¥­¨ï B(T ) ¯® áâ¥¯¥­ï¬ ®¡à â­®© â¥¬¯¥à âãàë, ¯à¥¤¯®-
« £ ï ¬ «®áâì ®â­®è¥­¨ï:

U0
T
� 1 (4.18)

�¬¥ï ¢¢¨¤ã, çâ® U12 ¥áâì äã­ªæ¨ï à ááâ®ï­¨ï r ¬¥¦¤ã  â®¬ ¬¨, § ¯¨è¥¬ ¢ (4.9)
dV = 4�r2dr ¨ à §®¡ì¥¬ ®¡« áâì ¨­â¥£à¨à®¢ ­¨ï ­  ¤¢¥ ç áâ¨:

B(T ) = 2�

Z 2r0

0

drr2
�
1� e�U12

T

�
+ 2�

Z 1

2r0

drr2
�
1� e�U12

T

�
(4.19)

�à¨ §­ ç¥­¨ïå r 2 [0; 2r0] í­¥à£¨ï ¢§ ¨¬®¤¥©áâ¢¨ï U12 ®ç¥­ì ¢¥«¨ª . �®íâ®¬ã ¢ ¯¥à-

¢®¬ ¨­â¥£à «¥ ¬®¦­® ¯à¥­¥¡à¥çì ç«¥­®¬ e�
U12
T ¯® áà ¢­¥­¨î á ¥¤¨­¨æ¥©. �®£¤  íâ®â

¨­â¥£à « à ¢¥­ b = 16�r30=3 > 0 ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ãç¥â¢¥à¥­­ë© \®¡ê¥¬"  â®¬ .
�® ¢â®à®¬ ¨­â¥£à «¥ ¢¥§¤¥ jU12j=T � U0=T � 1. �®íâ®¬ã ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥-
­¨¥ ¬®¦­® à §«®¦¨âì ¯® áâ¥¯¥­ï¬ U12=T ¨ ®£à ­¨ç¨¢è¨áì ¯¥à¢ë¬ ­¥¨áç¥§ îé¨¬
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ç«¥­®¬ § ¯¨á âì:

� 2�

T

Z 1

2r0

drr2jU12j = � a
T

(4.20)

£¤¥ a = const > 0. � ª¨¬ ®¡à §®¬ ­ å®¤¨¬:

B(T ) = b� a

T
(4.21)

�®®â¢¥âáâ¢¥­­® ¨§ (4.8),(4.11) ­ å®¤¨¬:

F = Fid +
N2

V
(bT � a) (4.22)

� = �id +NP (b� a=T ) (4.23)

�áª®¬ãî ¨­â¥à¯®«ïæ¨®­­ãî ä®à¬ã«ã ¬®¦­® ¯®«ãç¨âì ¨§ (4.22), ª®â®à ï á ¬  ¯®
á¥¡¥ ­¥ ã¤®¢«¥â¢®àï¥â ­¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬, â ª ª ª ­¥ ãç¨âë¢ ¥â ®£à ­¨ç¥­-
­®áâì á¦¨¬ ¥¬®áâ¨ ¢¥é¥áâ¢ . �®¤áâ ¢¨¬ ¢ (4.22) á¢®¡®¤­ãî í­¥à£¨î ¨¤¥ «ì­®£®
£ §  ¢ ¢¨¤¥ (3.45) Fid = �NT ln eV

N
+ Nf(T ) ¨ ¯®«ãç¨¬:

F = Nf(T ) � NT ln
e

N
� NT

�
lnV � Nb

V

�
� N2a

V
(4.24)

�á«¨ £ § ¤®áâ â®ç­® à §à¥¦¥­, à ááâ®ï­¨ï ¬¥¦¤ã  â®¬ ¬¨ §­ ç¨â¥«ì­® ¡®«ìè¥,
ç¥¬ ¨å à §¬¥àë, á®®â¢¥âáâ¢¥­­® V � Nb. �®£¤  ¨¬¥¥¬:

ln(V � Nb) = lnV + ln

�
1� Nb

V

�
� lnV � Nb

V
(4.25)

�¥¯¥àì á¤¥« ¥¬ à¥è îé¨© è £ ¨ § ¬¥­¨¬ «®£ à¨ä¬ ¢ (4.24) ­  «®£ à¨ä¬, áâ®ïé¨©
¢ «¥¢®© ç áâ¨ ¯à¨¡«¨¦¥­­®£® à ¢¥­áâ¢  (4.25). �®£¤  (4.24), ä ªâ¨ç¥áª¨ á â®© ¦¥
â®ç­®áâìî, § ¯¨è¥âáï ª ª:

F = Nf(T ) � NT ln
e

N
(V �Nb)� N2a

V
= Fid �NT ln

�
1� Nb

V

�
� N2a

V
(4.26)

� â ª®¬ ¢¨¤¥ íâ  ä®à¬ã«  ã¦¥ ã¤®¢«¥â¢®àï¥â ¯®áâ ¢«¥­­®¬ã ãá«®¢¨î: ¯à¨ ¡®«ì-
è¨å V ®­  ¯¥à¥å®¤¨â ¢ ¢ëà ¦¥­¨¥ ¤«ï ¨¤¥ «ì­®£® £ § ,   ¯à¨ ¬ «ëå V ®­  ¤¥-
¬®­áâà¨àã¥â ­¥¢®§¬®¦­®áâì ¡¥á¯à¥¤¥«ì­®£® á¦ â¨ï £ §  (¯à¨ V < Nb  à£ã¬¥­â ln
áâ ­®¢¨âáï ®âà¨æ â¥«ì­ë¬). �«ï ¤ ¢«¥­¨ï ¯®«ãç ¥¬:

P = �@F
@V

=
NT

V � Nb
� N2a

V 2
(4.27)

¨«¨ �
P +

N2a

V 2

�
(V � Nb) = NT (4.28)

{ ãà ¢­¥­¨¥ á®áâ®ï­¨ï � ­-¤¥à-�  «ìá . �§ (4.26) ¬®¦­® ­ ©â¨ í­âà®¯¨î:

S = Sid +N ln

�
1� Nb

V

�
(4.29)
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  â ª¦¥ ¢­ãâà¥­­îî í­¥à£¨î E = F + TS:

E = Eid � N2a

V
(4.30)

�âáî¤  ¢¨¤­®, çâ® â¥¯«®¥¬ª®áâì Cv = (@E=@T )V á®¢¯ ¤ ¥â á â¥¯«®¥¬ª®áâìî ¨¤¥-
 «ì­®£® £ § . �â®à®© ç«¥­ ¢ (4.30) á®®â¢¥âáâ¢ã¥â í­¥à£¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï  â®¬®¢
£ § , ®­ ®âà¨æ â¥«¥­, â ª ª ª ¬¥¦¤ã  â®¬ ¬¨ ¢ áà¥¤­¥¬ ¯à¥®¡« ¤ îâ á¨«ë ¯à¨âï-
¦¥­¨ï.

�à ¢­¥­¨¥ � ­-¤¥à-�  «ìá  ¯à¥¤áâ ¢«ï¥â á®¡®© ªà ©­¥ ã¤ ç­ë© ¯à¨¬¥à ¨­â¥à-
¯®«ïæ¨®­­®£® ãà ¢­¥­¨ï á®áâ®ï­¨ï, ¢¯®«­¥ ¤®áâ â®ç­®£® ¤«ï ª ç¥áâ¢¥­­®£®  ­ -
«¨§  ¢® ¬­®£¨å à¥ «ì­ëå á¨âã æ¨ïå.

�¥à¬®¤¨­ ¬¨ç¥áª¨¥ ¢¥«¨ç¨­ë ª« áá¨ç¥-
áª®© ¯« §¬ë.

�§«®¦¥­­ë© ¢ëè¥ ¬¥â®¤ ¢ëç¨á«¥­¨ï â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ ­¥¨¤¥ «ì­®£®
£ §  § ¢¥¤®¬® ­¥¯à¨¬¥­¨¬ ¤«ï £ § , á®áâ®ïé¥£® ¨§ § àï¦¥­­ëå ç áâ¨æ, ¢§ ¨¬®¤¥©-
áâ¢ãîé¨å ¯® § ª®­ã �ã«®­ , â ª ª ª ¢ íâ®¬ á«ãç ¥ ¢å®¤ïé¨¥ ¢ ­ è¨ ä®à¬ã«ë
¨­â¥£à «ë ¯à®áâ® à áå®¤ïâáï (U12 � r�1). � íâ®¬ ¢ ¦­®¬ á«ãç ¥ âà¥¡ã¥âáï á¯¥æ¨-
 «ì­®¥ à áá¬®âà¥­¨¥.

�â ª, à áá¬®âà¨¬ ¯®«­®áâìî ¨®­¨§®¢ ­­ë© £ § (¯« §¬ã). � àï¤ë ç áâ¨æ (¨®-
­®¢) ¡ã¤¥¬ ®¡®§­ ç âì Zae, £¤¥ ¨­¤¥ªá a ®â«¨ç ¥â á®àâ  ¨®­®¢ (e { í«¥¬¥­â à­ë©
§ àï¤, Za { ¯®«®¦¨â¥«ì­ë¥ ¨ ®âà¨æ â¥«ì­ë¥ ç¨á« ). �ãáâì na { ç¨á«® ¨®­®¢ a-£®
á®àâ  ¢ ¥¤¨­¨æ¥ ®¡ê¥¬  £ § . � æ¥«®¬ £ § ­¥©âà «¥­:X

a

Zana0 = 0 (4.31)

�ãáâì ®âª«®­¥­¨ï ®â ¨¤¥ «ì­®áâ¨ ¬ «ë. �«ï íâ®£® ­ã¦­®, çâ®¡ë áà¥¤­ïï í­¥à£¨ï
ªã«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¤¢ãå ¨®­®¢ � (Ze)2=r(r � n�1=3) ¡ë«  ¬ «  ¯® áà ¢-
­¥­¨î á® áà¥¤­¥© ª¨­¥â¨ç¥áª®© í­¥à£¨¥© � T . � ª¨¬ ®¡à §®¬ ¤®«¦­® ¢ë¯®«­ïâìáï
­¥à ¢¥­áâ¢®:

(Ze)2n1=3� T ¨«¨ n�
�

T

Z2e2

�3

(4.32)

�¢¨¤ã ãá«®¢¨ï í«¥ªâà®­¥©âà «ì­®áâ¨ (4.31) áà¥¤­¥¥ §­ ç¥­¨¥ í­¥à£¨¨ ªã«®­®¢áª®£®
¢§ ¨¬®¤¥©áâ¢¨ï ç áâ¨æ ¯« §¬ë ¯à¨ ®¤­®à®¤­®¬ à á¯à¥¤¥«¥­¨¨ ç áâ¨æ ¢ ¯à®áâà ­-
áâ¢¥ ®¡à é ¥âáï ¢ ­ã«ì. �¥à¢ë¥ ¯®¯à ¢ª¨ ¢ â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ å ¯« §¬ë
¢®§­¨ª îâ â®«ìª® ¯à¨ ãç¥â¥ ª®àà¥«ïæ¨¨ ¬¥¦¤ã ¯®«®¦¥­¨ï¬¨ à §«¨ç­ëå ç áâ¨æ
(ª®àà¥«ïæ¨®­­ë¥ ¯®¯à ¢ª¨).

�«ï ­ å®¦¤¥­¨ï ¯®¯à ¢ª¨ Ecorr ¢ í­¥à£¨¨ ¯« §¬ë § ¯¨è¥¬:

Ecorr = V
1

2

X
a

Zaena0'a (4.33)

£¤¥ 'a { ¯®â¥­æ¨ « ¯®«ï, ¤¥©áâ¢ãîé¥£® ­  ¨®­ a-£® á®àâ  á® áâ®à®­ë ®áâ «ì­ëå

§ àï¤®¢. �«¥¤ãï ¬¥â®¤ã, ¯à¥¤«®¦¥­­®¬ã �¥¡ ¥¬ ¨ �îªª¥«¥¬ § ¬¥â¨¬, çâ® ª ¦¤ë©
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¨§ ¨®­®¢ á®§¤ ¥â ¢®ªàã£ á¥¡ï ­¥ª®â®à®¥ (áä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç­®¥) ­¥à ¢­®¬¥à­®
§ àï¦¥­­®¥ ¨®­­®¥ ®¡« ª® (\èã¡ã"). �¡®§­ ç¨¬ ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ¨®­®¢
(a-£® á®àâ ) ¢ íâ®¬ ®¡« ª¥ na. �®â¥­æ¨ «ì­ ï í­¥à£¨ï «î¡®£® ¨®­  a-£® á®àâ  ¢
í«¥ªâà¨ç¥áª®¬ ¯®«¥ ¢®ªàã£ § ¤ ­­®£® ¨®­ , áª ¦¥¬ â¨¯  b, ¥áâì Zae', £¤¥ ' { ¯®-
â¥­æ¨ «, á®§¤ ¢ ¥¬ë© íâ¨¬ ä¨ªá¨à®¢ ­­ë¬ ¨®­®¬. �®£« á­® ä®à¬ã«¥ �®«ìæ¬ ­ 
(3.16):

na(r) = na0 exp

�
�Zae'(r)

T

�
(4.34)

�®íää¨æ¨¥­â §¤¥áì à ¢¥­ na0 ¯®áª®«ìªã ¢¤ «¨ ®â æ¥­âà  ¨®­  b (£¤¥ '! 0) ¯«®â-
­®áâì ®¡« ª  ¤®«¦­  ¯¥à¥å®¤¨âì ¢ áà¥¤­îî ¯«®â­®áâì ¢ £ §¥. �®â¥­æ¨ « ' ¯®«ï ¢
¨®­­®¬ ®¡« ª¥ á¢ï§ ­ á ¯«®â­®áâìî § àï¤  ¢ ®¡« ª¥ ãà ¢­¥­¨¥¬ �ã áá®­ :

r2'(r) = 4�e
X
a

Zana(r) (4.35)

�à ¢­¥­¨ï (4.34), (4.35) ®¡à §ãîâ á¨áâ¥¬ã ãà ¢­¥­¨©, ®¯à¥¤¥«ïîéãî á ¬®á®£« á®-

¢ ­­®¥ í«¥ªâà¨ç¥áª®¥ ¯®«¥ ¢ á¨áâ¥¬¥ ¨®­®¢.
�à¨ á¤¥« ­­®¬ ¯à¥¤¯®«®¦¥­¨¨ ®¡ ®â­®á¨â¥«ì­®© á« ¡®áâ¨ ¢§ ¨¬®¤¥©áâ¢¨ï ¨®-

­®¢ í­¥à£¨ï Zae' ¬ «  ¯® áà ¢­¥­¨î á T ¨ (4.34) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

na(r) = na0 � Zaena0
T

'(r) (4.36)

�®¤áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥ ¢ (4.35) ¨ ¨¬¥ï ¢¢¨¤ã ãá«®¢¨¥ í«¥ªâà®­¥©âà «ì­®áâ¨
(4.31), ¯®«ãç ¥¬:

r2'� �2' = 0 (4.37)

£¤¥

�2 =
4�e2

T

X
a

Z2
ana0 (4.38)

�¥«¨ç¨­  � ¨¬¥¥â à §¬¥à­®áâì ®¡à â­®© ¤«¨­ë.
�ä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4.37) ¨¬¥¥â ¢¨¤:

'(r) = const
e��r

r
(4.39)

�¡«¨§¨ ®â æ¥­âà  ¨®­  ®­® ¤®«¦­® ¯¥à¥å®¤¨âì ¢ ®¡ëç­ë© ªã«®­®¢áª¨© ¯®â¥­æ¨ «:
' � Zbe=r, â ª çâ® ¢ (4.39) const = Zbe ¨ ¬ë ¨¬¥¥¬:

'(r) = Zbe
e��r

r
(4.40)

�®«¥ íªá¯®­¥­æ¨ «ì­® á¯ ¤ ¥â ¯à¨ r � ��1. �«¨­  1=� íää¥ªâ¨¢­® ®¯à¥¤¥«ï¥â
à §¬¥àë ¨®­­®£® ®¡« ª  ¨ ­ §ë¢ ¥âáï ¤¥¡ ¥¢áª¨¬ à ¤¨ãá®¬ íªà ­¨à®¢ ­¨ï (¤«¨-
­®© íªà ­¨à®¢ª¨). �â® ï¢«¥­¨¥ íªà ­¨à®¢ ­¨ï ¤ «ì­®¤¥©áâ¢ãîé¥£® ªã«®­®¢áª®£®
¢§ ¨¬®¤¥©áâ¢¨ï, ¯à¥¢à é îé¥£® ¥£® ¢ íää¥ªâ¨¢­® ª®à®âª®¤¥©áâ¢ãîé¥¥, ¨£à ¥â
®ç¥­ì ¡®«ìèãî à®«ì ¢ ä¨§¨ª¥ ¯« §¬ë, ä¨§¨ª¥ í«¥ªâà®«¨â®¢ ¨ ¢ ä¨§¨ª¥ â¢¥à¤®£®
â¥« .

� §« £ ï (4.40) ¢ àï¤ ¯à¨ ¬ «ëå �r, ­ ©¤¥¬:

'(r) =
Zbe

r
� Zbe�+ ::: (4.41)



80 ����������� ����

�¯ãé¥­­ë¥ ç«¥­ë áâà¥¬ïâáï ª ­ã«î ¯à¨ r ! 0. �¥à¢ë© ç«¥­ ¥áâì ªã«®­®¢áª®¥ ¯®«¥
á ¬®£® ¤ ­­®£® ¨®­  b. �â®à®© ç«¥­ ¯®íâ®¬ã ¨¬¥¥â á¬ëá« ¯®â¥­æ¨ « , á®§¤ ¢ ¥¬®£®
¢á¥¬¨ ®áâ «ì­ë¬¨ ¨®­ ¬¨ ¢ â®çª¥ ­ å®¦¤¥­¨ï ¤ ­­®£® ¨®­ , â.¥. âã á ¬ãî ¢¥«¨ç¨­ã
'a, ª®â®àãî ¬ë ¢¢¥«¨ ¢ (4.33): 'a = �Zae�.

� ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥ ¤«ï ª®àà¥«ïæ¨®­­®© í­¥à£¨¨
¯« §¬ë:

Ecorr = �V
2
�e2

X
a

Z2
ana0 = �V e3

r
�

T

�
�aZ

2
ana0

�3=2
(4.42)

¨«¨, ¢¢®¤ï ¯®«­ë¥ ç¨á«  à §«¨ç­ëå ¨®­®¢ ¢ £ §¥ Na = na0V :

Ecorr = �e3
r

�

TV

�
�aNaZ

2
a

�3=2
(4.43)

�­â¥£à¨àãï â¥à¬®¤¨­ ¬¨ç¥áª®¥ á®®â­®è¥­¨¥ �¨¡¡á {�¥«ì¬£®«ìæ  (2.66), § ¯¨á ­-
­®¥ ¢ ¢¨¤¥ E

T2 = � @
@T

F
T , ¬®¦­® ­ ©â¨ ¨§Ecorr á®®â¢¥âáâ¢ãîéãî ¤®¡ ¢ªã ª á¢®¡®¤­®©

í­¥à£¨¨:

F = Fid � 2e3

3

r
�

TV

 X
a

NaZ
2
a

!3=2

(4.44)

�®áâ®ï­­ãî ¨­â¥£à¨à®¢ ­¨ï ¬®¦­® ¯®«®¦¨âì à ¢­®© ­ã«î, ¯®áª®«ìªã ¯à¨ T !1
¤®«¦­® ¡ëâì F = Fid. �âáî¤  ¯®«ãç ¥¬ ¤ ¢«¥­¨¥:

P =
NT

V
� e3

3V 3=2

r
�

T

 X
a

NaZ
2
a

!3=2

(4.45)

£¤¥ N =
P
aNa. �­ «®£¨ç­®, ª ª ¨ ¢ëè¥, ¬®¦­® ­ ©â¨:

� = �id � 2e3

3T

�
�P

N

�1=2 X
a

NaZ
2
a

!3=2

(4.46)

�â® ¯®«ãç ¥âáï, ¥á«¨ à áá¬®âà¥âì ¢â®à®© ç«¥­ ¢ (4.44) ª ª ¬ «ãî ¤®¡ ¢ªã ¨ ¢ëà -
§¨âì ¥¥ á ­ã¦­®© â®ç­®áâìî ç¥à¥§ ¯¥à¥¬¥­­ë¥ P ¨ T .
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� á¯à¥¤¥«¥­¨¥ �¥à¬¨.

�ëè¥ ¬ë ¢¨¤¥«¨, ¯à¨ ¯®­¨¦¥­¨¨ â¥¬¯¥à âãàë ¨¤¥ «ì­®£® £ §  (¯à¨ § ¤ ­­®© ¯«®â-
­®áâ¨), áâ â¨áâ¨ª  �®«ìæ¬ ­  áâ ­®¢¨âáï ­¥¯à¨¬¥­¨¬®© ¨§-§  ª¢ ­â®¢ëå íää¥ªâ®¢
(áà. (3.79)). �®íâ®¬ã, ¤«ï ®¯¨á ­¨ï á®®â¢¥âáâ¢ãîé¥© ®¡« áâ¨ â¥¬¯¥à âãà (¯«®â­®-
áâ¥©) ¤®«¦­  ¡ëâì ¯®áâà®¥­  ¤àã£ ï áâ â¨áâ¨ª , ¢ ª®â®à®© áà¥¤­¨¥ ç¨á«  § ¯®«­¥-
­¨ï à §«¨ç­ëå ª¢ ­â®¢ëå á®áâ®ï­¨© ­¥ ¯à¥¤¯®« £ îâáï ¬ «ë¬¨1. �â  áâ â¨áâ¨ª 
®ª §ë¢ ¥âáï à §­®©, ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, ¨§ ç áâ¨æ ª ª®£® à®¤  á®áâ®¨â £ §.
� ¨¡®«¥¥ äã­¤ ¬¥­â «ì­ë¬ ¤¥«¥­¨¥¬ ç áâ¨æ ­  ª« ááë ¢ á®¢à¥¬¥­­®© ª¢ ­â®¢®©
â¥®à¨¨ ï¢«ï¥âáï ¨å ¤¥«¥­¨¥ ­  ä¥à¬¨®­ë (ç áâ¨æë á ¯®«ãæ¥«ë¬ á¯¨­®¬) ¨ ¡®-
§®­ë (ç áâ¨æë á æ¥«ë¬ á¯¨­®¬). �®«­®¢ë¥ äã­ªæ¨¨ á¨áâ¥¬ë N â®¦¤¥áâ¢¥­­ëå
ä¥à¬¨®­®¢  ­â¨á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì­® ¯¥à¥áâ ­®¢®ª ç áâ¨æ,   ¡®§®­®¢ { á¨¬-
¬¥âà¨ç­ë.

�«ï á¨áâ¥¬ë ç áâ¨æ, ®¯¨áë¢ îé¨åáï  ­â¨á¨¬¬¥âà¨ç­ë¬¨ ¢®«­®¢ë¬¨ äã­ª-
æ¨ï¬¨ (ä¥à¬¨®­®¢), á¯à ¢¥¤«¨¢ ¯à¨­æ¨¯ � ã«¨, áâ â¨áâ¨ª , ®á­®¢ ­­ ï ­  íâ®¬
¯à¨­æ¨¯¥ ­ §ë¢ ¥âáï áâ â¨áâ¨ª®© �¥à¬¨ (�¥à¬¨{�¨à ª ). � ª ¨ ¢ëè¥, ¯à¨ ¢ë-
¢®¤¥ à á¯à¥¤¥«¥­¨ï �®«ìæ¬ ­  ¨§ ¡®«ìè®£® ª ­®­¨ç¥áª®£®  ­á ¬¡«ï (áà. (3.4){
(3.7)), ¯à¨¬¥­¨¬ à á¯à¥¤¥«¥­¨¥ �¨¡¡á  ª á®¢®ªã¯­®áâ¨ ¢á¥å ç áâ¨æ, ­ å®¤ïé¨åáï ¢
¤ ­­®¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨ (¯®¤á¨áâ¥¬  ¢ â¥à¬®áâ â¥). �­®¢  ®¡®§­ ç¨¬ 
k â¥à-
¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « íâ®© á¨áâ¥¬ë ç áâ¨æ, â®£¤  ¨§ (2.60), ãç¨âë¢ ï, çâ®

1� â¥à¨ « íâ®© £« ¢ë ¯®«­®áâìî ®á­®¢ ­ ­  [1, 2].

81
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¤«ï £ §  á¢®¡®¤­ëå ç áâ¨æ Enk = nk"k, ¯®«ãç ¥¬:


k = �T ln
X
nk

�
e
��"k
T

�nk
(5.1)

£¤¥ nk { ç¨á«® ç áâ¨æ ¢ k-¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨. �®£« á­® ¯à¨­æ¨¯ã � ã«¨ ç¨á« 
§ ¯®«­¥­¨ï ª ¦¤®£® á®áâ®ï­¨ï ä¥à¬¨®­ ¬¨ ¬®£ãâ ¯à¨­¨¬ âì «¨èì §­ ç¥­¨ï 0 ¨«¨
1. �®®â¢¥âáâ¢¥­­® ¢ áã¬¬¥ ¯® nk ¢ (5.1) ®áâ ¥âáï â®«ìª® ¤¢  ç«¥­  ¨ ¬ë ¨¬¥¥¬:


k = �T ln
�
1 + e

��"k
T

�
(5.2)

�®áª®«ìªã áà¥¤­¥¥ ç¨á«® ç áâ¨æ ¢ á¨áâ¥¬¥ à ¢­® ¯à®¨§¢®¤­®© ®â ¯®â¥­æ¨ «  
k ¯®
å¨¬¯®â¥­æ¨ «ã �, ¢§ïâ®© á ®¡à â­ë¬ §­ ª®¬, â®:

< nk >= �@
k
@�

=
e
��"k
T

1 + e
��"k
T

(5.3)

¨«¨:

< nk >=
1

e
"k��

T + 1
(5.4)

çâ® ¨ ­ §ë¢ ¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï �¥à¬¨. �¥âàã¤­® ¢¨¤¥âì, çâ® ¢á¥£¤ 

< nk >� 1,   ¯à¨ e
��"k
T � 1 ¨§ (5.4) ¯®«ãç ¥¬ à á¯à¥¤¥«¥­¨¥ �®«ìæ¬ ­ 2.

�á«®¢¨¥ ­®à¬¨à®¢ª¨ ¤«ï à á¯à¥¤¥«¥­¨ï �¥à¬¨ § ¯¨áë¢ ¥âáï ª ª:X
k

1

e
"k��

T + 1
= N (5.5)

£¤¥ N { ¯®«­®¥ ç¨á«® ç áâ¨æ ¢ £ §¥. �â® à ¢¥­áâ¢®, ä ªâ¨ç¥áª¨, ï¢«ï¥âáï ­¥ï¢­ë¬
ãà ¢­¥­¨¥¬, ®¯à¥¤¥«ïîé¨¬ å¨¬¯®â¥­æ¨ « £ §  �, ª ª äã­ªæ¨î T ¨ N .

�¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « 
 £ §  ¢ æ¥«®¬, ®ç¥¢¨¤­®, ¯®«ãç ¥âáï ¨§ 
k (5.2)
áã¬¬¨à®¢ ­¨¥¬ ¯® ¢á¥¬ ª¢ ­â®¢ë¬ á®áâ®ï­¨ï¬:


 = �T
X
k

ln
�
1 + e

��"k
T

�
: (5.6)

� á¯à¥¤¥«¥­¨¥ �®§¥.

�¥à¥©¤¥¬ â¥¯¥àì ª ®¡áã¦¤¥­¨î áâ â¨áâ¨ª¨, ª®â®à®© ¯®¤ç¨­ï¥âáï ¨¤¥ «ì­ë© £ §,
á®áâ®ïé¨© ¨§ ç áâ¨æ á æ¥«ë¬ á¯¨­®¬ (¡®§®­®¢), ®¯¨áë¢ îé¨åáï á¨¬¬¥âà¨ç­ë¬¨
¢®«­®¢ë¬¨ äã­ªæ¨ï¬¨ { áâ â¨áâ¨ª¥ �®§¥ (�®§¥{�©­èâ¥©­ ).

�¨á«  § ¯®«­¥­¨ï ª¢ ­â®¢ëå á®áâ®ï­¨© ¤«ï ¡®§®­®¢ ­¨ç¥¬ ­¥ ®£à ­¨ç¥­ë ¨
¬®£ãâ ¯à¨­¨¬ âì «î¡ë¥ §­ ç¥­¨ï. �­ «®£¨ç­® (5.1) ¨¬¥¥¬:


k = �T ln
X
nk

�
e
��"k
T

�nk
(5.7)

2�á«¨ ¯®âà¥¡®¢ âì ¢ë¯®«­¥­¨ï íâ®£® ­¥à ¢¥­áâ¢  ¤«ï «î¡ëå "k, â® ®­® á¢¥¤¥âáï ª e�=T � 1,
çâ® á®¢¯ ¤ ¥â á ªà¨â¥à¨¥¬ ¯à¨¬¥­¨¬®áâ¨ ¡®«ìæ¬ ­®¢áª®© áâ â¨áâ¨ª¨, § ¯¨á ­­ë¬ ¢ (3.77).
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�â®ïé¨© §¤¥áì àï¤ ¯à¥¤áâ ¢«ï¥â á®¡®© £¥®¬¥âà¨ç¥áªãî ¯à®£à¥áá¨î ¨ áå®¤¨âáï ¯à¨

e
��"k
T < 1. �®áª®«ìªã íâ® ãá«®¢¨¥ ¤®«¦­® ¨¬¥âì ¬¥áâ® ¯à¨ «î¡ëå "k, ïá­®, çâ®

� < 0 (5.8)

â.¥. å¨¬¯®â¥­æ¨ « ¡®§¥-£ §  ¢á¥£¤  ®âà¨æ â¥«¥­. �ëè¥ ¬ë ¢¨¤¥«¨, çâ® ¤«ï ¡®«ìæ-
¬ ­®¢áª®£® £ §  � < 0 ¨ ¢¥«¨ª ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥. �¨¦¥ ¬ë ã¡¥¤¨¬áï, çâ®
¤«ï ä¥à¬¨-£ §  � ¬®¦¥â ¡ëâì «î¡®£® §­ ª .

�ã¬¬¨àãï ¯à®£à¥áá¨î ¢ (5.7), ¯®«ãç ¥¬:


k = T ln
�
1� e��"kT

�
(5.9)

�âáî¤  ¤«ï < nk >= �@
k
@�

¨¬¥¥¬:

< nk >=
1

e
"k��

T � 1
(5.10)

{ à á¯à¥¤¥«¥­¨¥ �®§¥. �­®¢ , ¯à¨ e
��"k
T � 1 ¨¬¥¥¬ ¯¥à¥å®¤ ª ¡®«ìæ¬ ­®¢áª®© áâ -

â¨áâ¨ª¥.
�á«®¢¨¥ ­®à¬¨à®¢ª¨ ®¯ïâì ¨¬¥¥â ¢¨¤:

N =
X
k

1

e
"k��

T �1
(5.11)

¨ ­¥ï¢­® ®¯à¥¤¥«ï¥â å¨¬¨ç¥áª¨© ¯®â¥­æ¨ «.
�®«­ë© â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « 
 ¤«ï ¢á¥© á¨áâ¥¬ë.  ­ «®£¨ç­® (5.6)

¥áâì:

 = T

X
k

ln
�
1� e

��"k
T

�
: (5.12)

�¥à ¢­®¢¥á­ë¥ ä¥à¬¨{ ¨ ¡®§¥{£ §ë.

� áá¬®âà¨¬ í­âà®¯¨î ­¥à ¢­®¢¥á­ëå ä¥à¬¨- ¨ ¡®§¥-£ §®¢ ¨ ¯®«ãç¨¬ äã­ªæ¨¨ à á-
¯à¥¤¥«¥­¨ï �¥à¬¨ ¨ �®§¥ ¨§ ãá«®¢¨ï ¥¥ ¬ ªá¨¬ «ì­®áâ¨ ¢ à ¢­®¢¥á­®¬ á®áâ®ï­¨¨.
�­ «¨§ ¬®¦­® ¯à®¢¥áâ¨ á®¢¥àè¥­­®  ­ «®£¨ç­® â®¬ã, ª ª â ª ï ¦¥ § ¤ ç  à¥è -
« áì ¢ëè¥ ¤«ï ¡®«ìæ¬ ­®¢áª®£® £ § . �¯ïâì à á¯à¥¤¥«¨¬ ¢á¥ ª¢ ­â®¢ë¥ á®áâ®ï­¨ï
®â¤¥«ì­®© ç áâ¨æë £ §  ¯® £àã¯¯ ¬, ª ¦¤ ï ¨§ ª®â®àëå á®¤¥à¦¨â ¡«¨§ª¨¥ ¯® í­¥à-
£¨¨ á®áâ®ï­¨ï ¨ ¯¥à¥­ã¬¥àã¥¬ íâ¨ £àã¯¯ë ­®¬¥à ¬¨ j = 1; 2; :::. �ãáâì Gj { ç¨á«®
á®áâ®ï­¨© ¢ j-© £àã¯¯¥,   Nj { ç¨á«® ç áâ¨æ ¢ íâ¨å á®áâ®ï­¨ïå. � ¡®à ç¨á¥« Nj
¯®«­®áâìî å à ªâ¥à¨§ã¥â ¬¨ªà®áª®¯¨ç¥áª®¥ á®áâ®ï­¨¥ £ § .

� á«ãç ¥ áâ â¨áâ¨ª¨ �¥à¬¨ ¢ ª ¦¤®¬ ¨§ ª¢ ­â®¢ëå á®áâ®ï­¨© ¬®¦¥â ­ å®¤¨âìáï
­¥ ¡®«¥¥ ®¤­®© ç áâ¨æë, ­® ç¨á«  Nj ­¥ ¬ «ë,   â®£® ¦¥ ¯®àï¤ª , çâ® ¨ Gj. �¨á«®
¢®§¬®¦­ëå á¯®á®¡®¢ à á¯à¥¤¥«¨âì Nj ®¤¨­ ª®¢ëå ç áâ¨æ ¯® Gj á®áâ®ï­¨ï¬, ­¥
¡®«¥¥ ç¥¬ ¯® ®¤­®© ¢ ª ¦¤®¬, ¥áâì ç¨á«® á¯®á®¡®¢, ª®â®àë¬¨ ¬®¦­® ¢ë¡à âì Nj ¨§
Gj á®áâ®ï­¨©, â.¥. ç¨á«® á®ç¥â ­¨© ¨§ Gj í«¥¬¥­â®¢ ¯® Nj :


j =
Gj!

Nj !(Gj � Nj)!
: (5.13)
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�®£ à¨ä¬¨àãï ¨ ¨á¯®«ì§ãï ¤«ï ¢á¥å âà¥å ä ªâ®à¨ «®¢ ¢ (5.13) ä®à¬ã«ã �â¨à«¨­£ 
lnN ! � N ln(N=e), ­ å®¤¨¬ í­âà®¯¨î:

S =
X
j

fGj lnGj �Nj lnNj � (Gj � Nj) ln(Gj �Nj)g: (5.14)

�¢®¤ï ®¯ïâì áà¥¤­¨¥ ç¨á«  § ¯®«­¥­¨ï < nj >= Nj=Gj ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¢ëà -
¦¥­¨¥ ¤«ï í­âà®¯¨¨ ­¥à ¢­®¢¥á­®£® ä¥à¬¨-£ § :

S = �
X
j

Gj[< nj > ln < nj > +(1� < nj >) ln(1� < nj >)] (5.15)

�§ ãá«®¢¨ï ¬ ªá¨¬ «ì­®áâ¨ íâ®£® ¢ëà ¦¥­¨ï ¯à¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå:X
j

Nj =
X
j

Gj < nj >= N ;
X
j

"jGj < nj >= E (5.16)

â.¥. ¯® ¬¥â®¤ã ­¥®¯à¥¤¥«¥­­ëå ¬­®¦¨â¥«¥© � £à ­¦  ¨§:

@

@ < nj >
[S + �N + �E] = 0 (5.17)

¯®«ãç ¥¬ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï �¥à¬¨ < nj >= [e�+�"j + 1]�1, £¤¥ � = ��=T ,
� = 1=T .

� á«ãç ¥ áâ â¨áâ¨ª¨ �®§¥ ¢ ª ¦¤®¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨ ¬®¦¥â ­ å®¤¨âáï «î-
¡®¥ ç¨á«® ç áâ¨æ, â ª çâ® áâ â¨áâ¨ç¥áª¨© ¢¥á 
j ¥áâì ç¨á«® ¢á¥å á¯®á®¡®¢ à á¯à¥-
¤¥«¨âì Nj ç áâ¨æ ¯® Gj á®áâ®ï­¨ï¬:


j =
(Gj + Nj � 1)!

(Gj � 1)!Nj !
(5.18)

� á ¬®¬ ¤¥«¥, à¥çì ¨¤¥â ® ç¨á«¥ á¯®á®¡®¢ à §¬¥é¥­¨ï Nj ®¤¨­ ª®¢ëå è à®¢ ¯®
Gj ïé¨ª ¬. �§®¡à §¨¬ è àë ¢ ¢¨¤¥ àï¤  ¯®á«¥¤®¢ â¥«ì­® à á¯®«®¦¥­­ëå â®ç¥ª,
  ïé¨ª¨ ¯¥à¥­ã¬¥àã¥¬ ¨ ¨§®¡à §¨¬ £à ­¨æë ¬¥¦¤ã ­¨¬¨ Gj � 1 ¢¥àâ¨ª «ì­ë¬¨
ç¥àâ®çª ¬¨. �á¥£® ç¨á«® ¬¥áâ (­  ª®â®àëå ­ å®¤ïâáï â®çª¨ ¨«¨ ç¥àâ®çª¨) ¢ íâ®©
¯®á«¥¤®¢ â¥«ì­®áâ¨ ¥áâì Gj+Nj �1. �áª®¬®¥ ç¨á«® à §¬¥é¥­¨© è à®¢ ¯® ïé¨ª ¬
¥áâì ç¨á«® á¯®á®¡®¢, ª®â®àë¬¨ ¬®¦­® ¢ë¡à âì Gj�1 ¬¥áâ ¤«ï ç¥àâ®ç¥ª, â.¥. ç¨á«®
á®ç¥â ­¨© ¨§ Nj +Gj � 1 í«¥¬¥­â®¢ ¯® Gj � 1, ®âªã¤  ¨ ¯®«ãç ¥âáï (5.18).

�®£ à¨ä¬¨àãï ª ª ¨ ¢ëè¥ ¨ ¯à¥­¥¡à¥£ ï ¥¤¨­¨æ¥© ¯® áà ¢­¥­¨î á ¡®«ìè¨¬¨
ç¨á« ¬¨ Gj + Nj ¨ Gj, ¯®«ãç¨¬:

S =
X
j

f(Gj +Nj) ln(Gj + Nj)� Nj lnNj � Gj lnGjg (5.19)

�¢®¤ï < nj > § ¯¨è¥¬ í­âà®¯¨î ­¥à ¢­®¢¥á­®£® ¡®§¥-£ §  ¢ ¢¨¤¥:

S =
X
j

Gj[(1+ < nj >) ln(1+ < nj >)� < nj > ln < nj >]: (5.20)

�§ ãá«®¢¨ï ¬ ªá¨¬ã¬  íâ®£® ¢ëà ¦¥­¨ï, â ª¦¥ ª ª ¨ ¢ëè¥ ¢ ä¥à¬¨¥¢áª®¬ á«ãç ¥,
¬®¦­® ¯®«ãç¨âì à á¯à¥¤¥«¥­¨¥ �®§¥.
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�à¨ Nj � Gj (5.15), (5.20) ¥áâ¥áâ¢¥­­® ¯¥à¥å®¤ïâ ¢ ¡®«ìæ¬ ­®¢áªãî ä®à¬ã«ã
(3.23):

S =
X
j

Gj < nj > ln
e

< nj >
=
X
j

Gj[< nj > (1 � ln < nj >)]; < nj >� 1: (5.21)

� ®¡à â­®¬ ¯à¥¤¥«ì­®¬ á«ãç ¥, ª®£¤  Nj � Gj , â.¥. < nj >� 1, í­âà®¯¨ï ¡®§¥-£ § 
(5.20) á¢®¤¨âáï ª:

S =
X
j

Gj ln
eNj
Gj

; (5.22)

  áâ â¨áâ¨ç¥áª¨© ¢¥á (5.18) 
j =
N
Gj�1

j

(Gj�1)! .

�¡é¨¥ á¢®©áâ¢  ä¥à¬¨{ ¨ ¡®§¥{£ §®¢.

�­®£¨¥ ®¡é¨¥ ¢ëà ¦¥­¨ï ¤«ï ¤«ï â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ ä¥à¬¨- ¨ ¡®§¥-£ § 
¬®¦­® ¢ë¯¨á âì ¢ ®¡é¥¬ ¢¨¤¥. �¨¦¥, ¢ íâ®¬ à §¤¥«¥, ¢¥àå­¨© §­ ª á®®â¢¥âáâ¢ã¥â
áâ â¨áâ¨ª¥ �¥à¬¨,   ­¨¦­¨© { �®§¥.

�­¥à£¨ï á¢®¡®¤­®© (í«¥¬¥­â à­®©) ç áâ¨æë ¨¬¥¥â ¢¨¤:

"p =
1

2m
(p2x + p2y + p2z) =

p2

2m
: (5.23)

�à¨ ¤ ­­®¬ §­ ç¥­¨¨ ¨¬¯ã«ìá  á®áâ®ï­¨¥ ç áâ¨æë ®¯à¥¤¥«ï¥âáï â ª¦¥ ­ ¯à -
¢«¥­¨¥¬ ¥¥ á¯¨­ . �®íâ®¬ã ç¨á«® ç áâ¨æ ¢ í«¥¬¥­â¥ ä §®¢®£® ¯à®áâà ­áâ¢ 
dpxdpydpzdV ¬®¦­® ¯®«ãç¨âì ã¬­®¦¥­¨¥¬ à á¯à¥¤¥«¥­¨ï �¥à¬¨ (�®§¥) ­  ç¨á«®
á®áâ®ï­¨© ¢ íâ®¬ í«¥¬¥­â¥ ä §®¢®£® ®¡ê¥¬ :

gd� = g
dpxdpydpzdV

(2��h)3
g = 2s + 1 (5.24)

£¤¥ s { á¯¨­ ç áâ¨æë. �®íâ®¬ã ¨¬¥¥¬:

dNp =
gd�

e
"p��

T � 1
: (5.25)

�­â¥£à¨àãï ¯® dV ¯®«ãç ¥¬ ¯à®áâ® ¯®«­ë© ®¡ê¥¬ £ §  V . �®£¤  ¤«ï à á¯à¥¤¥«¥­¨ï
¯® ¨¬¯ã«ìá ¬, ¯¥à¥å®¤ï ª áä¥à¨ç¥áª¨¬ ª®®à¤¨­ â ¬ ¢ ¨¬¯ã«ìá­®¬ ¯à®áâà ­áâ¢¥
(dpxdpydpz ! 4�p2dp), ¯®«ãç ¥¬:

dNp =
gV p2dp

2�2�h3
�
e
"p��

T � 1
� (5.26)

¨«¨ à á¯à¥¤¥«¥­¨¥ ¯® í­¥à£¨¨:

dN" =
gV m3=2

p
2�2�h3

p
"d"

e
"��
T � 1

=
N (")d"

e
"��
T � 1

(5.27)
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£¤¥ ¢¢¥«¨ ®ç¥­ì ¯®«¥§­ãî ¢¥«¨ç¨­ã:

N (") =
gV m3=2

p
2�2�h3

p
" = gV

mp"

2�2�h3
; £¤¥ p" =

p
2m" (5.28)

{ ¯«®â­®áâì á®áâ®ï­¨© ç áâ¨æë ¢ ¨­â¥à¢ «¥ í­¥à£¨© "; "+d". �®«ãç¥­­ë¥ ä®à¬ã«ë
§ ¬¥­ïîâ ª« áá¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ � ªá¢¥«« .

�­â¥£à¨àãï (5.27) ¯® d", ¯®«ãç¨¬:

N =

Z 1

0

d"
N (")

e
"��
T � 1

=
gV m3=2

p
2�2�h3

Z 1

0

d"

p
"

e
"��
T � 1

(5.29)

�¢®¤ï ¡¥§à §¬¥à­ãî ¯¥à¥¬¥­­ãî "=T = z, § ¯¨è¥¬:

N

V
=
g(mT )3=2p

2�2�h3

Z 1

0

dz

p
z

ez�
�
T � 1

(5.30)

çâ® ¢ ­¥ï¢­®¬ ¢¨¤¥ ®¯à¥¤¥«ï¥â å¨¬¯®â¥­æ¨ « � ª ª äã­ªæ¨î T ¨ ¯«®â­®áâ¨ ç áâ¨æ
N=V .

�®¢¥àè ï  ­ «®£¨ç­ë¬ ®¡à §®¬ ¯¥à¥å®¤ ®â áã¬¬¨à®¢ ­¨ï ¯® á®áâ®ï­¨ï¬ ª ¨­-
â¥£à¨à®¢ ­¨î ¯® í­¥à£¨ï¬ ¢ (5.6), (5.12) ¯®«ãç¨¬:


 = �gV Tm
3=2

p
2�2�h3

Z 1

0

d"
p
" ln

�
1� e

��"
T

�
(5.31)

�­â¥£à¨àãï ¯® ç áâï¬, ­ å®¤¨¬:


 = �2
3

gV m3=2

p
2�2�h3

Z 1

0

d"
"3=2

e
"��
T � 1

(5.32)

�â® ¢ëà ¦¥­¨¥ á®¢¯ ¤ ¥â á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï �2=3 á ¯®«­®© í­¥à£¨¥© £ § ,
à ¢­®©:

E =

Z 1

0

"dN" =
gV m3=2

p
2�2�h3

Z 1

0

d"
"3=2

e
"��
T � 1

: (5.33)

� ª ¨§¢¥áâ­® ¨§ â¥à¬®¤¨­ ¬¨ª¨ 
 = �PV , â ª çâ® ¨§ (5.32), (5.33) ¯®«ãç ¥¬ ®¡®¡-
é¥­­®¥ ãà ¢­¥­¨¥ á®áâ®ï­¨ï ª¢ ­â®¢®£® ¨¤¥ «ì­®£® £ §  ¢ ¢¨¤¥:

PV =
2

3
E (5.34)

� ¯à¥¤¥«ì­®¬ á«ãç ¥ £ §  �®«ìæ¬ ­  ¨¬¥¥¬ E = 3NT=2 (§ ª®­ à ¢­®à á¯à¥¤¥«¥-
­¨ï) ¨ (5.33) ¯¥à¥å®¤¨â ¢ ãà ¢­¥­¨¥ �« ¯¥©à®­ : PV = NT .

�¥à¥¯¨áë¢ ï ãà ¢­¥­¨¥ (5.32) ¢ ¢¨¤¥ (áà. (5.30)):

P =
g
p
2m3=2T 5=2

3�2�h3

Z 1

0
dz

z3=2

ez�
�
T � 1

(5.35)

¯®«ãç ¥¬ ¯ à ¬¥âà¨ç¥áª®¥ ãà ¢­¥­¨¥ á®áâ®ï­¨ï (¯ à ¬¥âà �!), â.¥. á¢ï§ì ¬¥¦¤ã P ,
V ¨ T , ¯à¨ ¤ ­­®¬ §­ ç¥­¨¨ �.
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� áá¬®âà¨¬ ¬ «ë¥ ª¢ ­â®¢ë¥ ¯®¯à ¢ª¨ ª ¡®«ìæ¬ ­®¢áª®¬ã ãà ¢­¥­¨î á®áâ®ï-
­¨ï. �«ï íâ®£® ­ã¦­® ¢®á¯®«ì§®¢ âìáï e�=T � 1 (¡®«ìæ¬ ­®¢áª¨© ¯à¥¤¥«) ¨ à §-
«®¦¨âì ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢ (5.35) ¯® áâ¥¯¥­ï¬ e(�=T )�z , á®åà ­ïï ¤¢ 
¯¥à¢ëå ç«¥­  à §«®¦¥­¨ï. �®£¤ :Z 1

0
dz

z3=2

e
"��
T � 1

�
Z 1

0
dzz3=2e

�
T �z

�
1� e

�
T �z

�
=
3
p
�

4
e
�
T

�
1� 1

25=2
e
�
T

�
: (5.36)

�®£¤  (5.35) ¬®¦­® ¯¥à¥¯¨á âì ª ª:


 = �PV = �gV m
3=2T 5=2

(2��h2)3=2
e
�
T

�
1� 1

25=2
e
�
T

�
(5.37)

�â® ¢ëà ¦¥­¨¥, ä ªâ¨ç¥áª¨, ¨¬¥¥â ¢¨¤:


 = 
Boltz � gV m3=2T 5=2

16�3=2�h3
e
2�
T : (5.38)

� «ë¥ ¤®¡ ¢ª¨ ª â¥à¬®¤¨­ ¬¨ç¥áª¨¬ ¯®â¥­æ¨ « ¬, ¢ëà ¦¥­­ë¥ ç¥à¥§ á®®â¢¥â-
áâ¢ãîé¨¥ ¯¥à¥¬¥­­ë¥, ®¤¨­ ª®¢ë. �®íâ®¬ã, ¢ëà ¦ ï á ¯®¬®éìî á®®â¢¥âáâ¢ãîé¨å
¡®«ìæ¬ ­®¢áª¨å ¢ëà ¦¥­¨©, ­ ©¤¥­­ãî ¯®¯à ¢ªã ª 
 ç¥à¥§ T ¨ V (¢ëª« ¤ª¨ ®¯ãá-
ª ¥¬), «¥£ª® ¯®«ãç¨âì á¢®¡®¤­ãî í­¥à£¨î £ §  ¢ ¢¨¤¥:

F = FBoltz � �3=2

2g

N2�h3

V T 1=2m3=2
: (5.39)

�âáî¤  ­¥âàã¤­® ­ ©â¨:

PV = NT

�
1� �3=2

2g

N�h3

V (mT )3=2

�
(5.40)

�¨¤¨¬, çâ® ª¢ ­â®¢ë¥ ¯®¯à ¢ª¨ (®¡à é îé¨¥áï ¢ ­ã«ì ¯à¨ �h! 0) ¯à¨¢®¤ïâ ª ¤®-
¯®«­¨â¥«ì­®¬ã à®áâã ¤ ¢«¥­¨ï ¢ ä¥à¬¨-£ §¥ ¨ ¥£® ã¬¥­ìè¥­¨î ¢ ¡®§¥-£ §¥. � íâ®¬
¯à®ï¢«ï¥âáï ¥áâ¥áâ¢¥­­®¥ áâà¥¬«¥­¨¥ ä¥à¬¨®­®¢ \¨§¡¥£ âì" ¤àã£ ¤àã£  (¯à¨­æ¨¯
� ã«¨!), â®£¤  ª ª ¤«ï ¡®§®­®¢ ¨¬¥¥â ¬¥áâ® ®¡à â­®¥ ¯®¢¥¤¥­¨¥.

�ëà®¦¤¥­­ë© í«¥ªâà®­­ë© £ §.

� ¦­®¥ ¯à¨­æ¨¯¨ «ì­®¥ §­ ç¥­¨¥ ¨¬¥¥â ¨§ãç¥­¨¥ á¢®©áâ¢ ä¥à¬¨-£ §  ¯à¨ ¤®áâ -
â®ç­® ­¨§ª¨å â¥¬¯¥à âãà å, ª®â®àë¥, ªáâ â¨ áª § âì, ¯à ªâ¨ç¥áª¨ ¬®£ãâ ®ª § âìáï
®ç¥­ì ¢ëá®ª¨¬¨. �¬¥ï ¢¢¨¤ã ­ ¨¡®«¥¥ ¢ ¦­ë¥ ¯à¨¬¥­¥­¨ï áâ â¨áâ¨ª¨ �¥à¬¨, ¡ã-
¤¥¬ £®¢®à¨âì ­¨¦¥ ®¡ í«¥ªâà®­­®¬ £ §¥, á®®â¢¥âáâ¢¥­­® ­¨¦¥ ¯®« £ ¥¬ g = 2(s =
1=2).

� ç­¥¬ á à áá¬®âà¥­¨ï á¨âã æ¨¨ ¯à¨ T = 0. �â® á«ãç © â ª ­ §ë¢ ¥¬®£® ¯®«­®-
áâìî ¢ëà®¦¤¥­­®£® ä¥à¬¨-£ § . �®áª®«ìªã ¢ ª ¦¤®¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨ ¬®¦¥â
­ å®¤¨âìáï ­¥ ¡®«¥¥ ®¤­®£® í«¥ªâà®­ , â®, ä ªâ¨ç¥áª¨, ®­¨ ¨ § ¯®«­ïîâ ¢á¥ á®-
áâ®ï­¨ï á í­¥à£¨ï¬¨ ®â ­ ¨¬¥­ìè¥© (à ¢­®© ­ã«î) ¤® ­¥ª®â®à®© ­ ¨¡®«ìè¥© (­ -
§ë¢ ¥¬®© í­¥à£¨¥© �¥à¬¨), ¢¥«¨ç¨­  ª®â®à®© ¯à®áâ® ®¯à¥¤¥«ï¥âáï ç¨á«®¬ ç áâ¨æ
(¯«®â­®áâìî) ¢ £ §¥.
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�¨á«® ª¢ ­â®¢ëå á®áâ®ï­¨© í«¥ªâà®­®¢, ¤¢¨¦ãé¨åáï ¢ ®¡ê¥¬¥ V á  ¡á®«îâ­®©
¢¥«¨ç¨­®© ¨¬¯ã«ìá  ¢ ¨­â¥à¢ «¥ p; p+ dp à ¢­®:

2
4�p2dpV

(2��h)3
: (5.41)

�«¥ªâà®­ë § ¯®«­ïîâ ¢á¥ á®áâ®ï­¨ï á ¨¬¯ã«ìá®¬ ®â ­ã«ï ¤® ¬ ªá¨¬ «ì­®£® ¨¬-
¯ã«ìá  p = pF (¨¬¯ã«ìá �¥à¬¨). �®«­®¥ ç¨á«® í«¥ªâà®­®¢ ¢ íâ¨å á®áâ®ï­¨ïå ®¯à¥-
¤¥«ï¥âáï ¨§3:

N =
V

�2�h3

Z pF

0

p2dp =
V p3F
3�2�h3

: (5.42)

�®£¤  ¤«ï ¨¬¯ã«ìá  �¥à¬¨ ¯®«ãç ¥¬:

pF = (3�2)1=3
�
N

V

�1=3

�h (5.43)

¨ ¨¬¯ã«ìá �¥à¬¨ â¥¬ ¡®«ìè¥, ç¥¬ ¡®«ìè¥ ¯«®â­®áâì £ § . �¥âàã¤­® á®®¡à §¨âì, çâ®
¨§ (5.43) ¯®«ãç ¥âáï ¯à®áâ ï ®æ¥­ª  pF � �h=a, £¤¥ a { áà¥¤­¥¥ à ááâ®ï­¨¥ ¬¥¦¤ã
ç áâ¨æ ¬¨ ¢ £ §¥.

�®®â¢¥âáâ¢¥­­®, í­¥à£¨ï �¥à¬¨ à ¢­ 4:

"F =
p2F
2m

= (3�2)2=3
�h2

2m

�
N

V

�2=3

� �h2

ma2
(5.44)

�áâ¥áâ¢¥­­®, çâ® ®­  â ª¦¥ à áâ¥â á à®áâ®¬ ¯«®â­®áâ¨ £ §  � (N=V )2=3.
�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �¥à¬¨:

np =
1

e
"p��

T + 1
(5.45)

¯à¨ T ! 0 ¯à¥¢à é ¥âáï ¢ \áâã¯¥­ìªã �¥à¬¨":

np =

�
1 ¯à¨ p � pF
0 ¯à¨ p > pF

(5.46)

¨«¨

n" =

�
1 ¯à¨ " � � = "F
0 ¯à¨ " > � = "F

(5.47)

�¨¬¯®â¥­æ¨ « £ §  �¥à¬¨ ¯à¨ T = 0 á®¢¯ ¤ ¥â á £à ­¨ç­®© í­¥à£¨¥© �¥à¬¨:

� = "F (T = 0) (5.48)

3� ªâ¨ç¥áª¨ âãâ ¯à®áâ® ¢ëç¨á«ï¥âáï ®¡ê¥¬ áä¥àë �¥à¬¨ VF =
4�p3

F
3 ,   ç¨á«® í«¥ªâà®­®¢

®¯à¥¤¥«ï¥âáï ç¨á«®¬ ¤®áâã¯­ëå ¨¬ á®áâ®ï­¨© \¢­ãâà¨" íâ®© áä¥àë ª ª: N = 2V VF
(2��h)3

, çâ® ¨

¤ ¥â (5.42). �®¢¥àå­®áâì áä¥àë �¥à¬¨ ­ §ë¢ ¥âáï ¯®¢¥àå­®áâìî �¥à¬¨. � ¬¥â «« å, £¤¥ í­¥à-
£¥â¨ç¥áª¨© á¯¥ªâà í«¥ªâà®­®¢ ¬®¦¥â áãé¥áâ¢¥­­® ®â«¨ç âìáï ®â à áá¬ âà¨¢ ¥¬®£® §¤¥áì á¯¥ªâà 
á¢®¡®¤­ëå í«¥ªâà®­®¢, ¯®¢¥àå­®áâì �¥à¬¨ ¬®¦¥â ¢®¢á¥ ­¥ ¡ëâì áä¥à¨ç¥áª®©. �¥®¬¥âà¨ï (¨ â®¯®-
«®£¨ï) ¯®¢¥àå­®áâ¥© �¥à¬¨ ¨£à ¥â ®ç¥­ì ¡®«ìèãî à®«ì ¢ â¥®à¨¨ ¬¥â ««®¢ [21]. �®®â¢¥âáâ¢¥­­®,
¯à¨¢®¤¨¬ë¥ §¤¥áì ¯à®áâë¥ ®æ¥­ª¨ ¯à¨£®¤­ë, áâà®£® £®¢®àï, â®«ìª® ¤«ï ¯à®áâëå ¬¥â ««®¢ (­ -
¯à¨¬¥à é¥«®ç­ëå ¨ ¡« £®à®¤­ëå).

4� ¬¥â¨¬, çâ® ¢¥«¨ç¨­  í­¥à£¨¨ �¥à¬¨, ¯à ªâ¨ç¥áª¨, á®¢¯ ¤ ¥â á ¢¢¥¤¥­­®© ¢ëè¥ â¥¬¯¥à âã-
à®© (í­¥à£¨¥©) ¢ëà®¦¤¥­¨ï £ §  (3.79).
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�¨á. 5-1 �ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �¥à¬¨ ¤«ï à §«¨ç­ëå â¥¬¯¥à âãà ¯à¨ "F =kB =
50000K.

�à¨ ª®­¥ç­ëå â¥¬¯¥à âãà å T � "F (á¨«ì­® ¢ëà®¦¤¥­­ë© £ §) áâã¯¥­ìª 
�¥à¬¨ \à §¬ë¢ ¥âáï" ¢ ®¡« áâ¨ í­¥à£¨© � T (á¬. �¨á.5-1). �¥âàã¤­® ¯®­ïâì, çâ®
á à®áâ®¬ â¥¬¯¥à âãàë, ¯à¨ T � "F à á¯à¥¤¥«¥­¨¥ �¥à¬¨ ¯¥à¥å®¤¨â ¢ à á¯à¥¤¥-
«¥­¨¥ �®«ìæ¬ ­ . �®®â¢¥âáâ¢¥­­®, á à®áâ®¬ â¥¬¯¥à âãàë å¨¬¯®â¥­æ¨ « ­ ç¨­ ¥â
ã¬¥­ìè âìáï ®â ¯®«®¦¨â¥«ì­®© ¢¥«¨ç¨­ë ¯®àï¤ª  "F ¨ áâ ­®¢¨âáï ®âà¨æ â¥«ì­ë¬
¢ ¡®«ìæ¬ ­®¢áª®© ®¡« áâ¨ T � "F .

�®«­ ï í­¥à£¨ï £ §  ¯à¨ T = 0 ¯®«ãç ¥âáï ã¬­®¦¥­¨¥¬ (5.41) ­  p2=2m ¨ ¨­â¥-
£à¨à®¢ ­¨¥¬ ¯® ¢á¥¬ ¨¬¯ã«ìá ¬ ¤® p = pF :

E =
V

2m�2�h3

Z pF

0

dpp4 =
V p5F

10m�2�h3
(5.49)

¨«¨, á ãç¥â®¬ (5.43)

E =
3(3�2)2=3

10

�h2

m

�
N

V

�2=3

N (5.50)

� ¯®¬®éìî ®¡é¥£® á®®â­®è¥­¨ï (5.34) ­ å®¤¨¬ ãà ¢­¥­¨¥ á®áâ®ï­¨ï ¯®«­®áâìî
¢ëà®¦¤¥­­®£® £ § :

P =
(3�2)2=3

5

�h2

m

�
N

V

�5=3

(5.51)

â ª çâ® ¯à¨ T = 0 ¤ ¢«¥­¨¥ ä¥à¬¨-£ §  � (N=V )5=3.
� ªâ¨ç¥áª¨, ¢á¥ íâ¨ ä®à¬ã«ë ¯à¨¬¥­¨¬ë ¨ ¯à¨ ¤®áâ â®ç­® ­¨§ª¨å â¥¬¯¥à -

âãà å T � "F . �®¯à ¢ª¨ ª ­¨¬ ¨¬¥îâ ¯®àï¤®ª ¢¥«¨ç¨­ë (T="F )2. �¥¬¯¥à âãà 
�¥à¬¨ (â¥¬¯¥à âãà  ¢ëà®¦¤¥­¨ï) TF � "F ¤«ï í«¥ªâà®­­®£® £ §  á ¯«®â­®áâìî
N=V � 1022á¬�3, â¨¯¨ç­®©, ­ ¯à¨¬¥à ¤«ï ¬¥â ««®¢, ¨ ¬ áá®© ç áâ¨æ m � me, £¤¥
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me { ¬ áá  á¢®¡®¤­®£® í«¥ªâà®­ 5, «¥¦¨â, ª ª ­¥âàã¤­® ¯®áç¨â âì, ¢ ¨­â¥à¢ «¥
104 � 105K. �®íâ®¬ã í«¥ªâà®­­ë© £ § ¢ ¬¥â «« å ¢ ­®à¬ «ì­ëå ãá«®¢¨ïå ¢á¥£¤ 
á¨«ì­® ¢ëà®¦¤¥­. � ¯®«ã¯à®¢®¤­¨ª å, £¤¥ ª®­æ¥­âà æ¨ï (¯«®â­®áâì) í«¥ªâà®­®¢
¬®¦¥â ¬¥­ïâìáï ¢ ¢¥áì¬  è¨à®ª¨å ¯à¥¤¥« å, íâ® ­¥ â ª. � ­¨å ç áâ® áâ â¨áâ¨ª 
­®á¨â¥«¥© â®ª  ¡ë¢ ¥â ¡®«ìæ¬ ­®¢áª®©.

� § ª«îç¥­¨¥ á¤¥« ¥¬ ­¥ª®â®àë¥ § ¬¥ç ­¨ï ® à®«¨ ¬¥¦í«¥ªâà®­­®£® ¢§ ¨¬®-
¤¥©áâ¢¨ï. �ëà®¦¤¥­­ë© í«¥ªâà®­­ë© £ § â¥¬ \¨¤¥ «ì­¥©", ç¥¬ ¡®«ìè¥ ¥£® ¯«®â-
­®áâì. � á ¬®¬ ¤¥«¥, å à ªâ¥à­ ï ª¨­¥â¨ç¥áª ï í­¥à£¨ï í«¥ªâà®­®¢ ¯®àï¤ª  í­¥à-

£¨¨ �¥à¬¨: "F � �h2

m (N=V )2=3 � �h2

ma2 , £¤¥ a ¬¥¦í«¥ªâà®­­®¥ à ááâ®ï­¨¥ (¢ ¬¥â «« å
¯à ªâ¨ç¥áª¨ á®¢¯ ¤ îé¥¥ á å à ªâ¥à­ë¬ ¬¥¦ â®¬­ë¬ à ááâ®ï­¨¥¬). � â®¦¥ ¢à¥¬ï

å à ªâ¥à­ ï ¢¥«¨ç¨­  ªã«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï U � e2

a . �®£¤  ¡¥§à §¬¥à­ë©
¯ à ¬¥âà â¥®à¨¨ ¢®§¬ãé¥­¨© ¯® ¢§ ¨¬®¤¥©áâ¢¨î ¯à®áâ® ®¯à¥¤¥«ï¥âáï ®â­®è¥­¨¥¬
U
"F
� e2

�h
ma
�h
� e2

�h
m
pF

= e2

�hvF
, £¤¥ ¢¢¥«¨ áª®à®áâì í«¥ªâà®­®¢ ­  ¯®¢¥àå­®áâ¨ (ãà®¢­¥)

�¥à¬¨ vF = pF =m. �âáî¤  ¢¨¤­®, çâ® ç¥¬ ¬¥­ìè¥ ¢¥«¨ç¨­  a (á®®â¢¥âáâ¢¥­­®,
ç¥¬ ¡®«ìè¥ ¯«®â­®áâì £ §  ¨«¨ áª®à®áâì �¥à¬¨), â¥¬ íâ®â ¡¥§à §¬¥à­ë© ¯ à ¬¥âà
¬¥­ìè¥ ¨ ¬¥­ìè¥ à®«ì íää¥ªâ®¢ ¢§ ¨¬®¤¥©áâ¢¨ï. �á¯®¬­¨¬ â¥¯¥àì, çâ® ¯®áâ®ï­-

­ ï â®­ª®© áâàãªâãàë e2

�hc � 1
137 � 10�2, £¤¥ c � 3 1010á¬/á¥ª { áª®à®áâì á¢¥â 

¢ ¢ ªãã¬¥. � ¬¥â «« å (¯à¨ â¨¯¨ç­ëå ¯«®â­®áâïå í«¥ªâà®­­®£® £ § ), ª ª «¥£ª®
®æ¥­¨âì, vF � 108á¬/á¥ª. �®íâ®¬ã, ä ªâ¨ç¥áª¨, ¢ à¥ «ì­ëå ¬¥â «« å ¯ à ¬¥âà

â¥®à¨¨ ¢®§¬ãé¥­¨© ¯® ¢§ ¨¬®¤¥©áâ¢¨î ¢á¥£¤  ­¥ ¬ «: e2

�hvF
� 1! �®«ìª® ¯à¨ ¯«®â-

­®áâïå, £®à §¤® ¡®«ìè¨å ¬¥â ««¨ç¥áª¨å, £ § í«¥ªâà®­®¢ ¬®¦­® à áá¬ âà¨¢ âì ª ª
¯®çâ¨ á¢®¡®¤­ë© (¨¤¥ «ì­ë©). �®íâ®¬ã áâ ­®¢¨âáï ­¥¯®­ïâ­ë¬, ¯®ç¥¬ã ¯à¨¡«¨-
¦¥­¨¥ ¯®çâ¨ á¢®¡®¤­ëå í«¥ªâà®­®¢ â ª å®à®è® ®¯¨áë¢ ¥â ¬­®£¨¥ ®á­®¢­ë¥ á¢®©-
áâ¢  ¬¥â ««®¢. �®«­®¥ à¥è¥­¨¥ íâ®© ¯à®¡«¥¬ë ¤®áâ¨£ ¥âáï â®«ìª® ¢ à ¬ª å â¥®à¨¨
ä¥à¬¨-¦¨¤ª®áâ¨, í«¥¬¥­âë ª®â®à®© ¡ã¤ãâ à áá¬®âà¥­ë ­ ¬¨ ¯®§¤­¥¥.

�¥«ïâ¨¢¨áâáª¨© ¢ëà®¦¤¥­­ë© í«¥ªâà®­-
­ë© £ §�.

�® ¬¥à¥ á¦ â¨ï í«¥ªâà®­­®£® £ §  áà¥¤­ïï í­¥à£¨ï í«¥ªâà®­®¢ (¨ í­¥à£¨ï �¥à¬¨
"F ) ã¢¥«¨ç¨¢ ¥âáï ¨, à ­® ¨«¨ ¯®§¤­®, áâ ­®¢¨âáï áà ¢­¨¬®© á í­¥à£¨¥© ¯®ª®ï mc

2

¨ ¯®â®¬ ¤ ¦¥ ¯à¥¢ëè ¥â ¥¥. �®£¤  áâ ­®¢ïâáï áãé¥áâ¢¥­­ë¬¨ à¥«ïâ¨¢¨áâáª¨¥ íä-
ä¥ªâë. � áá¬®âà¨¬ ¢ëà®¦¤¥­­ë© ã«ìâà à¥«ïâ¨¢¨áâáª¨© £ §, í­¥à£¨ï ç áâ¨æ ª®â®-
à®£® ¢¥«¨ª  ¯® áà ¢­¥­¨î á mc2. � íâ®¬ á«ãç ¥ í­¥à£¥â¨ç¥áª¨© á¯¥ªâà í«¥ªâà®­®¢
¨¬¥¥â ¢¨¤:

"p =
p
c2p2 +m2c4 � cp: (5.52)

�«ï ç¨á«  ª¢ ­â®¢ëå á®áâ®ï­¨©,   á®®â¢¥âáâ¢¥­­® ¨ ¤«ï ¨¬¯ã«ìá  �¥à¬¨ ¨¬¥¥¬
¯à¥¦­¨¥ ä®à¬ã«ë:

2
4�p2dpV

(2��h)3
: (5.53)

5� ¯®¬­¨¬, çâ® ¬ áá  í«¥ªâà®­  ¢ ¬¥â ««¥ ­¥ ®¡ï§ â¥«ì­® á®¢¯ ¤ ¥â á ¬ áá®© á¢®¡®¤­®£®
í«¥ªâà®­ .
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N =
V

�2�h3

Z pF

0

p2dp =
V p3F
3�2�h3

: (5.54)

pF = (3�2)1=3
�
N

V

�1=3

(5.55)

�¤­ ª®, ¤«ï í­¥à£¨¨ �¥à¬¨ ¢®§­¨ª ¥â ã¦¥ á®¢á¥¬ ¤àã£®¥ ¢ëà ¦¥­¨¥:

"F = cpF = (3�2)1=3�hc

�
N

V

�1=3

(5.56)

�®®â¢¥âáâ¢¥­­®, ¯®«­ ï í­¥à£¨ï £ § :

E =
cV

�2�h3

Z pF

0

dpp3 = V
cp4F
4�2�h3

(5.57)

¨«¨

E =
3(3�2)1=3

4
�hcN

�
N

V

�1=3
(5.58)

� ¢«¥­¨¥ ¬®¦­® ¯®«ãç¨âì ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¯® ®¡ê¥¬ã:

P =
E

3V
=
(3�2)1=3

4
�hc

�
N

V

�4=3
(5.59)

¨ ®­® ®ª §ë¢ ¥âáï ¯à®¯®àæ¨®­ «ì­ë¬ ¯«®â­®áâ¨ ¢ áâ¥¯¥­¨ 4=3.
�®®â­®è¥­¨¥

PV =
E

3
(5.60)

¨¬¥¥â ¬¥áâ® ¤«ï ã«ìâà à¥«ïâ¨¢¨áâáª®£® £ §  ­¥ â®«ìª® ¯à¨  ¡á®«îâ­®¬ ­ã«¥, ­® ¨
¯à¨ ¢á¥å â¥¬¯¥à âãà å. �¥©áâ¢¨â¥«ì­®, ¯à¨ "p = cp ¨§ (5.6), ¯¥à¥å®¤ï ®â áã¬¬¨à®-
¢ ­¨ï ¯® ¨¬¯ã«ìá ¬ ª ¨­â¥£à¨à®¢ ­¨î ¯® í­¥à£¨¨, ¯®«ãç ¥¬:


 = � TV

�2c3�h3

Z 1

0

d" ln
�
1 + e

��"
T

�
(5.61)

®âªã¤  ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ç áâï¬ ­ ©¤¥¬:


 = �PV = � V

3�2c3�h3

Z 1

0

d"
"3

e
"��
T + 1

(5.62)

�â¬¥â¨¬, çâ® á«¥¤ãîé¥¥ ®âáî¤  ¤ ¢«¥­¨¥ ï¢«ï¥âáï ¯à¥¤¥«ì­ë¬ ¤ ¢«¥­¨¥¬, ª®â®-
à®¥ ¬®¦¥â ¨¬¥âì ª ª®¥-«¨¡® ¬ ªà®áª®¯¨ç¥áª®¥ â¥«® [8].

�¥¯«®¥¬ª®áâì ¢ëà®¦¤¥­­®£® í«¥ªâà®­­®£®
£ § .

�ëè¥ ¬ë ã¦¥ ®â¬¥ç «¨, çâ® ¯à¨ ª®­¥ç­ëå â¥¬¯¥à âãà å ®¡« áâì \à §¬ëâ¨ï" áâã-
¯¥­ìª¨ �¥à¬¨ � T . � ©¤¥­­ë¥ ­ ¬¨ ¢ëà ¦¥­¨ï ¤«ï T = 0, ä ªâ¨ç¥áª¨, ï¢«ïîâáï
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ç«¥­ ¬¨ ­ã«¥¢®£® ¯®àï¤ª  ¯® ¬ «®¬ã (¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å) ¯ à ¬¥âàã T="F .
�®á¬®âà¨¬, ª ª ¬®¦­® ­ ©â¨ ¯¥à¢ë¥ â¥¬¯¥à âãà­ë¥ ¯®¯à ¢ª¨ ¯® íâ®¬ã ¯ à ¬¥âàã.
�ëà ¦¥­¨¥ ¤«ï â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ «  í«¥ªâà®­­®£® £ § , ¢ á®®â¢¥âáâ¢¨¨
á (5.32), ¨¬¥¥â ¢¨¤:


 = �4
3

Vm3=2

p
2�2�h3

Z 1

0

d"
"3=2

e
"��
T + 1

(5.63)

� áá¬®âà¨¬ ¨­â¥£à « ®¡é¥£® ¢¨¤  á äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï �¥à¬¨:

I =

Z 1

0

d"
f(")

e
"��
T + 1

(5.64)

£¤¥ f(") { ­¥ª®â®à ï äã­ªæ¨ï, â ª ï, çâ® ¨­â¥£à « áå®¤¨âáï. � ç áâ­®¬ á«ãç ¥
(5.63) ¨¬¥¥¬ f(") = "3=2. �áá«¥¤®¢ ­¨¥ (5.64) ¬®¦­® ¯à®¢¥áâ¨ ¢ ®¡é¥¬ ¢¨¤¥ [1, 2] ¨
¯®«ãç¨âì ¤«ï ­¥£® á«¥¤ãîé¥¥ à §«®¦¥­¨¥:

I �
Z �

0

d"f(") +
�2

6
T 2f 0(�) +

7�4

360
T 4f 000(�) + ::: (5.65)

ª®â®à®¥, ä ªâ¨ç¥áª¨, ®¯à¥¤¥«ï¥â à §«®¦¥­¨¥ ¢á¥å ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ â¨¯  (5.63)
¢ àï¤ ¯® áâ¥¯¥­ï¬ ¬ «®£® ¯ à ¬¥âà  T="F .

�®« £ ï §¤¥áì f(") = "3=2 ­ å®¤¨¬ ¨§ (5.63):


 = 
0 � V T 2

p
2�m3=2

6�h3
(5.66)

£¤¥ ¯¥à¢®¥ á« £ ¥¬®¥ ®â¢¥ç ¥â ¢ª« ¤ã T = 0. � áá¬ âà¨¢ ï ¢â®à®¥ á« £ ¥¬®¥ ª ª
¬ «ãî ¯®¯à ¢ªã ª 
0 ¨ ¢ëà ¦ ï ¢ ­¥¬ � ç¥à¥§ N ¨ V á ¯®¬®éìî \­ã«¥¢®£®" ¯à¨-

¡«¨¦¥­¨ï (5.48) � = "F = (3�2)2=3 �h2

2m (N=V )
2=3, ¬®¦¥¬ ­¥¯®áà¥¤áâ¢¥­­® ¢ë¯¨á âì

¢ëà ¦¥­¨¥ ¤«ï á¢®¡®¤­®© í­¥à£¨¨6:

F = F0 � B

2
NT 2

�
V

N

�2=3
(5.67)

£¤¥ ¢¢¥«¨ ®¡®§­ ç¥­¨¥ B = (�=3)2=3m=�h2. �âáî¤  ­ å®¤¨¬ í­âà®¯¨î:

S = BNT

�
V

N

�2=3
(5.68)

¨ â¥¯«®¥¬ª®áâì:

C = T
@S

@T
= BNT

�
V

N

�2=3
; (5.69)

â ª çâ® â¥¯«®¥¬ª®áâì ¢ëà®¦¤¥­­®£® ä¥à¬¨-£ §  ¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å «¨­¥©­ 
¯® â¥¬¯¥à âãà¥ (â¥¯«®¥¬ª®áâì � ã«¨). �á¯®«ì§ãï ¯à¨¢¥¤¥­­®¥ ¢ëè¥ ¢ëà ¦¥­¨¥
¤«ï ¯«®â­®áâ¨ á®áâ®ï­¨© (5.28) á g = 2, «¥£ª® ã¡¥¤¨âìáï, çâ® (5.69) ¬®¦­® ¯¥à¥¯¨-
á âì ª ª:

C =
�2

3
�FT (5.70)

6�¤¥áì ¬ë á­®¢  ¨á¯®«ì§ã¥¬ â¥®à¥¬ã ® ¬ «ëå ¤®¡ ¢ª å ª â¥à¬®¤¨­ ¬¨ç¥áª¨¬ ¯®â¥­æ¨ « ¬:
(�
)T;V;� = (�F )T;V;N = (��)T;P;N = (�E)S;V;N = (�W )S;P;N
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£¤¥ ¢¢¥«¨ ¯«®â­®áâì á®áâ®ï­¨© í«¥ªâà®­®¢ ­  ¯®¢¥àå­®áâ¨ �¥à¬¨:

�F = N (" = "F ) =
mpF

�2�h3
V (5.71)

�â® ª®­¥ç­® ­¥ á«ãç ©­®. �ëà ¦¥­¨¥ (5.71) «¥£ª® ¨­â¥à¯à¥â¨à®¢ âì \­  ¯ «ìæ å".
�ë ã¦¥ ¢¨¤¥«¨, çâ® ¢ ¢ëà®¦¤¥­­®¬ ä¥à¬¨-£ §¥ â¥¬¯¥à âãà , ä ªâ¨ç¥áª¨, § âà -
£¨¢ ¥â «¨èì ã§ª¨© á«®© í­¥à£¨© � T ¢ ®ªà¥áâ­®áâ¨ ãà®¢­ï �¥à¬¨. �¨á«® í«¥ªâà®-
­®¢ ¢ íâ®¬ á«®¥ �N � �FT . �à¨ ­ £à¥¢ ­¨¨ á¨áâ¥¬ë ­  �T £à ¤ãá®¢, â®«ìª® íâ¨
í«¥ªâà®­ë ¨ ¬¥­ïîâ á¢®î í­¥à£¨î ­  ¢¥«¨ç¨­ã � �T ª ¦¤ë©. �®£¤  ¨§¬¥­¥­¨¥
í­¥à£¨¨ á¨áâ¥¬ë ¯à¨ ­ £à¥¢ ­¨¨ �E � �FT�T ,   â¥¯«®¥¬ª®áâì C = �E=�T = �FT .
�â  ­ £«ï¤­ ï ¨­â¥à¯à¥â æ¨ï ª ç¥áâ¢¥­­® ®¡êïá­ï¥â, ª ª ¢ ä¥à¬¨-£ §¥ á­¨¬ ¥âáï
¯à®â¨¢®à¥ç¨¥ ª« áá¨ç¥áª®£® § ª®­  à ¢­®à á¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë �¥à­áâ . � ª-
â¨ç¥áª¨, ¯à¨ T ! 0 ­¥ ¢á¥ í«¥ªâà®­ë ãç áâ¢ãîâ ¢ â¥¯«®¢ëå ¯à®æ¥áá å,   «¨èì
â¥, á®áâ®ï­¨ï ª®â®àëå ¯à¨­ ¤«¥¦ â ã¯®¬ï­ãâ®© ¯®«®áª¥ ¢¡«¨§¨ ãà®¢­ï �¥à¬¨, ¨
íâ® ç¨á«® áâà¥¬¨âáï ª ­ã«î ¯à¨ T ! 0. �¥§ã«ìâ â (5.70) ®ç¥­ì ¢ ¦¥­. � ªâ¨ç¥-
áª¨, ®­ ¤ ¥â ®¤¨­ ¨§ íªá¯¥à¨¬¥­â «ì­ëå á¯®á®¡®¢ ¨§¬¥à¥­¨ï ¢¥«¨ç¨­ë ¯«®â­®áâ¨
á®áâ®ï­¨© ­  ãà®¢­¥ �¥à¬¨ ¢ ¬¥â ««¥ ¨§ ¨§¬¥à¥­¨© í«¥ªâà®­­®£® ¢ª« ¤  ¢ â¥¯«®-
¥¬ª®áâì. � ¯à®áâ¥©è¥¬ á«ãç ¥, ª®£¤  ¬®¦­® ¯®«ì§®¢ âìáï ¢ëà ¦¥­¨¥¬ (5.71) (íâ®
¬®¦­® ¤¥« âì ¢ «î¡®¬ ¬¥â ««¥ á ¯®çâ¨ áä¥à¨ç¥áª®© ¯®¢¥àå­®áâìî �¥à¬¨), ®âáî¤ 
áà §ã ¯®«ãç ¥¬ íªá¯¥à¨¬¥­â «ì­ë© ¬¥â®¤ ®¯à¥¤¥«¥­¨ï ¬ ááë í«¥ªâà®­  ¢ ¬¥â ««¥
(ª®â®à ï, ª ª ¬ë §­ ¥¬, ­¥®¡ï§ â¥«ì­® à ¢­  ¬ áá¥ á¢®¡®¤­®£® í«¥ªâà®­ ).

�à¨¢¥¤¥¬ ¤«ï ¯®«­®âë â ª¦¥ ¨ ¢ëà ¦¥­¨¥ ¤«ï í­¥à£¨¨ ¢ëà®¦¤¥­­®£® ä¥à¬¨-
£ § :

E = E0 +
B

2
NT 2

�
V

N

�2=3
= E0

"
1 + 0:18

�
mT

�h2

�2�
V

N

�4=3#
(5.72)

£¤¥ E0 ¤ ¥âáï ¢ëà ¦¥­¨¥¬ (5.49). �âáî¤ , ªáâ â¨, «¥£ª® ¢¨¤¥âì, çâ® ®â­®á¨â¥«ì­ ï
â¥¬¯¥à âãà­ ï ¯®¯à ¢ª  ª í­¥à£¨¨ á¨áâ¥¬ë, ­  á ¬®¬ ¤¥«¥, ¨¬¥¥â ¬ «®áâì (T="F )

2.
� áç¥â â¥¯«®¥¬ª®áâ¨ ¨§ C = @E

@T
¤ ¥â, à §ã¬¥¥âáï, ¯à¥¦­¨© à¥§ã«ìâ â (5.69).

� £­¥â¨§¬ í«¥ªâà®­­®£® £ § . �« ¡ë¥ ¯®«ï.

� ¬ £­¨ç¥­­®áâì í«¥ªâà®­­®£® £ §  ¢ á« ¡ëå ¬ £­¨â­ëå ¯®«ïå áª« ¤ë¢ ¥âáï ¨§
¤¢ãå ç áâ¥©: ¨§ ¯ à ¬ £­¨â­®© ­ ¬ £­¨ç¥­­®áâ¨, á¢ï§ ­­®© á á®¡áâ¢¥­­ë¬ á¯¨-
­®¢ë¬ ¬ £­¨â­ë¬ ¬®¬¥­â®¬ í«¥ªâà®­®¢ (� ã«¨) ¨ ¨§ ¤¨ ¬ £­¨â­®© ­ ¬ £­¨ç¥­-
­®áâ¨, á¢ï§ ­­®© á ª¢ ­â®¢ ­¨¥¬ ®à¡¨â «ì­®£® ¤¢¨¦¥­¨ï í«¥ªâà®­®¢ ¢ ¬ £­¨â­®¬
¯®«¥ (� ­¤ ã).

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ëà®¦¤¥­­ë© £ § í«¥ªâà®­®¢: T � "F .
�á«®¢¨¥ á« ¡®áâ¨ ¬ £­¨â­®£® ¯®«ï ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ­¥à ¢¥­áâ¢ : �BH � T ,

£¤¥ �B = jej�h
2mc { ¬ £­¥â®­ �®à .

�ëç¨á«¥­¨ï ã¤®¡­® ¯à®¢®¤¨âì á ¯®¬®éìî â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ «  
,
â.¥. ¢ ¯¥à¥¬¥­­ëå T; V; �. �®£¤  ¬ £­¨â­ë© ¬®¬¥­â á¨áâ¥¬ë ®¯à¥¤¥«ï¥âáï ª ª:

M = �
�
@


@H

�
T;V;�

(5.73)
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� ©¬¥¬áï á­ ç «  ¯ à ¬ £­¨â­®© ç áâìî ­ ¬ £­¨ç¥­­®áâ¨. �®¯®«­¨â¥«ì­ ï
á¯¨­®¢ ï ç áâì í­¥à£¨¨ í«¥ªâà®­  ¢ ¬ £­¨â­®¬ ¯®«¥ à ¢­  ��BH, ¤«ï ¤¢ãå ¥£®
á¯¨­®¢ëå ¯à®¥ªæ¨© �1=2. �®®â¢¥âáâ¢¥­­®, ¢ ¯®«¥ í­¥à£¨ï í«¥ªâà®­  "p = p2=2m
§ ¬¥­ï¥âáï ­  "p� = p2=2m� �BH. �®áª®«ìªã " ¢å®¤¨â ¢ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï
�¥à¬¨ ¢á¥£¤  ¢ ª®¬¡¨­ æ¨¨ " � �, íª¢¨¢ «¥­â­®¥ ¯à¥¤ë¤ãé¥¬ã ãâ¢¥à¦¤¥­¨¥ á¢®-
¤¨âáï ª § ¬¥­¥ ¢¥§¤¥ � ! � � �BH. �®íâ®¬ã, ¤«ï ¯®â¥­æ¨ «  
 á¨áâ¥¬ë ¢ ¯®«¥
¬®¦­® áà §ã ­ ¯¨á âì:


(�) =
1

2

0(� + �BH) +

1

2

0(�� �BH) (5.74)

£¤¥ 
0(�) { ¯®â¥­æ¨ « ¢ ®âáãâáâ¢¨¥ ¬ £­¨â­®£® ¯®«ï. �­®¦¨â¥«ì 1=2 ¯à®áâ® ãç¨-
âë¢ ¥â ã¬¥­ìè¥­¨¥ ¢ ¤¢  à §  ç¨á«  ª¢ ­â®¢ëå á®áâ®ï­¨© í«¥ªâà®­  ¯à¨ ä¨ªá¨-
à®¢ ­­®© ¯à®¥ªæ¨¨ á¯¨­ .

� §«®¦¨¬ (5.74) ¯® áâ¥¯¥­ï¬ H ¨ ¯®«ãç¨¬ (ç«¥­ë ¯¥à¢®£® ¯®àï¤ª , ®ç¥¢¨¤­®,
á®ªà é îâáï):


(�) = 
0(�) +
1

2
�2BH

2@
2
0(�)

@�2
(5.75)

�âáî¤  ¯®«ãç ¥¬ ¬ £­¨â­ë© ¬®¬¥­â (5.73) ¢ ¢¨¤¥:

M = ��2BH
@2
0(�)

@�2
(5.76)

�® ¯à®¨§¢®¤­ ï @
0

@�
= �N ¨ ¯ à ¬ £­¨â­ ï ¢®á¯à¨¨¬ç¨¢®áâì, ®â­¥á¥­­ ï ª ¥¤¨-

­¨æ¥ ®¡ê¥¬  £ § , ¥áâì:

�p = ��
2
B

V

@2
0(�)

@�2
=
�2B
V

�
@N

@�

�
T;V

(5.77)

�à¥­¥¡à¥£ ï ¬ «ë¬¨ ¯à¨ T � "F â¥¬¯¥à âãà­ë¬¨ íää¥ªâ ¬¨, â.¥. áç¨â ï £ § ¯®«-

­®áâìî ¢ëà®¦¤¥­­ë¬, ¨¬¥¥¬ � = "F = (3�2)2=3 �h2

2m (N=V )
2=3, ¨ á®®â¢¥âáâ¢¥­­®:

N = V
(2m�)3=2

3�2�h3
(5.78)

çâ® ¯®á«¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢ (5.77) ¤ ¥â:

�p =
�2B(2m)

3=2p�
2�2�h3

=
�2BmpF

�2�h3
� �2B�F (5.79)

{ ¯ ã«¨¥¢áªãî ¯ à ¬ £­¨â­ãî ¢®á¯à¨¨¬ç¨¢®áâì. � ª¨¬ ®¡à §®¬, ¯ à ¬ £­¨â­ ï
¢®á¯à¨¨¬ç¨¢®áâì ¢ëà®¦¤¥­­®£® í«¥ªâà®­­®£® £ §  ­¥ § ¢¨á¨â ®â â¥¬¯¥à âãàë (¯à¨
T � "F ) ¨ ¯à®¯®àæ¨®­ «ì­  ¯«®â­®áâ¨ á®áâ®ï­¨© í«¥ªâà®­®¢ ­  ãà®¢­¥ �¥à¬¨.
�â®â à¥§ã«ìâ â á¢ï§ ­ ¯à®áâ® á â¥¬, çâ® ¢­¥è­¥¥ ¬ £­¨â­®¥ ¯®«¥ ¯à¨¢®¤¨â ª ­¥à -
¢¥­áâ¢ã ç¨á«  í«¥ªâà®­®¢ á® á¯¨­ ¬¨ ¯® ¨ ¯à®â¨¢ ¯®«ï: N" � N# � �F�BH,   íâ®
á®®â¢¥âáâ¢ã¥â ­ ¬ £­¨ç¥­­®áâ¨ ¢¤®«ì ¯®«ï M = �B(N"�N#) � �2B�FH, çâ® ¨ ¤ ¥â
¢®á¯à¨¨¬ç¨¢®áâì(5.79)7.

7�ãé¥áâ¢ãîâ íªá¯¥à¨¬¥­â «ì­ë¥ ¬¥â®¤ë, ¯®§¢®«ïîé¨¥ ­¥¯®áà¥¤áâ¢¥­­® ¨§¬¥àïâì ¨¬¥­­®
â®«ìª® ¯ à ¬ £­¨â­ãî ç áâì ¢®á¯à¨¨¬ç¨¢®áâ¨ ¢ ¬¥â ««¥ (­ ¯à¨¬¥à ¨§¬¥à¥­¨ï á¤¢¨£  � ©â 
¢ ���{íªá¯¥à¨¬¥­â å) ¨ ¯®«ãç âì, â ª¨¬ ®¡à §®¬, ­¥¯®áà¥¤áâ¢¥­­ãî ¨­ä®à¬ æ¨î ® ¢¥«¨ç¨­¥
¯«®â­®áâ¨ á®áâ®ï­¨©,  ­ «®£¨ç­® ¨§¬¥à¥­¨ï¬ í«¥ªâà®­­®£® ¢ª« ¤  ¢ â¥¯«®¥¬ª®áâì.
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�¥à¥©¤¥¬ â¥¯¥àì ª ¢ëç¨á«¥­¨î ¤¨ ¬ £­¨â­®© ç áâ¨ ¢®á¯à¨¨¬ç¨¢®áâ¨, á¢ï§ ­-
­®© á ®à¡¨â «ì­ë¬ ¤¢¨¦¥­¨¥¬ í«¥ªâà®­®¢. �à®¢­¨ í­¥à£¨¨ ®à¡¨â «ì­®£® ¤¢¨¦¥­¨ï
í«¥ªâà®­  ¢ ¬ £­¨â­®¬ ¯®«¥ ¯à¥¤áâ ¢«ïîâ á®¡®© â ª ­ §ë¢ ¥¬ë¥ ãà®¢­¨ � ­¤ ã
[7]:

"n;pz = �h!c(n +
1

2
) +

p2z
2m

= (2n+ 1)�BH +
p2z
2m

(5.80)

£¤¥ !c =
jejH
mc

{ æ¨ª«®âà®­­ ï ç áâ®â , n = 0; 1; 2; :::, pz { ¨¬¯ã«ìá í«¥ªâà®­  ¯®
­ ¯à ¢«¥­¨î ¯®«ï. �à¨ íâ®¬ ç¨á«® á®áâ®ï­¨© ¢ ¨­â¥à¢ «¥ dpz ¯à¨ ä¨ªá¨à®¢ ­­®¬
§­ ç¥­¨¨ n à ¢­® [7]:

2
V jejH
(2��h)2c

dpz (5.81)

�®£¤  ¨§ (5.6) ¨¬¥¥¬:


 = �T
1X
n=0

2
V jejH
(2��h)2c

Z 1

�1
dpz ln

�
1 + exp

�
�� (n+ 1=2)�h!c � p2z=2m

T

��
(5.82)

¨«¨


 = 2�BH
1X
n=0

f [� � (2n+ 1)�BH] (5.83)

£¤¥

f(�) = �TmV
2��h3

Z 1

�1
dpz ln

�
1 + exp

�
�

T
� p2z
2m

��
(5.84)

�ã¬¬¨à®¢ ­¨¥ ¯® n §¤¥áì ¬®¦­® ¯à®¢¥áâ¨ á ¯®¬®éìî á«¥¤ãîé¥© ä®à¬ã«ë [1, 2]:

1X
n=0

F (n) �
Z 1

0

dxF (x) +
1

24
F 0(0) (5.85)

�á«®¢¨¥ ¥¥ ¯à¨¬¥­¨¬®áâ¨ á®áâ®¨â ¢ ¬ «®áâ¨ ®â­®á¨â¥«ì­®£® ¨§¬¥­¥­¨ï äã­ªæ¨¨
F ­  ®¤­®¬ è £¥ n ! n + 1. � ­ è¥¬ á«ãç ¥ íâ® ãá«®¢¨¥ á¢®¤¨âáï ª âà¥¡®¢ ­¨î
�BH � T .

�à¨¬¥­ïï (5.85) ª (5.83), (5.84), ¯®«ãç ¥¬:


 = 2�BH

Z 1

0

dxf(�� 2�BHx) +
2�BH

24

@f(� � 2n�BH)

@n
jn=0 =

=

Z �

�1
dxf(x) � (2�BH)2

24

@f(�)

@�
(5.86)

�¥à¢®¥ á« £ ¥¬®¥ §¤¥áì ­¥ á®¤¥à¦¨â H ¨, ®ç¥¢¨¤­®, á¢®¤¨âáï ª 
0(�) ¢ ®âáãâáâ¢¨¥
¯®«ï. � ª¨¬ ®¡à §®¬:


 = 
0(�)� 1

6
�2BH

2 @
2
0(�)

@�2
(5.87)

®âªã¤ , ª ª ¨ ¢ëè¥ ¢ ¯ à ¬ £­¨â­®¬ á«ãç ¥, ­ å®¤¨¬ ¤¨ ¬ £­¨â­ãî ¢®á¯à¨¨¬ç¨-
¢®áâì ¢ ¢¨¤¥:

�d =
�2B
3V

@2
0(�)

@�2
= �1

3
�p (5.88)
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£¤¥ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯®«ãç¥­® áà ¢­¥­¨¥¬ á (5.77). � ª¨¬ ®¡à §®¬, ¤¨ ¬ £­¨â-
­ ï ¢®á¯à¨¨¬ç¨¢®áâì (¤¨ ¬ £­¥â¨§¬ � ­¤ ã) í«¥ªâà®­­®£® £ §  à ¢­  1=3 ¯ à -
¬ £­¨â­®© ¢®á¯à¨¨¬ç¨¢®áâ¨ (¯ à ¬ £­¥â¨§¬ � ã«¨.). � æ¥«®¬, ¢ëà®¦¤¥­­ë© í«¥ª-
âà®­­ë© £ § ®ª §ë¢ ¥âáï ¯ à ¬ £­¨â­ë¬ ¨ ¥£® ¬ £­¨â­ ï ¢®á¯à¨¨¬ç¨¢®áâì à ¢­ 

� = �p + �d =
2

3
�p: (5.89)

�«¥¤ã¥â, ¢¯à®ç¥¬, ¨¬¥âì ¢¢¨¤ã, çâ® íâ¨ á®®â­®è¥­¨ï ¬¥¦¤ã �p ¨ �d á¯à ¢¥¤«¨¢ë
â®«ìª® ¤«ï ¯à®áâ¥©è¥© ¬®¤¥«¨ á¢®¡®¤­ëå í«¥ªâà®­®¢, à áá¬®âà¥­­®© ¢ëè¥. � à¥-
 «ì­ëå ¬¥â «« å, £¤¥ ¢¨¤ á¯¥ªâà  í«¥ªâà®­®¢ ¬®¦¥â áãé¥áâ¢¥­­® ®â«¨ç âìáï ®â
¯à®áâ¥©è¥£®, íâ¨ á®®â­®è¥­¨ï ¬®£ãâ ¤®¢®«ì­® á¨«ì­® ­ àãè âìáï. �¬¥­­® ¯®íâ®¬ã,
¯à¨ ®¡áã¦¤¥­¨¨ íªá¯¥à¨¬¥­â®¢ ¯® ¨§¬¥à¥­¨î ¬ £­¨â­®© ¢®á¯à¨¨¬ç¨¢®áâ¨ ¬¥â «-
«®¢, ¢®§­¨ª ¥â ¤®¢®«ì­® á«®¦­ ï ¯à®¡«¥¬  à §¤¥«¥­¨ï ¯ à ¬ £­¨â­®£® ¨ ¤¨ ¬ £-
­¨â­®£® ¢ª« ¤®¢.

� §ã¬¥¥âáï áã¬¬ à­ãî ¢®á¯à¨¨¬ç¨¢®áâì ¬®¦­® ¢ëç¨á«¨âì ¨ áà §ã. �«ï íâ®£®
­ ¤® ¡ë«®-¡ë § ¯¨á âì ãà®¢­¨ í­¥à£¨¨ í«¥ªâà®­  ¢ ¢¨¤¥ "n;pz ;� = (2n + 1)�BH +
p2z=2m� �BH, ¢ª«îç¨¢ á¯¨­®¢®¥ à áé¥¯«¥­¨¥ ¢ á¯¥ªâà � ­¤ ã. �âã á®¢®ªã¯­®áâì
ãà®¢­¥© ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥: "n;pz = 2n�BH + p2z=2m (n = 0; 1; 2:::), ¯à¨-
ç¥¬ ª ¦¤®¥ §­ ç¥­¨¥ á n 6= 0 ¢áâà¥ç ¥âáï ¤¢ ¦¤ë,   c n = 0 { ®¤¨­ à §. �®£¤ ,
 ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã à áá¬®âà¥­¨î, «¥£ª® ¯®«ãç¨âì:


 = 2�BH

(
1

2
f(�) +

1X
n=1

f(� � 2�BHn)

)
(5.90)

  ¤«ï ¢ëç¨á«¥­¨© ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© áã¬¬¨à®¢ ­¨ï [1, 2]:

1

2
F (0) +

1X
n=1

F (n) =

Z 1

0

dxF (x)� 1

12
F 0(0) (5.91)

�¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï ¯à¨¢®¤ïâ ª à¥§ã«ìâ âã ¤«ï ¯®«­®© ¢®á¯à¨¨¬ç¨¢®áâ¨
(5.89).

� £­¥â¨§¬ í«¥ªâà®­­®£® £ § . �¨«ì­ë¥
¯®«ï�.

� áá¬®âà¨¬ â¥¯¥àì ®¡« áâì â ª ­ §ë¢ ¥¬ëå ª¢ ­âãîé¨å ¬ £­¨â­ëå ¯®«¥©, ¤«ï
ª®â®àëå:

T < �BH = �h!c � "F = � (5.92)

� íâ¨å ãá«®¢¨ïå áâ ­®¢¨âáï áãé¥áâ¢¥­­®© ¤¨áªà¥â­®áâì ãà®¢­¥© � ­¤ ã, á®®â¢¥â-
áâ¢ãîé¨å ¤¢¨¦¥­¨î í«¥ªâà®­  ¢ ¯«®áª®áâ¨, ®àâ®£®­ «ì­®© ¬ £­¨â­®¬ã ¯®«î8. �¥-
¯¥àì ã¦¥ ­¥«ì§ï ®â¤¥«¨âì ¤àã£ ®â ¤àã£  ®à¡¨â «ì­ë¥ ¨ á¯¨­®¢ë¥ íää¥ªâë ¨ ¯à¨

8�â® ¤¢¨¦¥­¨¥ ¢ ª« áá¨ª¥ ¥áâì ¯à®áâ® æ¨ª«®âà®­­®¥ ¢à é¥­¨¥ í«¥ªâà®­  á ç áâ®â®© !c ¢®ªàã£
­ ¯à ¢«¥­¨ï ¯®«ï. � ª¢ ­â®¢®¬ á«ãç ¥ íâ® ¢à é¥­¨¥ ®¯¨áë¢ ¥âáï ª ª ®¡ëç­ë© ®áæ¨««ïâ®à á
â®© ¦¥ ç áâ®â®©, çâ® ¨ ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î ¯¥à¢®£® (®áæ¨««ïâ®à­®£®) á« £ ¥¬®£® ¢ á¯¥ªâà¥
� ­¤ ã (5.80). �â®à®¥ á« £ ¥¬®¥ ¢ (5.80) á®®â¢¥âáâ¢ã¥â á¢®¡®¤­®¬ã ¤¢¨¦¥­¨î í«¥ªâà®­  ¢¤®«ì
­ ¯à ¢«¥­¨ï ¯®«ï.
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¢ëç¨á«¥­¨ïå ­ã¦­® ¨áå®¤¨âì ¨§ ®¡é¥© ä®à¬ã«ë (5.90). � ª ¡ã¤¥â ªà âª® ¯®ª § ­®
­¨¦¥, ¯à¨ �h!c = �BH > T ­ ¬ £­¨ç¥­­®áâì í«¥ªâà®­­®£® £ §  á®¤¥à¦¨â ®áæ¨««¨-
àãîéãî ª ª äã­ªæ¨ï H ç áâì, ¯à¨ç¥¬  ¬¯«¨âã¤  íâ¨å ®áæ¨««ïæ¨© ­¥ ¬ « . �ë
®¯ãáª ¥¬ àï¤ ¯®¤à®¡­®áâ¥© ¢ ¢ëç¨á«¥­¨ïå, ª®â®àë¥ ¬®¦­® ­ ©â¨ ¢ [1, 2].

�à¨ à áç¥â¥ (5.90), ¢ ãá«®¢¨ïå (5.92) ã¦¥ ­¥«ì§ï ¯®«ì§®¢ âìáï ¯à®áâë¬¨ ä®à-
¬ã« ¬¨ áã¬¬¨à®¢ ­¨ï â¨¯  (5.91), ¯®áª®«ìªã áã¬¬¨àã¥¬ ï äã­ªæ¨ï ¬®¦¥â à¥§ª®
¬¥­ïâìáï ¯à¨ ¯¥à¥å®¤¥ ®â n ª n+ 1. �â ­¤ àâ­ë© ¯à¨¥¬ á®áâ®¨â ¢ ¨á¯®«ì§®¢ ­¨¨
ä®à¬ã«ë áã¬¬¨à®¢ ­¨ï �ã áá®­  9:

1

2
F (0) +

1X
n=1

F (n) =

Z 1

0

dxF (x) + 2Re
1X
k=1

Z 1

0

dxe2�ikxF (x) (5.93)

�®£¤  (5.91) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥:


 = 
0(�) +
TmV

�2�h3
Re

1X
k=1

Ik (5.94)

£¤¥

Ik = �2�BH
Z 1

�1
dpz

Z 1

0

dxe2�ikx ln

�
1 + exp

�
�

T
� p2z
2mT

� 2x�BH

T

��
(5.95)

� á ¨­â¥à¥áã¥â â®«ìª® ®áæ¨««¨àãîé ï ¯® ¯®«î ç áâì ¨­â¥£à «®¢,ª®â®àãî ¡ã¤¥¬
®¡®§­ ç âì ~Ik. �®á«¥ ¯®¤å®¤ïé¨å § ¬¥­ ¯¥à¥¬¥­­ëå ¨§ (5.95) ¬®¦­® ¯®«ãç¨âì:

~Ik = �
Z 1

�1
dpz

Z 1

0

d" ln

�
1 + exp

�
�� "

T

��
exp

�
i�k"

�BH

�
exp

�
� i�kpz
2m�BH

�
: (5.96)

�­â¥£à « ¯® pz §¤¥áì ¬®¦¥â ¡ëâì ¢ëç¨á«¥­ [1, 2], ¯®á«¥ ç¥£® ¨¬¥¥¬:

~Ik = �e�i�4
r
2m�BH

k

Z 1

0

d"e
i�k"
�BH ln

h
1 + e

��"
T

i
: (5.97)

�¤¥áì ¬®¦­® ¤¢ ¦¤ë ¯à®¢¥áâ¨ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¨ ¯¥à¥©â¨ ª ¯¥à¥¬¥­­®©
� = (" � �)=T . �¯ãáª ï ­¥®áæ¨««¨àãîéãî ¯® ¯®«î ç áâì, ¬®¦­® ­ ¯¨á âì [1, 2]:

~Ik =

p
2m(�BH)5=2

T�2k5=2
exp

�
i�k�

�BH
� i�

4

�Z 1

�1
d�

e�

(e� + 1)2
exp

�
i�kT

�BH
�

�
: (5.98)

�à¨ �BH > T ®¯à¥¤¥«ïîéãî à®«ì ¢ ®áâ ¢è¥¬áï ¨­â¥£à «¥ ¨£à ¥â ®¡« áâì � � 1,
â.¥. ®ªà¥áâ­®áâì ãà®¢­ï �¥à¬¨ "�� � T , çâ® ¯®§¢®«¨«® ­ ¯¨á âì ¥£® ¢ ¡¥áª®­¥ç­ëå
¯à¥¤¥« å. � ªâ¨ç¥áª¨, ¨­â¥£à « â¥¯¥àì ¡¥à¥âáï ¯® ä®à¬ã«¥ [1, 2]:Z 1

�1
d�ei��

e�

(e� + 1)2
=

��

sh(��)
: (5.99)

9�®à¬ã«  �ã áá®­  ¯®«ãç ¥âáï ¨§ à ¢¥­áâ¢ :
P

1

n=�1
�(x � n) =

P
1

k=�1
e2�ikx. �ã¬¬  �-

äã­ªæ¨©, áâ®ïé ï á«¥¢ , ¥áâì ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï á ¯¥à¨®¤®¬ 1,   áã¬¬  á¯à ¢  ¥áâì à §-
«®¦¥­¨¥ íâ®© äã­ªæ¨¨ ¢ àï¤ �ãàì¥. �¬­®¦ ï íâ® à ¢¥­áâ¢® ­  ¯à®¨§¢®«ì­ãî äã­ªæ¨î F (x) ¨
¨­â¥£à¨àãï ¯® x ®â 0 ¤® 1, ¯®«ãç ¥¬ ä®à¬ã«ã �ã áá®­ . �à¨ íâ®¬ ­ ¤® â®«ìª® ¥é¥ ãç¥áâì, çâ®
ç«¥­ áã¬¬ë á n = 0 à ¢¥­

R
1

0
dxF (x)�(x) = F (0)=2.
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�ª®­ç â¥«ì­®, ¤«ï ®áæ¨««¨àãîé¥© ç áâ¨ ¯®â¥­æ¨ «  
 ¯®«ãç ¥¬:

~
 =

p
2(m�BH)3=2TV

�2�h3

1X
k=1

cos
�

��
�BH

k � �
4

�
k3=2sh

�
�2kT
�BH

� : (5.100)

�à¨ ¢ëç¨á«¥­¨¨ ¬ £­¨â­®£® ¬®¬¥­â  ª ª ¯à®¨§¢®¤­®© ®â (5.100) ¯® ¯®«î, ­ã¦­®
¤¨ää¥à¥­æ¨à®¢ âì â®«ìª® ­ ¨¡®«¥¥ ¡ëáâà® ¬¥­ïîé¨¥áï ¬­®¦¨â¥«¨ cos ¢ ç¨á«¨â¥-
«ïå ç«¥­®¢ áã¬¬ë. �â® ¤ ¥â à¥§ã«ìâ â � ­¤ ã:

~M = �
p
2�Bm

3=2�TV

��h3
p
H

1X
k=1

sin
�

��
�BH

k � �
4

�
p
ksh

�
�2kT
�BH

� : (5.101)

�®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ®áæ¨««¨àã¥â, ¯¥à¨®¤¨ç­®áâì ¨¬¥¥âáï §¤¥áì ¯® ®¡à â­®¬ã
¯®«î 1=H. �¥à¨®¤ ¯® ¯¥à¥¬¥­­®© 1=H ¥áâì:

�

�
1

H

�
=
2�B
�

(5.102)

¨ ­¥ § ¢¨á¨â ®â â¥¬¯¥à âãàë. �à¨ íâ®¬ �(1=H)H � �BH=� � 1, â.¥. ®áæ¨««ïæ¨¨
¯à®¨áå®¤ïâ á ¡®«ìè®© \ç áâ®â®©". � ª¨¥ ®áæ¨««ïæ¨¨ ¬ £­¨â­®£® ¬®¬¥­â  ¢ ¯®«¥
­ ¡«î¤ îâáï ¢ ¬¥â «« å ¯à¨ ¤®áâ â®ç­® ­¨§ª¨å â¥¬¯¥à âãà å ¨ \ç¨áâëå" ®¡à §-
æ å ¨ ­ §ë¢ îâáï íää¥ªâ®¬ ¤¥-�  §  { ¢ ­-�«ìä¢¥­ . �à¨ �BH � T  ¬¯«¨âã¤ 
ª®«¥¡ ­¨© ¬ £­¨â­®£® ¬®¬¥­â  ~M � V �H1=2(m�B)

3=2�h�3. �®­®â®­­ ï ç áâì ­ -
¬ £­¨ç¥­­®áâ¨ M ®¯à¥¤¥«ï¥âáï ¢ëç¨á«¥­­®© ¢ëè¥ ¢®á¯à¨¨¬ç¨¢®áâìî (5.89), â ª
çâ®M � V �1=2Hm3=2�2B�h

�3. �®íâ®¬ã ~M=M � (�=�BH)1=2 � 1 ¨  ¬¯«¨âã¤  ®áæ¨«-
«¨àãîé¥© ç áâ¨ ¢¥«¨ª  ¯® áà ¢­¥­¨î á ¬®­®â®­­®©. � ¯à®â¨¢, ¯à¨ �BH � T íâ 
 ¬¯«¨âã¤  íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â ª ª exp(��2T=�BH) ¨ áâ ­®¢¨âáï ¯à¥­¥¡à¥-
¦¨¬® ¬ «®©.

�ëà ¦¥­¨¥ ¤«ï ¯¥à¨®¤  (5.102) ¬®¦­® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

�

�
1

H

�
=
jej�h
mc

1

"F
==

2jej�h
c

�

�p2F
=
2�jej�h
cSF

(5.103)

£¤¥ SF = �p2F { ¯«®é ¤ì ¬ ªá¨¬ «ì­®£® \á¥ç¥­¨ï" áä¥à¨ç¥áª®© ¯®¢¥àå­®áâ¨ �¥à¬¨
£ §  á¢®¡®¤­ëå í«¥ªâà®­®¢. �ª §ë¢ ¥âáï, çâ® ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¯à¨¬¥­¨¬® ¨
¤«ï ¬¥â ««®¢ á ¯à®¨§¢®«ì­ë¬¨ ¯®¢¥àå­®áâï¬¨ �¥à¬¨, ¥á«¨ ¯®¤ SF ¯®­¨¬ âì ¯«®-
é ¤ì «î¡®£® íªáâà¥¬ «ì­®£® á¥ç¥­¨ï á«®¦­®© ¯®¢¥àå­®áâ¨ �¥à¬¨ [21]. �®áª®«ìªã
â ª¨å á¥ç¥­¨© ã à¥ «ì­®© ¯®¢¥àå­®áâ¨ �¥à¬¨ ¬®¦¥â ¡ëâì ­¥áª®«ìª®, ¢®§­¨ª ¥â
¨ ­¥áª®«ìª® ¯¥à¨®¤®¢ ®áæ¨««ïæ¨© ¤¥-�  §  | ¢ ­-�«ìä¢¥­ . �ªá¯¥à¨¬¥­â «ì­®¥
¨§ãç¥­¨¥ íâ¨å ®áæ¨««ïæ¨© ¯®§¢®«ï¥â ­ ©â¨ íªáâà¥¬ «ì­ë¥ á¥ç¥­¨ï ¯®¢¥àå­®áâ¨
�¥à¬¨ à¥ «ì­®£® ¬¥â ««  ¨ ãáâ ­®¢¨âì, â ª¨¬ ®¡à §®¬, ¥¥ ä®à¬ã ¨ â®¯®«®£¨î.

�ää¥ªâ ¤¥-�  §  { ¢ ­-�«ìä¢¥­  ï¢«ï¥âáï ¯¥à¢ë¬ ¢ æ¥«®¬ àï¤ã ®áæ¨««ïæ¨-
®­­ëå ï¢«¥­¨© ¢ ¬¥â «« å, ­ å®¤ïé¨åáï ¢ ª¢ ­âãîé¥¬ ¬ £­¨â­®¬ ¯®«¥ ¯à¨ ­¨§-
ª¨å â¥¬¯¥à âãà å. �¯®¬ï­¥¬, ­ ¯à¨¬¥à,  ­ «®£¨ç­ë¥ ®áæ¨««ïæ¨¨ í«¥ªâà®á®¯à®-
â¨¢«¥­¨ï ¬¥â ««®¢ (íää¥ªâ �ã¡­¨ª®¢  { ¤¥-�  § ). �á¥ íâ¨ íää¥ªâë á¢ï§ ­ë á
« ­¤ ã¢áª¨¬ ª¢ ­â®¢ ­¨¥¬ á¯¥ªâà  í«¥ªâà®­®¢ ¢ ¬ £­¨â­®¬ ¯®«¥ (5.80) ¨ á \¯à®-
å®¦¤¥­¨¥¬" ¤¨áªà¥â­ëå ãà®¢­¥© ¯®¯¥à¥ç­®£® ¤¢¨¦¥­¨ï ç¥à¥§ ãà®¢¥­ì �¥à¬¨ ¯à¨
¨§¬¥­¥­¨¨ ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï [21]. �ªá¯¥à¨¬¥­â «ì­®¥ ­ ¡«î¤¥­¨¥ íâ¨å íä-
ä¥ªâ®¢ ï¢«ï¥âáï ¬®é­ë¬ áà¥¤áâ¢®¬ ¢®ááâ ­®¢«¥­¨ï £¥®¬¥âà¨¨ à¥ «ì­ëå ¯®¢¥àå-
­®áâ¥© �¥à¬¨ ¬¥â ««®¢.
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�ëà®¦¤¥­­ë© ¡®§¥{£ §.

�à¨ ­¨§ª¨å â¥¬¯¥à âãà å á¢®©áâ¢  ¡®§¥-£ §  à ¤¨ª «ì­® ®â«¨ç îâáï ®â á¢®©áâ¢
ä¥à¬¨-£ § . �à¨ T = 0 ¢á¥ ç áâ¨æë £ §  § ­¨¬ îâ á®áâ®ï­¨¥ á ­ ¨¬¥­ìè¥© í­¥à-
£¨¥© " = 0, ®£à ­¨ç¥­¨©, á¢ï§ ­­ëå á ¯à¨­æ¨¯®¬ � ã«¨ ¤«ï ­¨å ­¥â. � áá¬®âà¨¬
ãà ¢­¥­¨¥ ¤«ï ¯®«­®£® ç¨á«  ç áâ¨æ, ®¯à¥¤¥«ïîé¥¥ å¨¬¯®â¥­æ¨ « (5.30) ¢ ¡®§¥¢-
áª®¬ á«ãç ¥:

N

V
=
g(mT )3=2p

2�2�h3

Z 1

0

dz

p
z

ez�
�
T � 1

(5.104)

�á«¨ ¯à¨ § ¤ ­­®© ¯«®â­®áâ¨ £ §  N=V ¯®­¨¦ âì â¥¬¯¥à âãàã, â® ¨§ (5.104) ¢¨¤­®,
çâ® å¨¬¨ç¥áª¨© ¯®â¥­æ¨ « �, ®áâ ¢ ïáì ®âà¨æ â¥«ì­ë¬, ã¬¥­ìè ¥âáï ¯®  ¡á®«îâ-
­®© ¢¥«¨ç¨­¥. �à¨ íâ®¬ ®­ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ ª®­¥ç­®© â¥¬¯¥à âãà¥, ®¯à¥¤¥-
«ï¥¬®© à ¢¥­áâ¢®¬:

N

V
=
g(mT )3=2p

2�2�h3

Z 1

0

dz

p
z

ez � 1
(5.105)

�â®ïé¨© §¤¥áì ¨­â¥£à « ¥áâì ¯à®áâ® ¡¥§à §¬¥à­ ï ª®­áâ ­â  � 2:315. �®£¤ , à¥è ï
(5.105) ®â­®á¨â¥«ì­® T , ¯®«ãç ¥¬ å à ªâ¥à­ãî â¥¬¯¥à âãàã T0

10:

T0 =
3:31

g2=3
�h2

m

�
N

V

�2=3
(5.106)

­ §ë¢ ¥¬ãî â¥¬¯¥à âãà®© ¡®§¥-ª®­¤¥­á æ¨¨. �¨§¨ç¥áª¨© á¬ëá« íâ®£® â¥à¬¨­ ,
â ª¦¥ ª ª ¨ ¢®§­¨ª îé¥£® ¯à¨ íâ®© â¥¬¯¥à âãà¥ íää¥ªâ  ¬®¦­® ¯®­ïâì ¨§ á«¥¤ã-
îé¨å à ááã¦¤¥­¨©.

�à¨ T < T0 ãà ¢­¥­¨¥ (5.105) ­¥ ¨¬¥¥â ®âà¨æ â¥«ì­ëå à¥è¥­¨© ¤«ï �, â®£¤  ª ª
¢ áâ â¨áâ¨ª¥ �®§¥ å¨¬¯®â¥­æ¨ « ¤®«¦¥­ ¡ëâì, ª ª ¯®ª § ­® ¢ëè¥, ®âà¨æ â¥«ì­ë¬
¯à¨ «î¡ëå â¥¬¯¥à âãà å. �â® ª ¦ãé¥¥áï ¯à®â¨¢®à¥ç¨¥ á¢ï§ ­® á â¥¬, çâ® ¢ ¤ ­­ëå
ãá«®¢¨ïå ­¥§ ª®­¥­ ¯¥à¥å®¤ ®â áã¬¬¨à®¢ ­¨ï ¯® ª¢ ­â®¢ë¬ á®áâ®ï­¨ï¬ ¢ (5.11) ª
¨­â¥£à¨à®¢ ­¨î ¯® ­¥¯à¥àë¢­®© ¯¥à¥¬¥­­®© (í­¥à£¨¨) ¢ (5.30), (5.104). � á ¬®¬
¤¥«¥, ¯à¨ â ª®¬ ¯¥à¥å®¤¥, ¯¥à¢ë© ç«¥­ ¢ áã¬¬¥ ¯® k ¢ (5.11), á®®â¢¥âáâ¢ãîé¨©
ãà®¢­î á "k = 0, ã¬­®¦ ¥âáï ­ 

p
" = 0 (áà. ä®à¬ã«ã ¤«ï ¯«®â­®áâ¨ á®áâ®ï­¨©

(5.28)) ¨ ¯à®áâ® ¢ë¯ ¤ ¥â. �  á ¬®¬ ¦¥ ¤¥«¥, ¯à¨ ¯®­¨¦¥­¨¨ â¥¬¯¥à âãàë T ¡®§¥-
ç áâ¨æë ¡ã¤ãâ áª ¯«¨¢ âìáï ¨¬¥­­® ¢ íâ®¬ á®áâ®ï­¨¨ á ­ ¨¬¥­ìè¥© í­¥à£¨¥©, ¯®ª 
¯à¨ T = 0 ­¥ ¯®¯ ¤ãâ âã¤  ¢á¥.

�®íâ®¬ã, ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨, ¯à¨ T < T0 ¤¥«® ®¡áâ®¨â á«¥¤ãîé¨¬ ®¡à §®¬.
� áâ¨æë á í­¥à£¨¥© " > 0 à á¯à¥¤¥«¥­ë ¯® ä®à¬ã«¥ (� = 0!):

dN" =
gm3=2Vp
2�2�h3

p
"d"

e
"
T � 1

(5.107)

�®®â¢¥âáâ¢¥­­®, ¯®«­®¥ ç¨á«® ç áâ¨æ á í­¥à£¨ï¬¨ " > 0 à ¢­®:

N">0 =

Z
dN" =

gV (mT )3=2p
2�2�h3

Z 1

0
dz

p
z

ez � 1
= N

�
T

T0

�3=2
(5.108)

10� ¬¥â¨¬, çâ® â ª ¦¥ ª ª ¨ ¢ á«ãç ¥ â¥¬¯¥à âãàë �¥à¬¨, ¤ ­­®¥ ¢ëà ¦¥­¨¥ ¯® ¯®àï¤ªã ¢¥«¨-
ç¨­ë, ä ªâ¨ç¥áª¨, á®¢¯ ¤ ¥â á â¥¬¯¥à âãà®© ¢ëà®¦¤¥­¨ï £ §  (3.79).
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�áâ «ì­ë¥

N"=0 = N

"
1�

�
T

T0

�3=2
#

(5.109)

ç áâ¨æ ­ å®¤ïâáï ¢ á®áâ®ï­¨¨ á ­¨§è¥© í­¥à£¨¥© " = 0. �â® ï¢«¥­¨¥ ­ ª®¯«¥­¨ï ¬ -
ªà®áª®¯¨ç¥áª®£® ç¨á«  ç áâ¨æ (ª®­¥ç­®© ç áâ¨ ¯®«­®£® ç¨á«  ç áâ¨æ) ­  ­ã«¥¢®¬
ãà®¢­¥ ¨ ­ §ë¢ ¥âáï ª®­¤¥­á æ¨¥© �®§¥ { �©­èâ¥©­ . �®¤ç¥àª­¥¬, çâ® à¥çì ¨¤¥â
® \ª®­¤¥­á æ¨¨" ¢ ¨¬¯ã«ìá­®¬ ¯à®áâà ­áâ¢¥ (p = 0), ­¥ ¨¬¥îé¥© ­¨ç¥£® ®¡é¥£®
á ®¡ëç­®© ª®­¤¥­á æ¨¥© £ § . � áâ¨æë ¢ ¡®§¥-ª®­¤¥­á â¥ ®¡à §ãîâ ¬ ªà®áª®¯¨ç¥-
áª®¥ ª¢ ­â®¢®¥ á®áâ®ï­¨¥ á ¢¥áì¬  á¯¥æ¨ä¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨.

�­¥à£¨ï £ §  ¯à¨ T < T0 ®¯à¥¤¥«ï¥âáï ç áâ¨æ ¬¨ á " > 0 (áà. ä®à¬ã«ã (5.33),
§ ¯¨á ­­ãî ¤«ï � = 0):

E =
gV (mT )3=2Tp

2�2�h3

Z 1

0

dz
z3=2

ez � 1
� 0:770NT

�
T

T0

�3=2
= 0:128g

m3=2T 5=2

�h3
V (5.110)

�âáî¤  ¯®«ãç ¥¬ â¥¯«®¥¬ª®áâì:

Cv =

�
@E

@T

�
V

=
5E

2T
� T 3=2 (5.111)

�­â¥£à¨àãï â¥¯«®¥¬ª®áâì, ­ å®¤¨¬ í­âà®¯¨î:

S =

Z T

0

Cv
T
dT =

5E

3T
(5.112)

¨ á¢®¡®¤­ãî í­¥à£¨î F = E � TS:

F = �2
3
E (5.113)

�«ï ¤ ¢«¥­¨ï £ §  ¨¬¥¥¬:

P = �
�
@F

@V

�
T

� 0:0851g
m3=2T 5=2

�h3
(5.114)

� á ¬®© â®çª¥ T = T0 ¢á¥ à áá¬®âà¥­­ë¥ ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë ­¥¯à¥àë¢­ë, ­®
¬®¦­® ¯®ª § âì, çâ® ¯à®¨§¢®¤­ ï â¥¯«®¥¬ª®áâ¨ ¯® T ¨á¯ëâë¢ ¥â ¢ íâ®© â®çª¥ áª -
ç®ª [1, 2]. �®íâ®¬ã, â®çª  ¡®§¥-ª®­¤¥­á æ¨¨, ä ªâ¨ç¥áª¨, ï¢«ï¥âáï â®çª®© ­¥ª®-
â®à®£® ä §®¢®£® ¯¥à¥å®¤ . � ¬¥â¨¬, ¢¯à®ç¥¬, çâ® á¢®©áâ¢  íâ®£® ¯¥à¥å®¤  áãé¥-
áâ¢¥­­® § ¢¨áïâ ®â ¢§ ¨¬®¤¥©áâ¢¨ï ç áâ¨æ, ª®â®àë¬ ¬ë ¯®«­®áâìî ¯à¥­¥¡à¥£ «¨.

� â¥ç¥­¨¥ ¬­®£¨å «¥â ï¢«¥­¨¥ ¡®§¥-ª®­¤¥­á æ¨¨ ¢ £ § å ®áâ ¢ «®áì ç¨áâ® â¥®-
à¥â¨ç¥áª¨¬ à¥§ã«ìâ â®¬, å®âï ¢ ¦­®áâì íâ®£® ï¢«¥­¨ï ¯à¥ªà á­® ®á®§­ ¢ « áì ¨,
ä ªâ¨ç¥áª¨, ï¢«¥­¨¥ ¡®§¥-ª®­¤¥­á æ¨¨ ­ ¡«î¤ «®áì ¢ ï¢«¥­¨ïå á¢¥àåâ¥ªãç¥áâ¨ ¨
á¢¥àå¯à®¢®¤¨¬®áâ¨ ¢ ª®­¤¥­á¨à®¢ ­­ëå â¥« å (£¤¥, ª®­¥ç­®, à®«ì ¢§ ¨¬®¤¥©áâ¢¨ï
ï¢«ï¥âáï ®¯à¥¤¥«ïîé¥©). �â¨ ¯à®¡«¥¬ë ¡ã¤ãâ ®¡áã¦¤ âìáï ­¨¦¥. � ¯®á«¥¤­¨¥
£®¤ë, ®¤­ ª®, ï¢«¥­¨¥ ¡®§¥-ª®­¤¥­á æ¨¨ ã¤ «®áì ­¥¯®áà¥¤áâ¢¥­­® ­ ¡«î¤ âì ¢ ã­¨-
ª «ì­ëå íªá¯¥à¨¬¥­â å á ¯ à ¬¨ é¥«®ç­ëå ¬¥â ««®¢, ®å« ¦¤¥­­ë¬¨ ¤® à¥ª®à¤­®
­¨§ª¨å â¥¬¯¥à âãà � 10�7K ¢ á¯¥æ¨ «ì­ëå ¬ £­¨â­ëå «®¢ãèª å. �â¨ á¨áâ¥¬ë, ª ª
®ª § «®áì, ¤®¢®«ì­® å®à®è® ®¯¨áë¢ îâáï ¨¬¥­­® ¬®¤¥«ìî ¯®çâ¨ ¨¤¥ «ì­®£® ¡®§¥-
£ § . �â¨ ¨áá«¥¤®¢ ­¨ï ï¢«ïîâáï á¥©ç á ®¤­®© ¨§ ­ ¨¡®«¥¥ ¨­â¥à¥á­ëå ¨  ªâ¨¢­®
à §¢¨¢ îé¨åáï ®¡« áâ¥© ä¨§¨ª¨ á¨áâ¥¬ ¬­®£¨å ç áâ¨æ [22].
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�â â¨áâ¨ª  ä®â®­®¢.

� ¦­¥©è¨¬ ®¡ê¥ªâ®¬ ¯à¨¬¥­¥­¨ï áâ â¨áâ¨ª¨ �®§¥ ï¢«ï¥âáï í«¥ªâà®¬ £­¨â­®¥ ¨§-
«ãç¥­¨¥, ­ å®¤ïé¥¥áï ¢ à ¢­®¢¥á¨¨ (â.­. ¨§«ãç¥­¨¥ ç¥à­®£® â¥« ), â.¥. áâ â¨áâ¨ª 
ä®â®­®¢. �¨­¥©­®áâì ãà ¢­¥­¨© (¯à¨­æ¨¯ áã¯¥à¯®§¨æ¨¨) í«¥ªâà®¤¨­ ¬¨ª¨ ®§­ -
ç ¥â ®âáãâáâ¢¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï ä®â®­®¢ { ®­¨ ®¡à §ãîâ ¨¤¥ «ì­ë© £ §. � á¨«ã
æ¥«®ç¨á«¥­­®áâ¨ á¯¨­  ä®â®­®¢ (s = 1) íâ® ¥áâì £ § ¡®§®­®¢. � ªâ¨ç¥áª¨ ¢ ¤ ­­®©
§ ¤ ç¥ ¯®¤à §ã¬¥¢ ¥âáï ­ «¨ç¨¥ á« ¡®£® ¢§ ¨¬®¤¥©áâ¢¨ï ä®â®­®¢ á ¢¥é¥áâ¢®¬, ­¥-
®¡å®¤¨¬®¥ ¤«ï ãáâ ­®¢«¥­¨ï â¥à¬®¤¨­ ¬¨ç¥áª®£® à ¢­®¢¥á¨ï. �¥å ­¨§¬, ®¡¥á¯¥-
ç¨¢ îé¨© ãáâ ­®¢«¥­¨¥ à ¢­®¢¥á¨ï á®áâ®¨â ¢ ¯®£«®é¥­¨¨ ¨ ¨á¯ãáª ­¨¨ ä®â®­®¢
¢¥é¥áâ¢®¬ 11. �â® ®¡áâ®ïâ¥«ìáâ¢® ¯à¨¢®¤¨â ª ¢ ¦­®© ®á®¡¥­­®áâ¨ ä®â®­­®£® £ § :
ç¨á«® ç áâ¨æ N ¢ ­¥¬ ­¥ á®åà ­ï¥âáï ¨ ¤®«¦­® ®¯à¥¤¥«ïâìáï ¨§ ãá«®¢¨© â¥¯«®-
¢®£® à ¢­®¢¥á¨ï. �à¥¡ãï ¬¨­¨¬ «ì­®áâ¨ á¢®¡®¤­®© í­¥à£¨¨ (¯à¨ § ¤ ­­ëå T ¨ V ),
¯®«ãç ¥¬ ®¤­® ¨§ ãá«®¢¨© íâ®£® ¬¨­¨¬ã¬  ¢ ¢¨¤¥:

�
@F
@N

�
T;V

= � = 0, â ª çâ® å¨¬-

¯®â¥­æ¨ « £ §  ä®â®­®¢:
� = 0: (5.115)

�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ä®â®­®¢ ¯® ª¢ ­â®¢ë¬ á®áâ®ï­¨ï¬ á ®¯à¥¤¥«¥­­ë¬¨ §­ -
ç¥­¨ï¬¨ ¨¬¯ã«ìá  �hk ¨ í­¥à£¨¨ �h! = �hck (¨ ®¯à¥¤¥«¥­­ë¬¨ ¯®«ïà¨§ æ¨ï¬¨ {
¯à®¥ªæ¨ï¬¨ ¨å á¯¨­ ) ¤ ¥âáï ä®à¬ã«®© �®§¥ á � = 0:

nk =
1

e
�h!
T � 1

(5.116)

çâ® ­ §ë¢ ¥âáï à á¯à¥¤¥«¥­¨¥¬ �« ­ª .
�ç¨â ï ®¡ê¥¬ V ¤®áâ â®ç­® ¡®«ìè¨¬, ¯¥à¥©¤¥¬ ®¡ëç­ë¬ ®¡à §®¬ ®â ¤¨áªà¥â-

­®£® ª ­¥¯à¥àë¢­®¬ã à á¯à¥¤¥«¥­¨î á®¡áâ¢¥­­ëå ç áâ®â ¨§«ãç¥­¨ï. �¨á«® ª®«¥¡ -
­¨© á ª®¬¯®­¥­â ¬¨ ¢®«­®¢®£® ¢¥ªâ®à  k ¢ ¨­â¥à¢ « å d3k = dkxdkydkz à ¢­®, ª ª

¨§¢¥áâ­®, V d3k
(2�)3

[8]. �¨á«® ª®«¥¡ ­¨© á  ¡á®«îâ­®© ¢¥«¨ç¨­®© ¢®«­®¢®£® ¢¥ªâ®à 

¢ ¨­â¥à¢ «¥ k; k+ dk ¥áâì:
V

(2�)3
4�k2dk: (5.117)

�á¯®«ì§ãï ! = ck ¨ ã¬­®¦ ï ­  2 (¨¬¥¥âáï ¤¢  ­¥§ ¢¨á¨¬ëå ­ ¯à ¢«¥­¨ï ¯®«ï-
à¨§ æ¨¨), ¯®«ãç ¥¬ ç¨á«® ª¢ ­â®¢ëå á®áâ®ï­¨© ä®â®­®¢ á ç áâ®â ¬¨ ¢ ¨­â¥à¢ «¥
!; ! + d!:

V !2d!

�2c3
: (5.118)

�®£¤  ç¨á«® ä®â®­®¢ ¢ ¤ ­­®¬ ¨­â¥à¢ «¥ ç áâ®â:

dN! =
V

�2c3
!2d!

e
�h!
T � 1

(5.119)

�¬­®¦ ï ­  �h!, ¯®«ãç¨¬ í­¥à£¨î ¨§«ãç¥­¨ï, § ª«îç¥­­ãî ¢ íâ®¬ ãç áâª¥ á¯¥ªâà :

dE! =
V �h

�2c3
!3d!

e
�h!
T � 1

(5.120)

{ ä®à¬ã«ã �« ­ª . �®®â¢¥âáâ¢ãîé¨© £à ä¨ª ¯®ª § ­ ­  �¨á.5-2. �ëà ¦ ï ¢á¥

11�®à®è¨© ¯à¨¬¥à â ª®© á¨áâ¥¬ë { \à¥«¨ªâ®¢®¥" ¨§«ãç¥­¨¥ ¢® �á¥«¥­­®©, ®áâ ¢è¥¥áï ¯®á«¥
\¡®«ìè®£® ¢§àë¢ ".
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�¨á. 5-2 �ã­ªæ¨ï �« ­ª  x3

ex�1 ; x =
�h!
T .

ç¥à¥§ ¤«¨­ã ¢®«­ë � = 2�c
! , ¨¬¥¥¬:

dE� =
16�2c�hV

�5
d�

e
2��hc
T� � 1

: (5.121)

�à¨ ¬ «ëå ç áâ®â å �h! � T ¨§ (5.120) ¯®«ãç ¥¬ ä®à¬ã«ã �í«¥ï { �¦¨­á :

dE! = V
T

�2c3
!2d! (5.122)

�¤¥áì ­¥â § ¢¨á¨¬®áâ¨ ®â �h, íâ® ª« áá¨ç¥áª¨© ¯à¥¤¥«, ª®â®àë© ¬®¦­® áà §ã ¦¥
¯®«ãç¨âì ã¬­®¦¥­¨¥¬ (5.118) ­  T , â.¥. ¯à¨¬¥­¥­¨¥¬ § ª®­  à ¢­®à á¯à¥¤¥«¥­¨ï ª
ª ¦¤®¬ã ®áæ¨««ïâ®àã í«¥ªâà®¬ £­¨â­®£® ¯®«ï 12. � ®¡à â­®¬ ¯à¥¤¥«ì­®¬ á«ãç ¥
�h! � T (ª¢ ­â®¢ë© ¯à¥¤¥«) ¨§ (5.120) ¯®«ãç ¥¬ ä®à¬ã«ã �¨­ :

dE! = V
�h

�2c3
!3e�

�h!
T d! (5.123)

�«®â­®áâì á¯¥ªâà «ì­®£® à á¯à¥¤¥«¥­¨ï í­¥à£¨¨ ç¥à­®£® ¨§«ãç¥­¨ï ¯® ç áâ®â ¬
dE!=d! ¨¬¥¥â ¬ ªá¨¬ã¬ ¯à¨ ! = !m, ®¯à¥¤¥«ï¥¬®© à ¢¥­áâ¢®¬:

�h!m
T

� 2:822 (5.124)

12�¥âàã¤­® ¢¨¤¥âì, çâ® ¨­â¥£à « (5.122) ¯® ¢á¥¬ ç áâ®â ¬ à áå®¤¨âáï, â ª çâ® í­¥à£¨ï ä®â®­-
­®£® £ §  ®ª §ë¢ ¥âáï ¡¥áª®­¥ç­®©. �â® â ª ­ §ë¢ ¥¬ ï ã«ìâà ä¨®«¥â®¢ ï ª â áâà®ä , ª®â®à ï
¡ë«  ®¤­¨¬ ¨§ á¨«ì­ëå ãª § ­¨© ­  ­¥¤®áâ â®ç­®áâì ª« áá¨ç¥áª®© â¥®à¨¨, çâ® ¨ ¯à¨¢¥«® �« ­ª 
ª ¢¢¥¤¥­¨î ª¢ ­â®¢. � ¬¥â¨¬, çâ® �« ­ª ¯à¥¤«®¦¨« á¢®î ä®à¬ã«ã (5.120), ª ª ¯à®áâ¥©èãî ¨­-
â¥à¯®«ïæ¨î ¬¥¦¤ã (5.122) ¨ íªá¯¥à¨¬¥­â «ì­® ®âªàëâë¬ § ª®­®¬ (5.123).
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� ª¨¬ ®¡à §®¬, ¯à¨ ¯®¢ëè¥­¨¨ â¥¬¯¥à âãàë ¬ ªá¨¬ã¬ à á¯à¥¤¥«¥­¨ï á¬¥é ¥âáï
¢ áâ®à®­ã ¡®«ìè¨å ç áâ®â ¯à®¯®àæ¨®­ «ì­® T (§ ª®­ á¬¥é¥­¨ï) 13.

�ëç¨á«¨¬ â¥à¬®¤¨­ ¬¨ç¥áª¨¥ ¢¥«¨ç¨­ë ä®â®­­®£® £ § . �à¨ � = 0 á¢®¡®¤­ ï
í­¥à£¨ï F = �� PV = N� +
. �®£¤ , ¯®« £ ï � = 0 ¨ ¯¥à¥å®¤ï ®â áã¬¬¨à®¢ ­¨ï
¯® k ª ¨­â¥£à¨à®¢ ­¨î ¯® ! ¢ (5.12), ¯®«ãç ¥¬:

F = T
V

�2c3

Z 1

0

d!!2 ln
�
1� e�

�h!
T

�
(5.125)

�¢®¤ï x = �h!=T ¨ ¨­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬:

F = �V T 4

3�2�h3c3

Z 1

0

dx
x3

ex � 1
: (5.126)

�­â¥£à « §¤¥áì à ¢¥­ �4=15 [1, 2], â ª çâ®:

F = �V �2T 4

45(�hc)3
= �4�

3c
V T 4 (5.127)

£¤¥ ª®íää¨æ¨¥­â � (¯®áâ®ï­­ ï �â¥ä ­  { �®«ìæ¬ ­ ) à ¢¥­:

� =
�2k4B
60�h3c2

(5.128)

¥á«¨ ¨§¬¥àïâì T ¢ £à ¤ãá å. �­âà®¯¨ï ä®â®­­®£® £ § :

S = �@F
@T

=
16�

3c
V T 3: (5.129)

�®«­ ï í­¥à£¨ï ¨§«ãç¥­¨ï:

E = F + TS =
4�

c
V T 4 = �3F (5.130)

{ § ª®­ �®«ìæ¬ ­ . �¥¯«®¥¬ª®áâì £ §  ä®â®­®¢:

Cv =

�
@E

@T

�
V

=
16�

c
T 3 � T 3: (5.131)

� ¢«¥­¨¥ ¨§«ãç¥­¨ï:

P = �
�
@F

@V

�
T

=
4�

3c
T 4 (5.132)

â ª çâ® \ãà ¢­¥­¨¥ á®áâ®ï­¨ï":

PV =
E

3
(5.133)

çâ® å à ªâ¥à­® ¨¬¥­­® ¤«ï à¥«ïâ¨¢¨áâáª®£® £ §  á® á¯¥ªâà®¬ ! = ck. �®«­®¥ (áà¥¤-
­¥¥) ç¨á«® ä®â®­®¢ ¯à¨ ¤ ­­®© â¥¬¯¥à âãà¥ ¥áâì:

N =
V

�2c3

Z 1

0

d!
!2

e
�h!
T � 1

=
V T 3

�2c3�h3

Z 1

0

dx
x2

ex � 1
� 0:244

�
T

�hc

�3

V: (5.134)

13�«ï ª®á¬®«®£¨ç¥áª®£® \à¥«¨ªâ®¢®£®" ¨§«ãç¥­¨ï íâ®â ¬ ªá¨¬ã¬ á®®â¢¥âáâ¢ã¥â T � 3K.
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�¢¥à¤ë¥ â¥« . �¨§ª¨¥ â¥¬¯¥à âãàë.

� ªà¨áâ «« å ¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å  â®¬ë á®¢¥àè îâ ¬ «ë¥ ª®«¥¡ ­¨ï ¢¡«¨§¨
­¥ª®â®àëå ¯®«®¦¥­¨© à ¢­®¢¥á¨ï, ®¡à §ãîé¨å ªà¨áâ ««¨ç¥áªãî à¥è¥âªã. � ªâ¨-
ç¥áª¨, â ª ï ¦¥ á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¨ ¢  ¬®àä­ëå â¢¥à¤ëå â¥« å, £¤¥ à ¢­®¢¥á-
­ë¥ ¯®§¨æ¨¨ ­¥ã¯®àï¤®ç¥­ë ¢ ¯à®áâà ­áâ¢¥ 1.

�ãáâì N { ¥áâì ç¨á«® ¬®«¥ªã« ( â®¬®¢), ®¡à §ãîé¨å â¢¥à¤®¥ â¥«®, � { ç¨á«®
 â®¬®¢ ¢ ¬®«¥ªã«¥ (� = 1, ¥á«¨ â¥«® á®áâ®¨â ¨§  â®¬®¢). �®£¤  ¯®«­®¥ ç¨á«®  â®¬®¢
à ¢­® N�. �§ ®¡é¥£® ç¨á«  3N� áâ¥¯¥­¥© á¢®¡®¤ë âà¨ á®®â¢¥âáâ¢ãîâ ¯®áâã¯ â¥«ì-
­®¬ã ¨ âà¨ ¢à é â¥«ì­®¬ã ¤¢¨¦¥­¨î â¥«  ª ª æ¥«®£®. �®íâ®¬ã ç¨á«® ª®«¥¡ â¥«ì-
­ëå áâ¥¯¥­¥© á¢®¡®¤ë ¥áâì 3N� � 6. � ãç¥â®¬ â®£®, çâ® ç¨á«® 3N� ®£à®¬­®, ¬®¦­®
á¯®ª®©­® ¯à¥­¥¡à¥çì ç¨á«®¬ 6 ¨ áç¨â âì ç¨á«® ª®«¥¡ â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë
à ¢­ë¬ ¯à®áâ® 3N�.

�¨¦¥ ¬ë ­¥ ãç¨âë¢ ¥¬ ¢®¢á¥ í«¥ªâà®­­ë¥ áâ¥¯¥­¨ á¢®¡®¤ë, â ª çâ® ¢¥áì ¨§« £ -
¥¬ë© ¬ â¥à¨ « ®â­®á¨âáï, áâà®£® £®¢®àï, ª ¤¨í«¥ªâà¨ª ¬. � ¯à®áâ¥©è¥¬ ¯à¨¡«¨¦¥-
­¨¨, ¢ ¬¥â «« å ¬®¦­® áç¨â âì, çâ® í«¥ªâà®­­ë¥ ¢ª« ¤ë ¢® ¢á¥ â¥à¬®¤¨­ ¬¨ç¥áª¨¥
¢¥«¨ç¨­ë ¯à®áâ® ¤®¡ ¢«ïîâáï  ¤¤¨â¨¢­®.

� ¬¥å ­¨ç¥áª®© â®çª¨ §à¥­¨ï á¨áâ¥¬ã á 3N� ª®«¥¡ â¥«ì­ë¬¨ áâ¥¯¥­ï¬¨ á¢®-
¡®¤ë ¬®¦­® à áá¬ âà¨¢ âì ª ª ­ ¡®à 3N� ­¥§ ¢¨á¨¬ëå ®áæ¨««ïâ®à®¢, ª ¦¤ë© ¨§
ª®â®àëå (¢ £ à¬®­¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨) á®®â¢¥âáâ¢ã¥â ®â¤¥«ì­®¬ã ­®à¬ «ì­®¬ã
ª®«¥¡ ­¨î [13]. �§ ª¢ ­â®¢®© ¬¥å ­¨ª¨ ¨§¢¥áâ­® [7], çâ® í­¥à£¨ï £ à¬®­¨ç¥áª®£®

1�®«ìè ï ç áâì ¯®á«¥¤ãîé¥£® ¬ â¥à¨ «  ®á­®¢ ­  ­  [1, 2].

105
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®áæ¨««ïâ®à  ¨¬¥¥â ¢¨¤:

"n = �h!

�
n+

1

2

�
(6.1)

£¤¥ �h! { ª®«¥¡ â¥«ì­ë© ª¢ ­â, n = 0; 1; 2::: { ª®«¥¡ â¥«ì­®¥ ª¢ ­â®¢®¥ ç¨á«®. �®£¤ 
áâ âáã¬¬  ®¤­®£® ®áæ¨««ïâ®à  ®¯à¥¤¥«ï¥âáï ª ª:

Zosc =
1X
n=0

e�
�h!
T (n+1=2): (6.2)

�ã¤¥¬ ®âáç¨âë¢ âì í­¥à£¨î ®áæ¨««ïâ®à  ®â ­ ¨¡®«¥¥ ­¨§ª®£® (n = 0) ª®«¥¡ â¥«ì-
­®£® ãà®¢­ï, ¢ª«îç¨¢ ­ã«¥¢ãî í­¥à£¨î ¢ ¯®áâ®ï­­ãî "0, ®¯à¥¤¥«ïîéãî ­ ç «®
®âáç¥â  í­¥à£¨¨. �®£¤ :

Zosc =
1X
n=0

e�
�h!
T n =

1

1� e� �h!
T

; (6.3)

  á¢®¡®¤­ ï í­¥à£¨ï:

Fosc = T ln
�
1� e�

�h!
T

�
: (6.4)

�®®â¢¥âáâ¢¥­­®, á¢®¡®¤­ãî í­¥à£¨î â¢¥à¤®£® â¥«  ¬®¦­® ­ ¯¨á âì ¢ ¢¨¤¥:

F = N"0 + T
X
�

ln
�
1� e� �h!�

T

�
; (6.5)

£¤¥ áã¬¬¨à®¢ ­¨¥ ¨¤¥â ¯® ¢á¥¬ 3N� ­®à¬ «ì­ë¬ ª®«¥¡ ­¨ï¬, ª®â®àë¥ ­ã¬¥àãîâáï
¨­¤¥ªá®¬ �. �¤¥áì N"0 { í­¥à£¨ï ­ã«¥¢ëå ª®«¥¡ ­¨©, ª®â®à ï, ®ç¥¢¨¤­®, ¯à®¯®à-
æ¨®­ «ì­  ç¨á«ã ¬®«¥ªã« â¥« ,   "0 { í­¥à£¨ï, ®â­¥á¥­­ ï ª ®¤­®© ¬®«¥ªã«¥ ¯à¨
T = 0.

� áá¬®âà¨¬ ¯à¥¤¥«ì­ë© á«ãç © ­¨§ª¨å â¥¬¯¥à âãà. �à¨ ¬ «ëå T ¢ áã¬¬¥ ¯® �
¨£à îâ à®«ì «¨èì ç«¥­ë á ¬ «ë¬¨ ç áâ®â ¬¨ �h! � T . �®«¥¡ ­¨ï ¬ «ëå ç áâ®â ¢
â¢¥à¤®¬ â¥«¥ { íâ® ®¡ëç­ë¥ §¢ãª®¢ë¥ ¢®«­ë. �«¨­  §¢ãª®¢®© ¢®«­ë � = u=!, £¤¥ u {
áª®à®áâì §¢ãª . �«ï §¢ãª®¢ëå ¢®«­ ¤«¨­  ¢®«­ë ¢¥«¨ª  ¯® áà ¢­¥­¨î á ¯®áâ®ï­­®©
à¥è¥âª¨ ªà¨áâ ««  (¨«¨ áà¥¤­¨¬ ¬¥¦ â®¬­ë¬ à ááâ®ï­¨¥¬ ¢  ¬®àä­®¬ â¢¥à¤®¬
â¥«¥): � � a. �®®â¢¥âáâ¢¥­­®, ¨å ç áâ®âë ! � u=a. �«ï â®£®, çâ®¡ë ¬®¦­® ¡ë«®
à áá¬ âà¨¢ âì áãé¥áâ¢¥­­ë¥ ¤«ï ­ á ª®«¥¡ ­¨ï ª ª §¢ãª®¢ë¥ ¢®«­ë, â¥¬¯¥à âãà 
á¨áâ¥¬ë ¤®«¦­  ã¤®¢«¥â¢®àïâì ãá«®¢¨î:

T � �h
u

a
: (6.6)

�ãáâì â¥«® ¨§®âà®¯­® (íâ® ¢¥à­® ¤«ï  ¬®àä­ëå â¥«). �®£¤  ¢ ­¥¬ ¬®£ãâ à á¯à®-
áâà ­ïâìáï ¯à®¤®«ì­ë¥ (áª®à®áâì ul) ¨ ¯®¯¥à¥ç­ë¥ (áª®à®áâì ut) §¢ãª®¢ë¥ ¢®«­ë.
�à¨ íâ®¬ ¤«ï ¨å ç áâ®â ¨¬¥¥¬:

! = ulk ¨ ! = utk (6.7)

£¤¥ k = jkj { ¬®¤ã«ì ¢®«­®¢®£® ¢¥ªâ®à .
�¨á«® á®¡áâ¢¥­­ëå ª®«¥¡ ­¨© ¢ á¯¥ªâà¥ §¢ãª®¢ëå ¢®«­ á  ¡á®«îâ­®© ¢¥«¨ç¨­®©

¢®«­®¢®£® ¢¥ªâ®à  ¢ ¨­â¥à¢ «¥ k; k + dk ¨ á ¤ ­­®© ¯®«ïà¨§ æ¨¥© à ¢­®:

V
4�k2dk

(2�)3
: (6.8)
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�®« £ ï ¤«ï ¯à®¤®«ì­®© ¯®«ïà¨§ æ¨¨ k = !=ul,   ¤«ï ¤¢ãå ¯®¯¥à¥ç­ëå { k = !=ut,
­ å®¤¨¬, çâ® ¢ ¨­â¥à¢ «¥ ç áâ®â !; ! + d! ¨¬¥¥âáï á«¥¤ãîé¥¥ ç¨á«® ª®«¥¡ ­¨©:

V
!2d!

2�2

�
1

u3l
+

2

u3t

�
: (6.9)

�¢¥¤¥¬ ­¥ª®â®àãî áà¥¤­îî áª®à®áâì §¢ãª  u á ¯®¬®éìî á«¥¤ãîé¥£® á®®â­®è¥­¨ï:

3

u3
=

2

u3t
+

1

u3l
(6.10)

�®£¤  (6.9) § ¯¨è¥âáï ¢ ¢¨¤¥:

V
3!2d!

2�2u3
: (6.11)

� â ª®¬ ¢¨¤¥ íâ® ¢ëà ¦¥­¨¥ ¯à¨¬¥­¨¬® ­¥ â®«ìª® ª  ¬®àä­ë¬ â¥« ¬, ­® ¨ ª ªà¨-
áâ «« ¬, ¥á«¨ ¯®¤ u ¯®­¨¬ âì ®¯à¥¤¥«¥­­ë¬ ®¡à §®¬ ãáà¥¤­¥­­ãî áª®à®áâì §¢ãª 
¢ ªà¨áâ ««¥ ¤ ­­®© á¨¬¬¥âà¨¨. �®£¤ , ¯¥à¥å®¤ï á ¯®¬®éìî (6.11) ®â áã¬¬¨à®¢ ­¨ï
¯® � ¢ (6.5) ª ¨­â¥£à¨à®¢ ­¨î ¯® !, ¯®«ãç¨¬:

F = N"0 +
3V T

2�2u3

Z 1

0

d!!2 ln
�
1� e� �h!

T

�
(6.12)

£¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¬®¦­® ¢¥áâ¨ ¤® ¡¥áª®­¥ç­®áâ¨ ¢¢¨¤ã ¡ëáâà®© áå®¤¨¬®áâ¨ ¨­-
â¥£à «  ¯à¨ ¬ «ëå T . �â¢«¥ª ïáì ®â ¢ª« ¤  N"0, ¢¨¤¨¬, çâ® íâ® ¢ëà ¦¥­¨¥ ®â«¨-
ç ¥âáï ®â ¢ëà ¦¥­¨ï (5.125) ¤«ï á¢®¡®¤­®© í­¥à£¨¨ ä®â®­­®£® £ §  «¨èì § ¬¥­®©
áª®à®áâ¨ á¢¥â  c ­  áª®à®áâì §¢ãª  ¨ ¬­®¦¨â¥«¥¬ 3=2, á¢ï§ ­­ë¬ á â¥¬, çâ® ã
§¢ãª  âà¨ ¯®«ïà¨§ æ¨¨,   ã ä®â®­®¢ { ¤¢¥. �®¡áâ¢¥­­®, £®¢®àï, ã¦¥ á¥©ç á ïá­®,
çâ® ¬®¦­® áª § âì, çâ® â¥à¬®¤¨­ ¬¨ª  â¢¥à¤®£® â¥«  ®¯à¥¤¥«ï¥âáï ª¢ ­â ¬¨ §¢ã-
ª®¢ëå ª®«¥¡ ­¨© { ä®­®­ ¬¨. �¤¥áì ¬ë ¢¯¥à¢ë¥ áâ «ª¨¢ ¥¬áï á á¨âã æ¨¥©, ª®£¤ 
®¯¨á ­¨¥ ¬­®£®ç áâ¨ç­®© á¨áâ¥¬ë (¢§ ¨¬®¤¥©áâ¢ãîé¨å!)  â®¬®¢ (¬®«¥ªã«) ®ª §ë-
¢ ¥âáï ¢®§¬®¦­ë¬ á¢¥áâ¨ ª ¬®¤¥«¨ ¨¤¥ «ì­®£® £ §  ª¢ §¨ç áâ¨æ.

� ª¨¬ ®¡à §®¬, ¬®¦­® ¯à®áâ® ¢®á¯®«ì§®¢ âìáï ¯®«ãç¥­­ë¬¨ ¢ëè¥ ä®à¬ã« ¬¨
¤«ï ä®â®­­®£® £ §  á á®®â¢¥âáâ¢ãîé¨¬¨ § ¬¥­ ¬¨. �ë, ®¤­ ª®, ¯®¢â®à¨¬ ¢ëç¨á«¥-
­¨ï ¢ ï¢­®¬ ¢¨¤¥. �¯ïâì ¢¢®¤¨¬ ¡¥§à §¬¥à­ãî ¯¥à¥¬¥­­ãî x = �h!=T ¨ ¨­â¥£à¨àãï
(6.12) ¯® ç áâï¬, ¯®«ãç ¥¬:

F = N"0 � V T 4

2�2�h3u3

Z 1

0

dx
x3

ex � 1
= N"0 � V

�2T 4

30(�hu)3
: (6.13)

�­âà®¯¨ï á¨áâ¥¬ë ¥áâì:

S = �@F
@T

= V
2�2T 3

15(�hu)3
: (6.14)

�­¥à£¨ï E = F + TS:

E = N"0 + V
�2T 4

10(�hu)3
: (6.15)

�¥¯«®¥¬ª®áâì â¢¥à¤®£® â¥« , ¢ íâ®¬ ¯à¨¡«¨¦¥­¨¨ (­¨§ª¨¥ â¥¬¯¥à âãàë!), ®ª §ë¢ -
¥âáï à ¢­®©:

C =

�
@E

@T

�
=

2�2

5(�hu)3
V T 3 � T 3: (6.16)

�¥¯«®¥¬ª®áâ¨ Cp ¨ Cv §¤¥áì ¬®¦­® ­¥ à §«¨ç âì, ¯®áª®«ìªã ¯à¨ ­¨§ª¨å â¥¬¯¥à -
âãà å ¨å à §­®áâì Cp � Cv � T 7, â.¥. ï¢«ï¥âáï ¢¥«¨ç¨­®© ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª 
¬ «®áâ¨, ç¥¬ á ¬  â¥¯«®¥¬ª®áâì [1, 2].
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�¢¥à¤ë¥ â¥« . �ëá®ª¨¥ â¥¬¯¥à âãàë.

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ®¡à â­®£® ¯à¥¤¥«ì­®£® á«ãç ï ¢ëá®ª¨å â¥¬¯¥à âãà T �
�hu=a. �®£¤  ¬®¦¥¬ § ¯¨á âì:

1� e�
�h!�
T � �h!�

T
(6.17)

â ª çâ® ¨§ (6.5) ¨¬¥¥¬:

F = N"0 + T
X
�

ln
�h!�
T

= N"0 � 3N�T lnT + 3N�T ln �h < ! > (6.18)

£¤¥ ¢¢¥«¨ áà¥¤­¥«®£ à¨ä¬¨ç¥áªãî ç áâ®âã ª®«¥¡ ­¨© (ä®­®­®¢) < ! > ª ª:

ln < ! >=
1

3N�

X
�

ln!� (6.19)

�§ (6.18) ­ å®¤¨¬ í­¥à£¨î â¥«  E = F � T @F
@T
:

E = N"0 + 3N�T: (6.20)

�«ãç © ¢ëá®ª¨å â¥¬¯¥à âãà á®®â¢¥âáâ¢ã¥â ª« áá¨ç¥áª®¬ã à áá¬®âà¥­¨î ª®«¥¡ ­¨©
 â®¬®¢, â ª çâ® (6.20) á®£« áã¥âáï á § ª®­®¬ à ¢­®à á¯à¥¤¥«¥­¨ï { ­  ª ¦¤ãî ¨§
3N� ª®«¥¡ â¥«ì­ëå áâ¥¯¥­¥© á¢®¡®¤ë ¯à¨å®¤¨âáï í­¥à£¨ï T . �«ï â¥¯«®¥¬ª®áâ¨
¨¬¥¥¬:

C = Nc = 3N�; (6.21)

£¤¥ c = 3� { â¥¯«®¥¬ª®áâì ­  ®¤­ã ¬®«¥ªã«ã2. � ª¨¬ ®¡à §®¬, ¯à¨ ¤®áâ â®ç­® ¢ëá®-
ª¨å â¥¬¯¥à âãà å â¥¯«®¥¬ª®áâì â¢¥à¤ëå â¥« ¯®áâ®ï­­  ¨ § ¢¨á¨â â®«ìª® ®â ç¨á« 
 â®¬®¢ ¢ â¥«¥. � ç áâ­®áâ¨ ®¤¨­ ª®¢  ¨ à ¢­  3 (¢ ®¡ëç­ëå ¥¤¨­¨æ å 3kB)  â®¬­ ï
â¥¯«®¥¬ª®áâì «î¡ëå í«¥¬¥­â®¢ (� = 1) { § ª®­ �î«®­£  { �â¨. �à¨ ­®à¬ «ì­ëå
â¥¬¯¥à âãà å íâ®â § ª®­ ­¥¯«®å® ¯®¤â¢¥à¦¤ ¥âáï ­  íªá¯¥à¨¬¥­â¥3.

�á¯®«ì§ãï (6.21) § ¯¨è¥¬ á¢®¡®¤­ãî í­¥à£¨î ¨ í­¥à£¨î â¥«  ¢ ¢¨¤¥:

F = N"0 � NcT lnT + NcT ln �h < ! > (6.22)

E = N"0 + NcT: (6.23)

�­âà®¯¨ï â¥«  à ¢­ :

S = �@F
@T

= Nc lnT � Nc ln
�h < ! >

e
(6.24)

� §ã¬¥¥âáï, ä®à¬ã«ã (6.18) ¬®¦­® ¢ë¢¥áâ¨ ¨ ­¥¯®áà¥¤áâ¢¥­­® ¨§ ª« áá¨ç¥áª®©
áâ â¨áâ¨ª¨, ¨áå®¤ï ¨§ ¢ëà ¦¥­¨ï:

F = �T ln
Z
d�e�

E(p;q)
T : (6.25)

2�­®¢  ¯¨è¥¬ ¯à®áâ® C, ¯®áª®«ìªã ã â¢¥à¤ëå â¥« à §­¨æ  ¬¥¦¤ã Cp ¨ Cv ­¥§­ ç¨â¥«ì­  [1, 2]
3�«ï á«®¦­ëå á®¥¤¨­¥­¨© (� > 1) § ª®­ �î«®­£  { �â¨ ¯à ªâ¨ç¥áª¨ ­¥ ¤®áâ¨£ ¥âáï { ¯« ¢«¥-

­¨¥ ¢¥é¥áâ¢ ¨«¨ ¨å à §«®¦¥­¨¥ ­ áâã¯ ¥â à ­ìè¥.
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�®¤áâ ¢«ïï áî¤ :

E(p; q) =
1

2

X
�

(p2� + !2�q
2
�) (6.26)

¨ ãç¨âë¢ ï, çâ® d� = 1
(2��h)3N�

Q
� dp�dq�, ¢¨¤¨¬, çâ® ¨­â¥£à « à §¡¨¢ ¥âáï ­  ¯à®-

¨§¢¥¤¥­¨¥ 3N� ®¤¨­ ª®¢ëå ¨­â¥£à «®¢ ¢¨¤ :Z 1

�1
dp�

Z 1

�1
dq� exp

�
�p

2
� + !2�q

2
�

2T

�
=
2�T

!�
(6.27)

¨, ¢ ¨â®£¥, ¯®«ãç ¥¬ (6.18). � ¬¥â¨¬, çâ® ¨­â¥£à¨à®¢ ­¨¥ §¤¥áì ¬®¦­® ¢¥áâ¨ ¢ ¡¥á-
ª®­¥ç­ëå ¯à¥¤¥« å ¢¢¨¤ã ¡ëáâà®© áå®¤¨¬®áâ¨ ¨­â¥£à « , å®âï ä¨§¨ç¥áª¨  â®¬ë
á®¢¥àè îâ ¬ «ë¥ ª®«¥¡ ­¨ï ¢ ®ªà¥áâ­®áâ¨ ã§«  à¥è¥âª¨. �®®â¢¥âáâ¢¥­­®, ¢á¥
®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï ®â¢¥ç îâ, ä ªâ¨ç¥áª¨, ä¨§¨ç¥áª¨ à §«¨ç­ë¬ ¬¨ªà®á®-
áâ®ï­¨ï¬ ¨ ­¨ª ª®£® ¤®¯®«­¨â¥«ì­®£® ¬­®¦¨â¥«ï â¨¯  N ! ¢ ®¯à¥¤¥«¥­¨¥ ä §®¢®£®
®¡ê¥¬  ¢¢®¤¨âì ­¥ ­ ¤®.

�®à¬ã«  �¥¡ ï.

�¥¡ © ¯à¥¤«®¦¨« ®ç¥­ì å®à®èãî ¨­â¥à¯®«ïæ¨®­­ãî ä®à¬ã«ã ¤«ï â¥¯«®¥¬ª®áâ¨
â¢¥à¤ëå â¥«, ¯à¨£®¤­ãî ¤«ï «î¡ëå â¥¬¯¥à âãà. �ã¤¥¬ ¨áå®¤¨âì ¨§ ¬®¤¥«¨, ¢ ª®â®-
à®© ¢á¥ ª®«¥¡ â¥«ì­ë¥ ç áâ®âë â¢¥à¤®£® â¥«  à á¯à¥¤¥«¥­ë ¯® § ª®­ã (6.11), å®âï,
­  á ¬®¬ ¤¥«¥, íâ® ¢ëà ¦¥­¨¥ á¯à ¢¥¤«¨¢® â®«ìª® ¤«ï ¬ «ëå ç áâ®â. �¯¥ªâà ç áâ®â
­ã¦­® ®£à ­¨ç¨âì á¢¥àåã, ¯®áª®«ìªã ç áâ®â  ª®«¥¡ ­¨© ¢ â¢¥à¤®¬ â¥«¥ ­¥ ¬®¦¥â
¯à¥¢ëè âì ­¥ª®â®àãî ¯à¥¤¥«ì­ãî ç áâ®âã, ª®â®àãî ¬®¦­® ®¯à¥¤¥«¨âì ¨§ ãá«®-
¢¨ï à ¢¥­áâ¢  ¯®«­®£® ç¨á«  ª®«¥¡ ­¨© ¯®«­®¬ã ç¨á«ã ª®«¥¡ â¥«ì­ëå áâ¥¯¥­¥©
á¢®¡®¤ë 3N�:

3V

2�2u3

Z !D

0

d!!2 =
V !3D
2�2u3

= 3N� (6.28)

â ª çâ® ç áâ®â  �¥¡ ï !D à ¢­ 4:

!D = u

�
6�2N�

V

�1=3
� u=a (6.29)

�®®â¢¥âáâ¢¥­­®, à á¯à¥¤¥«¥­¨¥ ç áâ®â, ¨«¨ ¯«®â­®áâì á®áâ®ï­¨© ä®­®­®¢, ¢ ¬®¤¥«¨
�¥¡ ï ¨¬¥¥â ¢¨¤:

�(!) =

(
9N� !

2

!3
D

¯à¨ ! � !D

0 ¯à¨ ! > !D
(6.30)

£¤¥ ¬ë ¢ëà §¨«¨ u ç¥à¥§ !D á ¯®¬®éìî (6.29).
� §ã¬¥¥âáï, á® ¢à¥¬¥­ �¥¡ ï ¢ ä¨§¨ª¥ â¢¥à¤®£® â¥«  ¤®áâ¨£­ãâ ¡®«ìè®© ¯à®-

£à¥áá, ¨ à¥ «ì­ ï ¯«®â­®áâì á®áâ®ï­¨© ä®­®­®¢ ¢ â¢¥à¤ëå â¥« å á¥©ç á ¨§¬¥àï¥âáï

4�ãé¥áâ¢®¢ ­¨¥ â ª®© ¯à¥¤¥«ì­®© ç áâ®âë, ¯® áãâ¨ ¤¥« , ¨ ®â«¨ç ¥â § ¤ çã ® áâ â¨áâ¨ª¥ ä®-
­®­®¢ ®â áâ â¨áâ¨ª¨ ä®â®­®¢, ¤«ï ª®â®àëå ­¨ª ª®© ¯à¥¤¥«ì­®© ç áâ®âë ­¥ áãé¥áâ¢ã¥â. �«¥ªâà®-
¬ £­¨â­®¥ ¯®«¥ { á¨áâ¥¬  á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ áâ¥¯¥­¥© á¢®¡®¤ë ¨ ¢ ¯à®áâà ­áâ¢¥ { ¢à¥¬¥­¨
�¨­ª®¢áª®£® ­¥ áãé¥áâ¢ã¥â ­¨ª ª®© ¬¨­¨¬ «ì­®© ¤«¨­ë â¨¯  ¯ à ¬¥âà  à¥è¥âª¨ a.
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�¨á. 6-1 �«®â­®áâì á®áâ®ï­¨© ä®­®­®¢ ¢ ¬¥¤¨. �¯«®è­ ï ªà¨¢ ï ¯®áâà®¥­  ¯®
à¥§ã«ìâ â ¬ íªá¯¥à¨¬¥­â®¢ ¯® ­¥ã¯àã£®¬ã à áá¥ï­¨î ­¥©âà®­®¢. �âà¨å®¢ ï ªà¨¢ ï
á®®â¢¥âáâ¢ã¥â ¬®¤¥«¨ �¥¡ ï ¨ ¯à®¢¥¤¥­  â ª¨¬ ®¡à §®¬, çâ® ¯«®é ¤¨ ¯®¤ íâ¨¬¨ ¤¢ã¬ï
ªà¨¢ë¬¨ ®¤¨­ ª®¢ë. �¥¬¯¥à âãà  �¥¡ ï �D = 340K.

íªá¯¥à¨¬¥­â «ì­®, ­ ¯à¨¬¥à, ¢ íªá¯¥à¨¬¥­â å ¯® ­¥ã¯àã£®¬ã à áá¥ï­¨î ­¥©âà®-
­®¢. �à¨ íâ®¬, ¢ ®¡« áâ¨ ¬ «ëå ç áâ®â ®­ , ¥áâ¥áâ¢¥­­®, ¢á¥£¤  ¨¬¥¥â ¤¥¡ ¥¢áªãî
§ ¢¨á¨¬®áâì � !2, ­® ¯à¨ ¯®¢ëè¥­¨¨ ç áâ®âë ¬®¦¥â áâ âì ¤®áâ â®ç­® á«®¦­®©
(á¬. ­ ¯à¨¬¥à �¨á.6-1.). �à¥¤¥«ì­ ï ç áâ®â , ª®­¥ç­®, áãé¥áâ¢ã¥â ¢á¥£¤ , ­® (6.29)
®¯à¥¤¥«ï¥â ¥¥ â®«ìª® ¯® ¯®àï¤ªã ¢¥«¨ç¨­ë. �¥¬ ­¥ ¬¥­¥¥, ¬®¤¥«ì�¥¡ ï, ¢ ¡®«ìè¨­-
áâ¢¥ á«ãç ¥¢, ¤ ¥â ®ç¥­ì ­¥¯«®å®¥ ®¯¨á ­¨¥ â¥¯«®¥¬ª®áâ¨ â¢¥à¤ëå â¥«. �¥¡ ¥¢áª ï
ç áâ®â  ¯à¨ íâ®¬ à áá¬ âà¨¢ ¥âáï ª ª ¯®¤£®­®ç­ë© ¯ à ¬¥âà { å à ªâ¥à¨áâ¨ª 
¤ ­­®£® â¢¥à¤®£® â¥« , ®¯à¥¤¥«ï¥¬ë© ¨í íªá¯¥à¨¬¥­â .

�¥à¥å®¤ï á­®¢  ¢ (6.12) ®â áã¬¬¨à®¢ ­¨ï ª ¨­â¥£à¨à®¢ ­¨î, ¯®«ãç¨¬ á¢®¡®¤­ãî
í­¥à£¨î â¢¥à¤®£® â¥«  ¢ ¢¨¤¥:

F = N"0 + T
9N�

!3D

Z !D

0

d!!2 ln
�
1� e�

�h!
T

�
(6.31)

�¢¥¤¥¬ â¥¯¥àì ¥é¥ ¤¥¡ ¥¢áªãî â¥¬¯¥à âãàã:

�D = �h!D (6.32)

�®£¤ :

F = N"0 + 9N�T

�
T

�D

�3 Z �D=T

0

dzz2 ln
�
1� e�z

�
(6.33)

£¤¥ ¢¢¥«¨ ¡¥§à §¬¥à­ãî ¯¥à¥¬¥­­ãî z = �h!
T . �­â¥£à¨àãï ¯® ç áâï¬ ¨ ¢¢®¤ï äã­ª-

æ¨î �¥¡ ï:

D(x) =
3

x3

Z x

0

dz
z3

ez � 1
(6.34)
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�¨á. 6-2 �¥¬¯¥à âãà­ ï § ¢¨á¨¬®áâì â¥¯«®¥¬ª®áâ¨ ¢ ¬®¤¥«¨ �¥¡ ï.

¬®¦­® § ¯¨á âì (6.33) ¢ ¢¨¤¥:

F = N"0 + N�T

�
3 ln

�
1� e�

�D
T

�
�D

�
�D
T

��
: (6.35)

�®£¤  í­¥à£¨ï E = F � T @F
@T ¥áâì:

E = N"0 + 3N�TD

�
�D
T

�
(6.36)

  â¥¯«®¥¬ª®áâì:

C = 3N�

�
D

�
�D
T

�
� �D

T
D0
�
�D
T

��
(6.37)

�  �¨á.6-2 ¯à¨¢¥¤¥­ £à ä¨ª § ¢¨á¨¬®áâ¨ C
3N�

®â T
�D
.

�à¨ T � �D  à£ã¬¥­â äã­ªæ¨¨ �¥¡ ï ¢¥«¨ª �D
T � 1 ¨ ¬®¦­® § ¬¥­¨âì ¢¥àå­¨©

¯à¥¤¥« ¨­â¥£à «  ­  ¡¥áª®­¥ç­®áâì, â®£¤  ¨­â¥£à « à ¢¥­ �4

15 , â ª çâ®

D(x) � �4

5x3
: (6.38)

�®£¤  ¨§ (6.37) ¯®«ãç¨¬:

C � 12N��4

5

�
T

�D

�3

(6.39)

çâ® á®¢¯ ¤ ¥â á (6.16).
�à¨ T � �D  à£ã¬¥­â äã­ªæ¨¨ �¥¡ ï ¬ « (x � 1), â ª çâ® ¢ ¯¥à¢®¬ ¯à¨¡«¨-

¦¥­¨¨ D(x) � 1 ¨ (6.37) ¤ ¥â C = 3N�, â.¥. § ª®­ �î«®­£  { �â¨.
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� ¡«¨æ  6.1 �¥¬¯¥à âãàë �¥¡ ï ­¥ª®â®àëå ¢¥é¥áâ¢ (K).
Pb Na KBr Ag NaCl Ga Cu Al Mo SiO2 Si LiF

105 158 180 225 280 320 340 430 450 470 645 732

� ¬¥â¨¬, çâ® ä ªâ¨ç¥áª¨© ¢¨¤ äã­ªæ¨¨ �¥¡ ï D(x) â ª®¢, çâ® ªà¨â¥à¨¥¬ ¯à¨-
¬¥­¨¬®áâ¨ ¯à¥¤¥«ì­ëå ¢ëà ¦¥­¨© ¤«ï â¥¯«®¥¬ª®áâ¨ ï¢«ï¥âáï ®â­®á¨â¥«ì­ ï ¢¥-
«¨ç¨­  T ¨ �D=4 { â¥¯«®¥¬ª®áâì ¯à¨¬¥à­® ¯®áâ®ï­­  ¯à¨ T � �D=4 ¨ � T 3 ¯à¨
T � �D=4. � ¬¥â «« å, ¢ ®¡« áâ¨ ­¨§ª¨å â¥¬¯¥à âãà T � �D=4 ­ ç¨­ ¥â ¯à®-
ï¢«ïâìáï «¨­¥©­ë© ¯® T ¢ª« ¤ ¢ â¥¯«®¥¬ª®áâì ®â á¢®¡®¤­ëå í«¥ªâà®­®¢ (5.70), ª®-
â®àë© ¤®áâ â®ç­® ¬ « ¯® ¢¥«¨ç¨­¥ ¨ ¡ëáâà® \¬ áª¨àã¥âáï" à¥è¥â®ç­ë¬ ¢ª« ¤®¬
¯à¨ ¢ëá®ª¨å â¥¬¯¥à âãà å. �«ï ¥£® ¢ë¤¥«¥­¨ï ã¤®¡­® áâà®¨âì íªá¯¥à¨¬¥­â «ì­ãî
§ ¢¨á¨¬®áâì â¥¯«®¥¬ª®áâ¨ ¬¥â ««®¢ ®â â¥¬¯¥à âãàë ¢ ®¡« áâ¨ ­¨§ª¨å â¥¬¯¥à âãà
¢ ª®®à¤¨­ â åC=T; T 2. �®áª®«ìªã ¢ ¬¥â ««¥ ¯à¨ íâ®¬C = 
T+�T 3, â® C

T = 
+�T 2,
¨ ¯® ¢¥«¨ç¨­¥ C=T ¯à¨ T ! 0 «¥£ª® ®¯à¥¤¥«¨âì ª®íää¨æ¨¥­â 
, ª®â®àë©, ä ªâ¨-
ç¥áª¨, ¤ ¥â, á®£« á­®, (5.70) ¢¥«¨ç¨­ã ¯«®â­®áâ¨ í«¥ªâà®­­ëå á®áâ®ï­¨© ¬¥â «« 
­  ãà®¢­¥ �¥à¬¨ 5.

� � ¡«¨æ¥ 6-1 ¯à¨¢¥¤¥­ë §­ ç¥­¨ï â¥¬¯¥à âãàë �¥¡ ï, ­ ©¤¥­­ë¥ ¨§ ¨§¬¥à¥­¨©
â¥¯«®¥¬ª®áâ¨ à¥ «ì­ëå â¢¥à¤ëå â¥«. �á«¨ ¨áª«îç¨âì àï¤ ®á®¡ëå á«ãç ¥¢, â¨¯ 
 «¬ § , ã ª®â®à®£® �D � 2000K, â¥¬¯¥à âãàë �¥¡ ï ¡®«ìè¨­áâ¢  â¢¥à¤ëå â¥«
«¥¦ â ¢ ¨­â¥à¢ «¥ 102K.

�¢ ­â®¢ ï ¦¨¤ª®áâì. �¯¥ªâà ¡®§¥¢áª®£®
â¨¯ .

� ®â«¨ç¨¥ ®â £ §®¢ ¨ â¢¥à¤ëå â¥« ¤«ï ¦¨¤ª®áâ¥© ¢ëç¨á«¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª¨å
¢¥«¨ç¨­ ¢ ®¡é¥¬ ¢¨¤¥ ¯à ªâ¨ç¥áª¨ ­¥¢®§¬®¦­® ¢¢¨¤ã á¨«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï
¬¥¦¤ã  â®¬ ¬¨ ¨ ¬®«¥ªã« ¬¨ ¨ ®âáãâáâ¢¨ï ¬ «®áâ¨ ª®«¥¡ ­¨©, å à ªâ¥à­®© ¤«ï
â¢¥à¤ëå â¥«. �¤­ ª®, ®¡é¥¥ â¥®à¥â¨ç¥áª®¥ à áá¬®âà¥­¨¥ ®ª §ë¢ ¥âáï ¢®§¬®¦­ë¬
¤«ï â ª ­ §ë¢ ¥¬ëå ª¢ ­â®¢ëå ¦¨¤ª®áâ¥©, ­ å®¤ïé¨åáï ¢¡«¨§¨ ¢¡«¨§¨  ¡á®«îâ-
­®£® ­ã«ï â¥¬¯¥à âãàë, ª®£¤  á¨áâ¥¬  ­ å®¤¨âáï ¢¡«¨§¨ ®á­®¢­®£® á®áâ®ï­¨ï. � ª-
â¨ç¥áª¨ ¢ ¯à¨à®¤¥ áãé¥áâ¢ã¥â â®«ìª® ®¤­  à¥ «ì­ ï ¦¨¤ª®áâì, ª®â®à ï ­¥ ªà¨áâ «-
«¨§ã¥âáï ¢¯«®âì ¤®  ¡á®«îâ­®£® ­ã«ï { íâ® £¥«¨©. � ¦­¥©è¨¬ ¯à¨¬¥à®¬ ª¢ ­â®-
¢®© ¦¨¤ª®áâ¨ ï¢«ïîâáï í«¥ªâà®­ë ¯à®¢®¤¨¬®áâ¨ ¢ ¬¥â «« å. �ãé¥áâ¢ã¥â ¥é¥ àï¤
¯à¨¬¥à®¢ ¡®«¥¥ íª§®â¨ç¥áª®£® å à ªâ¥à , ­ ¯à¨¬¥à ­ãª«®­ë ¢  â®¬­®¬ ï¤à¥, ¢¥-
é¥áâ¢® ¢ ­¥©âà®­­ëå §¢¥§¤ å ¨ â.¯. �­®£¨¥ á¢®©áâ¢  íâ¨å á¨áâ¥¬ ®ç¥­ì ­¥®¡ëç­ë,
¢ ­¨å, ­ ¯à¨¬¥à, ­ ¡«î¤ îâáï â ª¨¥ § ¬¥ç â¥«ì­ë¥ ï¢«¥­¨ï ª ª á¢¥àåâ¥ªãç¥áâì
¨ á¢¥àå¯à®¢®¤¨¬®áâì. � æ¥«®¬, â¥®à¨ï ª¢ ­â®¢ëå ¦¨¤ª®áâ¥© ¯à¥¤áâ ¢«ï¥â ¯à¨­æ¨-
¯¨ «ì­ë© ¨­â¥à¥á ¨ ï¢«ï¥âáï ®¤­¨¬ ¨§ æ¥­âà «ì­ëå à §¤¥«®¢ á®¢à¥¬¥­­®© â¥®à¨¨
á¨áâ¥¬ ¬­®£¨å ç áâ¨æ.

5� ¬¥â¨¬, çâ® ¢  ¬®àä­ëå áâ¥ª« å, ¤ ¦¥ ¤¨í«¥ªâà¨ç¥áª¨å, â ª¦¥ ç áâ® ­ ¡«î¤ ¥âáï «¨­¥©-
­ë© ¯® â¥¬¯¥à âãà¥ ¢ª« ¤ ¢ â¥¯«®¥¬ª®áâì, á¢ï§ ­­ë© á ¢ª« ¤®¬ â ª ­ §ë¢ ¥¬ëå âã­­¥«ì­ëå
á®áâ®ï­¨© (¤¢ãåãà®¢­¥¢ëå á¨áâ¥¬). �¤­ ª® à áá¬®âà¥­¨¥ á®®â¢¥âáâ¢ãîé¨å ¢®¯à®á®¢ ¢ëå®¤¨â § 
¯à¥¤¥«ë ­ è¨å «¥ªæ¨©.



���������������� ���� 113

�ë ¢¨¤¥«¨, çâ® ¢ëç¨á«¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ âà¥¡ã¥â §­ ­¨ï á¯¥ª-
âà  ãà®¢­¥© í­¥à£¨¨ ¤ ­­®£® â¥« . � á«ãç ¥ á¨áâ¥¬ á¨«ì­® ¢§ ¨¬®¤¥©áâ¢ãîé¨å
ç áâ¨æ, â ª¨å ª ª ª¢ ­â®¢ë¥ ¦¨¤ª®áâ¨, à¥çì ¬®¦¥â ¨¤â¨ â®«ìª® ®¡ ãà®¢­ïå, á®-
®â¢¥âáâ¢ãîé¨å ¢á¥© ¦¨¤ª®áâ¨ ¢ æ¥«®¬,   ®â­î¤ì ­¥ á®áâ ¢«ïîé¨å ¥¥ ®â¤¥«ì­ëå
 â®¬®¢. �à¨ ¢ëç¨á«¥­¨¨ áâ âáã¬¬ë ¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å ¤®áâ â®ç­® ãç¥áâì
«¨èì ãà®¢­¨, á®®â¢¥âáâ¢ãîé¨¥ á« ¡ë¬ ¢®§¡ã¦¤¥­¨ï¬ á¨áâ¥¬ë ­ ¤ ¥¥ ®á­®¢­ë¬
á®áâ®ï­¨¥¬, çâ® áãé¥áâ¢¥­­® ã¯à®é ¥â â¥®à¥â¨ç¥áª®¥ à áá¬®âà¥­¨¥.

�á­®¢­ ï ¨¤¥ï � ­¤ ã á®áâ®¨â ¢ â®¬, çâ® á« ¡® ¢®§¡ã¦¤¥­­ë¥ á®áâ®ï­¨ï ¬ -
ªà®áª®¯¨ç¥áª®£® â¥«  (¢ ¤ ­­®¬ á«ãç ¥ ¦¨¤ª®áâ¨) ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª á®-
¢®ªã¯­®áâì ®â¤¥«ì­ëå í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨© { ª¢ §¨ç áâ¨æ, ®¡« ¤ îé¨å
®¯à¥¤¥«¥­­®© í­¥à£¨¥© (á¯¥ªâà®¬ ¢®§¡ã¦¤¥­¨©). � ¯à®áâà ­áâ¢¥­­® ®¤­®à®¤­®©
á¨áâ¥¬¥ (¦¨¤ª®áâì) ª¢ ­â®¢ë¬ ç¨á«®¬, å à ªâ¥à¨§ãîé¨¬ íâ¨ ¢®§¡ã¦¤¥­¨ï ¥áâ¥-
áâ¢¥­­® ¬®¦­® áç¨â âì ¨¬¯ã«ìá (¢ ªà¨áâ ««¥ { ª¢ §¨¨¬¯ã«ìá). �®ª  ª¢ §¨ç áâ¨æ
¬ «® (­¨§ª¨¥ â¥¬¯¥à âãàë) ª¢ §¨ç áâ¨æë ­¥ ¢§ ¨¬®¤¥©áâ¢ãîâ ¤àã£ á ¤àã£®¬ ¨ ¨å
¬®¦­® à áá¬ âà¨¢ âì, ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨, ª ª ¨¤¥ «ì­ë© £ §6.

�¤¨­ ¨§ ¢®§¬®¦­ëå â¨¯®¢ í­¥à£¥â¨ç¥áª®£® á¯¥ªâà  á« ¡® ¢®§¡ã¦¤¥­­ëå á®áâ®-
ï­¨© ª¢ ­â®¢®© ¦¨¤ª®áâ¨ - á¯¥ªâà ¡®§¥¢áª®£® â¨¯ , ª®£¤  í«¥¬¥­â à­ë¥ ¢®§¡ã¦¤¥-
­¨ï ¬®£ãâ ¯®ï¢«ïâìáï ¨ ¨áç¥§ âì ¯®®¤¨­®çª¥. �®¬¥­â ¨¬¯ã«ìá  «î¡®© ª¢ ­â®¢®©
á¨áâ¥¬ë (¢ ¤ ­­®¬ á«ãç ¥ ¦¨¤ª®áâ¨) ¬®¦¥â ¨§¬¥­ïâìáï «¨èì ­  æ¥«®¥ ç¨á«®. �®-
íâ®¬ã ¢®§­¨ª îé¨¥ ¯®®¤¨­®çª¥ í«¥¬¥­â à­ë¥ ¢®§¡ã¦¤¥­¨ï ¤®«¦­ë ®¡« ¤ âì æ¥-
«®ç¨á«¥­­ë¬ ¬®¬¥­â®¬ ¨ ¯®¤ç¨­ïâìáï áâ â¨áâ¨ª¥ �®§¥. �¨¤ª®áâì, á®áâ®ïé ï ¨§
ç áâ¨æ, ¯®¤ç¨­ïîé¨åáï áâ â¨áâ¨ª¥ �®§¥, ¤®«¦­  ®¡« ¤ âì á¯¥ªâà®¬ ¨¬¥­­® â -
ª®£® â¨¯ . �à¨¬¥à ¡®§¥-¦¨¤ª®áâ¨ { ¦¨¤ª¨© He4 (­® ­¥ He3, ª®â®àë© ï¢«ï¥âáï
ä¥à¬¨-¦¨¤ª®áâìî).

� ¦­¥©è¥© å à ªâ¥à¨áâ¨ª®© ª¢ §¨ç áâ¨æ ï¢«ï¥âáï ¨å § ª®­ ¤¨á¯¥àá¨¨ (á¯¥ªâà)
{ § ¢¨á¨¬®áâì ¨å í­¥à£¨¨ ®â ¨¬¯ã«ìá . � ¡®§¥-¦¨¤ª®áâ¨ í«¥¬¥­â à­ë¥ ¢®§¡ã¦¤¥­¨ï
á ¬ «ë¬¨ ¨¬¯ã«ìá ¬¨ p (¡®«ìè¨¬¨ ¤«¨­ ¬¨ ¢®«­ �h=p) á®®â¢¥âáâ¢ãîâ ®¡ëç­ë¬
§¢ãª®¢ë¬ ¢®«­ ¬ ¢ ¦¨¤ª®áâ¨ ¨ ¨å á¯¥ªâà:

"(p) = up (6.40)

£¤¥ u { áª®à®áâì §¢ãª  ¢ ¦¨¤ª®áâ¨. � ª¨¥ í«¥¬¥­â à­ë¥ ¢®§¡ã¦¤¥­¨ï (ª¢ §¨ç -
áâ¨æë) ­ §ë¢ îâáï ä®­®­ ¬¨. �­ ­¨¥ á¯¥ªâà  "(p) ¯à¨ ¬ «ëå p ¯®§¢®«ï¥â ¢ëç¨-
á«¨âì â¥à¬®¤¨­ ¬¨ç¥áª¨¥ ¢¥«¨ç¨­ë ¦¨¤ª®áâ¨ ¤«ï áâ®«ì ­¨§ª¨å T , ª®£¤  ¯à ªâ¨-
ç¥áª¨ ¢á¥ í«¥¬¥­â à­ë¥ ¢®§¡ã¦¤¥­¨ï ï¢«ïîâáï ä®­®­ ¬¨. �®®â¢¥âáâ¢ãîé¨¥ ä®à-
¬ã«ë ¬®¦­® ¢ë¯¨á âì áà §ã, ¢®á¯®«ì§®¢ ¢è¨áì ¯®«ãç¥­­ë¬¨ ¢ëè¥ ¢ëà ¦¥­¨ï¬¨
¤«ï â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ â¢¥à¤®£® â¥«  ¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å. � §­¨æ 
«¨èì ¢ â®¬, çâ® ¢¬¥áâ® âà¥å ­¥§ ¢¨á¨¬ëå ¯®«ïà¨§ æ¨© §¢ãª  ¢ â¢¥à¤®¬ â¥«¥ (¤¢ãå
¯®¯¥à¥ç­ëå ¨ ®¤­®© ¯à®¤®«ì­®©), ¢ ¦¨¤ª®áâ¨ ¢®§¬®¦­® â®«ìª® ®¤­  (¯à®¤®«ì­ ï),
â ª çâ® ¢á¥ ¢ëà ¦¥­¨ï ­ã¦­® à §¤¥«¨âì ­  3. � ¯à¨¬¥à, ¤«ï á¢®¡®¤­®© í­¥à£¨¨
¦¨¤ª®áâ¨ ¨§ (6.13) ¨¬¥¥¬:

F = F0 � V
�2T 4

90(�hu)3
(6.41)

6�®¤ç¥àª­¥¬, çâ® ¨¤¥ï ¢¢¥¤¥­¨ï ª¢ §¨ç áâ¨æ  ¡á®«îâ­® ­¥âà¨¢¨ «ì­ . �ª®­ç â¥«ì­®¥ â¥®à¥-
â¨ç¥áª®¥ ®ä®à¬«¥­¨¥ ®­  ¯®«ãç¨«  ¢ à ¬ª å á®¢à¥¬¥­­®© â¥®à¨¨ á¨áâ¥¬ ¬­®£¨å ç áâ¨æ, ®á­®¢ ­-
­®© ­  ¬¥â®¤¥ äã­ªæ¨© �à¨­  (á¬. ­¨¦¥ �«.11). �®«ìª® ¢ à ¬ª å â ª®£® ¯®¤å®¤  ¬®¦­® áä®à-
¬ã«¨à®¢ âì ªà¨â¥à¨¨ áãé¥áâ¢®¢ ­¨ï ª¢ §¨ç áâ¨æ ¢ â®© ¨«¨ ¨­®© á¨áâ¥¬¥. �ãé¥áâ¢ãîâ á¨âã æ¨¨
(á¨«ì­® ª®àà¥«¨à®¢ ­­ë¥ á¨áâ¥¬ë), ª®£¤  ª¢ §¨ç áâ¨æë ¢¢¥áâ¨ ­¥«ì§ï ¨ âà¥¡ã¥âáï áãé¥áâ¢¥­­®
¡®«¥¥ á«®¦­®¥ ®¯¨á ­¨¥.
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�¨á. 6-3 �¯¥ªâà í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨© ¦¨¤ª®£® He4. �®çª¨ | íªá¯¥à¨¬¥­â ¯®
­¥ã¯àã£®¬ã à áá¥ï­¨î ­¥©âà®­®¢.

£¤¥ F0 { á¢®¡®¤­ ï í­¥à£¨ï ¦¨¤ª®áâ¨ ¯à¨ T = 0. �­¥à£¨ï ¦¨¤ª®áâ¨:

E = E0 + V
�2T 4

30(�hu)3
(6.42)

  â¥¯«®¥¬ª®áâì:

C = V
2�2T 3

15(�hu)3
� T 3 (6.43)

�® ¬¥à¥ ã¢¥«¨ç¥­¨ï ¨¬¯ã«ìá  ª¢ §¨ç áâ¨æë § ¢¨á¨¬®áâì "(p), ª®­¥ç­®, ®âª«®-
­ï¥âáï ®â «¨­¥©­®©, ¤ «ì­¥©è¨© ¥¥ å®¤ § ¢¨á¨â ®â ¢§ ¨¬®¤¥©áâ¢¨ï ç áâ¨æ ¦¨¤ª®-
áâ¨ ¨ ­¥ ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­ ¢ ®¡é¥¬ ¢¨¤¥. �à¨ ¤®áâ â®ç­® ¡®«ìè¨å ¨¬¯ã«ìá å
äã­ªæ¨ï "(p) ¢®®¡é¥ ­¥ ¤®«¦­  áãé¥áâ¢®¢ âì, ¯®áª®«ìªã í«¥¬¥­â à­ë¥ ¢®§¡ã¦¤¥-
­¨ï á ¡®«ìè¨¬¨ ¨¬¯ã«ìá ¬¨ ­¥ãáâ®©ç¨¢ë ®â­®á¨â¥«ì­® à á¯ ¤  ­  ­¥áª®«ìª® ¢®§-
¡ã¦¤¥­¨© á ¬¥­ìè¨¬ ¨¬¯ã«ìá®¬.

�áå®¤ï ¨§  ­ «¨§  íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå ¯® ¦¨¤ª®¬ã He4 � ­¤ ã ¯®-
áâã«¨à®¢ « ¢¨¤ á¯¥ªâà  í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨© ¢ íâ®© á¨áâ¥¬¥, ¯®ª § ­­ë© ­ 
�¨á.6-3. � íâ®¬ á¯¥ªâà¥ ¨¬¥¥âáï å à ªâ¥à­ë© ¬¨­¨¬ã¬ ¯à¨ p = p0, ¢¡«¨§¨ ª®â®à®£®
äã­ªæ¨ï "(p) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥:

"(p) = �+
(p � p0)2

2~�
(6.44)

�¢ §¨ç áâ¨æë ¢ íâ®© ç áâ¨ á¯¥ªâà  ­ §ë¢ îâáï à®â®­ ¬¨7. � ­ áâ®ïé¥¥ ¢à¥¬ï
íâ®â á¯¥ªâà ¯®¤â¢¥à¦¤¥­ ¯àï¬ë¬¨ íªá¯¥à¨¬¥­â ¬¨ ¯® ­¥ã¯àã£®¬ã à áá¥ï­¨î ­¥©-
âà®­®¢. �¬¯¨à¨ç¥áª¨¥ §­ ç¥­¨ï ª®­áâ ­â ­  à®â®­­®¬ ãç áâª¥:

� = 8:5K;
p0
�h
= 1:9 108cm�1; ~� = 0:16mHe (6.45)

7�â® ­ §¢ ­¨¥ ¨¬¥¥â ç¨áâ® ¨áâ®à¨ç¥áª®¥ ¯à®¨áå®¦¤¥­¨¥. � à ­­¨å à ¡®â å � ­¤ ã ¯®áâã«¨à®-
¢ « áãé¥áâ¢®¢ ­¨¥ ¤¢ãå ®â¤¥«ì­ëå â¨¯®¢ ª¢ §¨ç áâ¨æ ¢ He4 { ä®­®­®¢ ¨ à®â®­®¢, â.¥. áãé¥áâ¢®-
¢ ­¨¥ ¤¢ãå ­¥§ ¢¨á¨¬ëå ¢¥â¢¥© á¯¥ªâà . � ¯®á«¥¤áâ¢¨¨ ¢ëïá­¨«®áì, çâ® ¨¬¥¥âáï ¥¤¨­ë© á¯¥ªâà,
¢ ª®â®à®¬ ¬®¦­® ¢ë¤¥«¨âì ä®­®­­ë© ¨ à®â®­­ë© ãç áâª¨. �®¯à¥ª¨ ­ ç «ì­®¬ã ¬­¥­¨î � ­¤ ã
®ª § «®áì, â ª¦¥, çâ® ¯à¨à®¤  â ª®£® á¯¥ªâà  â¥á­® á¢ï§ ­  ¢ ï¢«¥­¨¥¬ ¡®§¥-ª®¤¥­á æ¨¨.
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� ¬¥â¨¬, çâ® p0 � �ha�1, £¤¥ a { áà¥¤­¥¥ ¬¥¦ â®¬­®¥ à ááâ®ï­¨¥ ¢ ¦¨¤ª®áâ¨.
�®áª®«ìªã í­¥à£¨ï à®â®­  á®¤¥à¦¨â \é¥«ì" �, â® ¢ ®¡« áâ¨ â¥¬¯¥à âãà T < �,

â.¥. ¯à¨ â¥¬¯¥à âãà å ¤®áâ â®ç­® ­¨§ª¨å, çâ®¡ë ¬®¦­® ¡ë«® £®¢®à¨âì ® à §à¥¦¥­-
­®¬ à®â®­­®¬ £ §¥, ¯®á«¥¤­¨© ¬®¦­® ®¯¨áë¢ âì ¢¬¥áâ® áâ â¨áâ¨ª¨ �®§¥ à á¯à¥-
¤¥«¥­¨¥¬ �®«ìæ¬ ­ . �®®â¢¥âáâ¢¥­­® ¤«ï ¢ëç¨á«¥­¨ï \à®â®­­®©" ç áâ¨ â¥à¬®¤¨-
­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ He4 ¬®¦­® ¨áå®¤¨âì ¨§ (3.41), ¯®¤áâ ¢¨¢ ¢ ª®â®à®¥ á¯¥ªâà
ª¢ §¨ç áâ¨æ "(p), ­¥ § ¢¨áïé¨© ®â ª®®à¤¨­ â, ­¥¬¥¤«¥­­® ­ ¯¨è¥¬:

F = �NT ln eV
N

Z
d3p

(2��h)3
e�

"(p)
T (6.46)

�¨á«® ç áâ¨æ N ¢ £ §¥ à®â®­®¢ ­¥ § ¤ ­®,   á ¬® ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ ¬¨­¨¬ã¬ 
F . �§ @F

@N
= � = 0 ­ å®¤¨¬ ¤«ï ç¨á«  à®â®­®¢:

Nr =
V

(2��h)3

Z
d3pe�

"(p)
T (6.47)

£¤¥ ¯à®áâ® áâ®¨â à á¯à¥¤¥«¥­¨¥ �®«ìæ¬ ­  á � = 0. �®¤áâ ¢«ïï N = Nr ¨§ (6.47) ¢
(6.46), ¯®«ãç¨¬:

Fr = �NrT ln e = �TNr = � V T

(2��h)3

Z
d3pe�

"(p)
T (6.48)

�®á¯®«ì§ã¥¬áï â¥¯¥àì ¢ (6.47) ¨ (6.48) ï¢­ë¬ ¢¨¤®¬ à®â®­­®£® á¯¥ªâà  (6.44). �§-§ 
p20 � ~�T ¬®¦­® ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¢ë­¥áâ¨ p2 � p20 §  §­ ª ¨­â¥£à « ,   ¨­â¥£à «
¢§ïâì ¢ ¡¥áª®­¥ç­ëå ¯à¥¤¥« å. �®£¤ :

Nr =
2(~�T )1=2p20V

(2�)3=2�h3
e�

�
T ; Fr = �TNr (6.49)

�®®â¢¥âáâ¢¥­­®, ¢ª« ¤ à®â®­®¢ ¢ í­âà®¯¨î ¨ â¥¯«®¥¬ª®áâì:

Sr = Nr

�
3

2
+
�

T

�
Cr = Nr

"
3

4
+
�

T
+

�
�

T

�2
#

(6.50)

â ª çâ® â¥¬¯¥à âãà­ ï § ¢¨á¨¬®áâì íªá¯®­¥­æ¨ «ì­  ¨ ¯à¨ T < � íâ¨ ¢ª« ¤ë
¬ «ë ¯® áà ¢­¥­¨î á ­ ©¤¥­­ë¬¨ ¢ëè¥ ä®­®­­ë¬¨ ¢ª« ¤ ¬¨. �à¨ T > � à®-
â®­­ë¥ ¢ª« ¤ë ¢ â¥à¬®¤¨­ ¬¨ç¥áª¨¥ ¢¥«¨ç¨­ë ¬®£ãâ ¯à¥¢§®©â¨ ä®­®­­ë¥, çâ® ¨
¯à®¨áå®¤¨â ¯à¨ ¯®¢ëè¥­¨¨ â¥¬¯¥à âãàë.

�¢¥àåâ¥ªãç¥áâì.

�¨¤ª¨© £¥«¨© ¯à¨ â¥¬¯¥à âãà å ­¨¦¥ â ª ­ §ë¢ ¥¬®© �-â®çª¨ T� = 2:18K ®¡« -
¤ ¥â § ¬¥ç â¥«ì­ë¬ á¢®©áâ¢®¬ á¢¥àåâ¥ªãç¥áâ¨ { á¢®©áâ¢®¬ â¥çì ¯® ã§ª¨¬ âàã¡ª ¬
¨ é¥«ï¬ ­¥ ®¡­ àã¦¨¢ ï ¢ï§ª®áâ¨. �â® ï¢«¥­¨¥ ¡ë«® íªá¯¥à¨¬¥­â «ì­® ®âªàëâ®
� ¯¨æ¥© ¢ 1938 £®¤ã,   â¥®à¨ï íâ®£® ï¢«¥­¨ï ¡ë«  ¯®áâà®¥­  ç¥à¥§ ­¥áª®«ìª® «¥â
� ­¤ ã.
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� áá¬®âà¨¬ á­ ç «  á¨âã æ¨î ¯à¨ T = 0. �ãáâì ¦¨¤ª®áâì â¥ç¥â ¯® âàã¡ª¥ á
¯®áâ®ï­­®© áª®à®áâìî v. � «¨ç¨¥ ¢ï§ª®áâ¨ ¯à®ï¢¨«®áì ¡ë ¢ â®¬, çâ® ¡« £®¤ àï
âà¥­¨î ® áâ¥­ª¨ âàã¡ª¨ ¨ âà¥­¨î ¢­ãâà¨ á ¬®© ¦¨¤ª®áâ¨ ¯à®¨áå®¤¨«¨ ¡ë ¯à®-
æ¥ááë ¤¨áá¨¯ æ¨¨ ª¨­¥â¨ç¥áª®© í­¥à£¨¨ â¥ç¥­¨ï ¨ ¯®áâ¥¯¥­­®¥ § ¬¥¤«¥­¨¥ ¯®â®ª .
�¤®¡­® à áá¬®âà¥âì â¥ç¥­¨¥ ¢ á¨áâ¥¬¥ ª®®à¤¨­ â ¤¢¨¦ãé¥©áï ¢¬¥áâ¥ á ¦¨¤ª®áâìî.
� íâ®© á¨áâ¥¬¥ ¦¨¤ª¨© £¥«¨© ¯®ª®¨âáï,   áâ¥­ª¨ âàã¡ª¨ ¤¢¨¦ãâáï á® áª®à®áâìî
(�v). �à¨ ­ «¨ç¨¨ ¢ï§ª®áâ¨ ¯®ª®ïé¨©áï £¥«¨© ¤®«¦¥­ ¡ë« ¡ë ­ ç âì ¤¢¨£ âìáï.
� ¬¨ªà®áª®¯¨ç¥áª®© â®çª¨ §à¥­¨ï ïá­®, çâ® ¯®ï¢«¥­¨¥ ¤¢¨¦¥­¨ï ¤®«¦­® ­ ç âìáï
á ¯®áâ¥¯¥­­®£® ¢®§¡ã¦¤¥­¨ï ¢­ãâà¥­­¨å ¤¢¨¦¥­¨©, â.¥. á ¯®ï¢«¥­¨ï ¢ ¦¨¤ª®áâ¨
í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨© (ª¢ §¨ç áâ¨æ).

�à¥¤¯®«®¦¨¬, çâ® ¢ ¦¨¤ª®áâ¨ ¯®ï¢¨«®áì ®¤­® ¥¤¨­áâ¢¥­­®¥ í«¥¬¥­â à­®¥ ¢®§-
¡ã¦¤¥­¨¥ á ¨¬¯ã«ìá®¬ p ¨ í­¥à£¨¥© "(p). �®£¤  í­¥à£¨ï ¦¨¤ª®áâ¨ E0 á¤¥« ¥âáï
à ¢­®© í­¥à£¨¨ íâ®£® ¢®§¡ã¦¤¥­¨ï "(p),   ¨¬¯ã«ìá P0 { ¨¬¯ã«ìáã p. �¥à¥©¤¥¬
â¥¯¥àì ®¡à â­® ¢ « ¡®à â®à­ãî á¨áâ¥¬ã ª®®à¤¨­ â, ¢ ª®â®à®© âàã¡ª  ¯®ª®¨âáï. �®-
£« á­® ¨§¢¥áâ­ë¬ ¨§ ¬¥å ­¨ª¨ [13] ä®à¬ã« ¬ ¯à¥®¡à §®¢ ­¨ï í­¥à£¨¨ ¨ ¨¬¯ã«ìá 
¯à¨ ¯à¥®¡à §®¢ ­¨ïå � «¨«¥ï ¨¬¥¥¬ ¤«ï í­¥à£¨¨ E ¨ ¨¬¯ã«ìá  P ¦¨¤ª®áâ¨ ¢ « -
¡®à â®à­®© á¨áâ¥¬¥:

P = P0 +Mv E = E0 + P0v +
Mv2

2
(6.51)

£¤¥M { ¬ áá  ¤¢¨¦ãé¥©áï ¦¨¤ª®áâ¨. �®¤áâ ¢«ïï ¢¬¥áâ® E0 ¨ P0 ¢¥«¨ç¨­ë "(p) ¨
p, § ¯¨è¥¬:

E = "(p) + pv+
Mv2

2
(6.52)

�® §¤¥áì ç«¥­ 1=2Mv2 ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®áâ® ¯¥à¢®­ ç «ì­ãî ª¨­¥â¨ç¥áªãî
í­¥à£¨î â¥ªãé¥© ¦¨¤ª®áâ¨,   "(p) + pv â®£¤  ¥áâì ¨§¬¥­¥­¨¥ í­¥à£¨¨ ¦¨¤ª®áâ¨

¡« £®¤ àï ¯®ï¢«¥­¨î ¢ ­¥© ®¤­®£® í«¥¬¥­â à­®£® ¢®§¡ã¦¤¥­¨ï. �â® ¨§¬¥­¥­¨¥
¤®«¦­® ¡ëâì ®âà¨æ â¥«ì­ë¬, ¯®áª®«ìªã í­¥à£¨ï ¤¢¨¦ãé¥©áï ¦¨¤ª®áâ¨ ¤®«¦­ 
ã¬¥­ìè âìáï:

"(p) + pv < 0: (6.53)

�à¨ § ¤ ­­®¬ p ¢¥«¨ç¨­ , áâ®ïé ï ¢ «¥¢®© ç áâ¨ ­¥à ¢¥­áâ¢ , ¨¬¥¥â ­ ¨¬¥­ìè¥¥
§­ ç¥­¨¥ ¯à¨  ­â¨¯ à ««¥«ì­ëå p ¨ v, ¯®íâ®¬ã ¢ «î¡®¬ á«ãç ¥ ¤®«¦­® ¡ëâì "(p)�
pv < 0, â ª çâ®:

v >
"(p)

p
(6.54)

�â® ­¥à ¢¥­áâ¢® ¤®«¦­® ¢ë¯®«­ïâìáï å®âï ¡ë ¤«ï ­¥ª®â®àëå §­ ç¥­¨© ¨¬¯ã«ìá 
p í«¥¬¥­â à­®£® ¢®§¡ã¦¤¥­¨ï. �®íâ®¬ã ®ª®­ç â¥«ì­®¥ ãá«®¢¨¥ ¢®§¬®¦­®áâ¨ ¯®-
ï¢«¥­¨ï ¢®§¡ã¦¤¥­¨© ¢ ¤¢¨¦ãé¥©áï ¦¨¤ª®áâ¨ ¯®«ãç¨¬, ­ ©¤ï ¬¨­¨¬ã¬ ¢¥«¨ç¨­ë
"(p)=p:

vc =Min
"(p)

p
(6.55)

�¥®¬¥âà¨ç¥áª¨ ¢¥«¨ç¨­  "(p)=p ¥áâì â ­£¥­á ã£«  ­ ª«®­  ¯àï¬®©, ¯à®¢¥¤¥­­®© ¨§
­ ç «  ª®®à¤¨­ â ¢ ¯«®áª®áâ¨ "; p ¢ ­¥ª®â®àãî â®çªã ªà¨¢®© " = "(p). �£® ¬¨­¨¬ã¬
®¯à¥¤¥«ï¥âáï â®çª®©, £¤¥ íâ  ¯àï¬ ï ª á â¥«ì­  ª "(p). �á«¨ íâ®â ¬¨­¨¬ã¬ ®â«¨ç¥­
®â ­ã«ï, â® ¯à¨ áª®à®áâïå ¤¢¨¦¥­¨ï ¦¨¤ª®áâ¨ ­¥ ¯à¥¢ëè îé¨å vc, ®¯à¥¤¥«¥­­®© ¢
(6.55), ¢ ¦¨¤ª®áâ¨ ­¥ á¬®£ãâ ¯®ï¢¨âìáï í«¥¬¥­â à­ë¥ ¢®§¡ã¦¤¥­¨ï, â.¥. â¥ç¥­¨¥
¡ã¤¥â ¯à®¨áå®¤¨âì ¡¥§ ¤¨áá¨¯ æ¨¨ (âà¥­¨ï). �â® ¨ ¥áâì á¢¥àåâ¥ªãç¥áâì,   ãá«®¢¨¥
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(6.55) ¯à¥¤áâ ¢«ï¥â á®¡®© ªà¨â¥à¨© á¢¥àåâ¥ªãç¥áâ¨ � ­¤ ã. �¥«¨ç¨­  vc ­ §ë¢ -
¥âáï ªà¨â¨ç¥áª®© áª®à®áâìî, ¥¥ áãé¥áâ¢®¢ ­¨¥ ¯®¤â¢¥à¦¤ ¥âáï ­  íªá¯¥à¨¬¥­â¥.

�¥£ª® ¢¨¤¥âì, çâ® ¯à¥¤«®¦¥­­ë© � ­¤ ã á¯¥ªâà í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨©
He4 ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î á¢¥àåâ¥ªãç¥áâ¨. �­ «®£¨ç­ë¬ ®¡à §®¬, íâ®¬ã ªà¨-
â¥à¨î ¬®£ ¡ë ã¤®¢«¥â¢®à¨âì á¯¥ªâà á® \é¥«ìî" ¯à¨ p = 0. � â®¦¥ ¢à¥¬ï á¯¥ªâà
á¢®¡®¤­ëå ç áâ¨æ "(p) = p2=2m íâ®¬ã ªà¨â¥à¨î á ®ç¥¢¨¤­®áâìî ­¥ ã¤®¢«¥â¢®àï¥â.
�® áãé¥áâ¢ã ¤¥«® á¢®¤¨âáï ª âà¥¡®¢ ­¨î, çâ®¡ë ªà¨¢ ï "(p) ­¥ ª á « áì ®á¨  ¡-
áæ¨áá ¢ ­ ç «¥ ª®®à¤¨­ â. �®íâ®¬ã ª á¢¥àåâ¥ªãç¥áâ¨ ¯à¨¢¥¤¥â ¯® áãé¥áâ¢ã «î¡®©
á¯¥ªâà, ¢ ª®â®à®¬ ¤«¨­­®¢®«­®¢ë¥ ¢®§¡ã¦¤¥­¨ï ï¢«ïîâáï ä®­®­ ¬¨ (¨«¨ ¨¬¥¥âáï
é¥«ì ¯à¨ p = 0).

�à¨ T > 0 ¦¨¤ª®áâì ­¥ ­ å®¤¨âáï ¢ ®á­®¢­®¬ á®áâ®ï­¨¨ ¨ ¢ ­¥© ¨¬¥¥âáï ­¥ª®â®-
à®¥ ç¨á«® í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨©. �à®¢¥¤¥­­ë¥ ª¨­¥¬ â¨ç¥áª¨¥ à ááã¦¤¥­¨ï,
á ¬¨ ¯® á¥¡¥, ®áâ îâáï ¢ á¨«¥, ¯®áª®«ìªã ¢ ­¨å ­¥ ¡ë«® ¨á¯®«ì§®¢ ­® â® ®¡áâ®-
ïâ¥«ìáâ¢®, çâ® ¦¨¤ª®áâì ¯¥à¢®­ ç «ì­® ­ å®¤¨âáï ¢ ®á­®¢­®¬ á®áâ®ï­¨¨. �¢¨¦¥-
­¨¥ ¦¨¤ª®áâ¨ ®â­®á¨â¥«ì­® áâ¥­®ª âàã¡ª¨ ¯à¨ ¢ë¯®«­¥­¨¨ ãª § ­­ëå ãá«®¢¨© ¯®
¯à¥¦­¥¬ã ­¥ á¬®¦¥â ¯à¨¢¥áâ¨ ª ¯®ï¢«¥­¨î ¢ ­¥© ­®¢ëå ¢®§¡ã¦¤¥­¨©. �¥®¡å®¤¨¬®,
®¤­ ª®, ¢ëïá­¨âì, ª ª¨¬ ®¡à §®¬ ¡ã¤¥â ¯à®ï¢«ïâìáï ­ «¨ç¨¥ ¢®§¡ã¦¤¥­¨©, ã¦¥
áãé¥áâ¢ãîé¨å ¢ ¦¨¤ª®áâ¨ ¯à¨ ª®­¥ç­ëå â¥¬¯¥à âãà å.

�à¥¤áâ ¢¨¬ á¥¡¥, çâ® £ § ª¢ §¨ç áâ¨æ ¤¢¨¦¥âáï ª ª æ¥«®¥ ®â­®á¨â¥«ì­® ¦¨¤ª®-
áâ¨ á® áª®à®áâìî v. �ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¤«ï ¤¢¨¦ãé¥£®áï ª ª æ¥«®¥ £ §  ¯®«ã-
ç ¥âáï ¨§ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï n(") ­¥¯®¤¢¨¦­®£® £ §  ¯ãâ¥¬ § ¬¥­ë "! "�pv,
£¤¥ p { ¨¬¯ã«ìá ª¢ §¨ç áâ¨æë8. �®íâ®¬ã ¯®«­ë© ¨¬¯ã«ìá £ § , ®â­¥á¥­­ë© ª ¥¤¨-
­¨æ¥ ®¡ê¥¬ , à ¢¥­:

P =

Z
d3p

(2��h)3
pn("� pv) (6.56)

�ãáâì áª®à®áâì v ¬ « , à §«®¦¨¬ â®£¤  ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¯® áâ¥¯¥­ï¬
pv = pv cos �. �«¥­ à §«®¦¥­¨ï ­ã«¥¢®£® ¯®àï¤ª  ¨áç¥§ ¥â ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯®
­ ¯à ¢«¥­¨ï¬ ¢¥ªâ®à  p (ã£«ã �), ¨ ®áâ ¥âáï:

P = �
Z

d3p

(2��h)3
p(pv)

dn(")

d"
: (6.57)

�­â¥£à¨àãï ¨ §¤¥áì ¯® ­ ¯à ¢«¥­¨ï¬ ¢¥ªâ®à  p, ¯®«ãç ¥¬:

P = �v4�
3

1

(2��h)3

Z
dpp4

dn(")

d"
: (6.58)

�®¤áâ ¢«ïï áî¤  á¯¥ªâà ä®­®­®¢ " = up ¨ ¨­â¥£à¨àãï ¯® ç áâï¬, ¨¬¥¥¬:

P = �v 1

(2��h)3

Z 1

0

dpp4
dn(p)

dp
= v

16�

3u

1

(2��h)3

Z 1

0

dpp3n(p): (6.59)

�® ¨­â¥£à «
1

(2��h)3

Z 1

0
dp4�p2upn(p) =

Z
d3p

(2��h)3
"n(") (6.60)

8� á ¬®¬ ¤¥«¥, ¯ãáâì £ § ¢®§¡ã¦¤¥­¨© ¤¢¨¦¥âáï ®â­®á¨â¥«ì­® ¦¨¤ª®áâ¨ á® áª®à®áâìî
v.� áá¬®âà¨¬ á¨áâ¥¬ã ª®®à¤¨­ â, ¢ ª®â®à®© £ § ª ª æ¥«®¥ ¯®ª®¨âáï,   ¦¨¤ª®áâì ¤¢¨¦¥âáï á®
áª®à®áâìî �v. �®£¤  í­¥à£¨ï ¦¨¤ª®áâ¨ E ¢ íâ®© á¨áâ¥¬¥ á¢ï§ ­  á í­¥à£¨¥© E0 ¢ á¨áâ¥¬¥, £¤¥

¦¨¤ª®áâì ¯®ª®¨âáï á®®â­®è¥­¨¥¬: E = E0 � P0v + Mv2

2
. �ãáâì ¢ á¨áâ¥¬¥ ¯®ª®ï ¦¨¤ª®áâ¨ ¯®-

ï¢«ï¥âáï ¢®§¡ã¦¤¥­¨¥ á í­¥à£¨¥© "(p). �®£¤  ¤®¯®«­¨â¥«ì­ ï í­¥à£¨ï ¢ á¨áâ¥¬¥ ¯®ª®ï £ §  ¡ã¤¥â
"� pv, çâ® ¨ ¤®ª §ë¢ ¥â ­ è¥ ãâ¢¥à¦¤¥­¨¥.
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¯à¥¤áâ ¢«ï¥â á®¡®© í­¥à£¨î Eph ¥¤¨­¨æë ®¡ê¥¬  ä®­®­­®£® £ § , â ª çâ®:

P = v
4Eph
3u2

(6.61)

�®íää¨æ¨¥­â ¯¥à¥¤ v §¤¥áì ®¯à¥¤¥«ï¥â ¬ áá®¢ãî ¯«®â­®áâì ¦¨¤ª®áâ¨, ¯¥à¥­®á¨-
¬ãî ¯®â®ª®¬ £ §  ª¢ §¨ç áâ¨æ. �¨çâ® ­¥ ¬¥è ¥â ­ è¨¬ ª¢ §¨ç áâ¨æ ¬ ¯à¨ íâ®¬
¤¢¨¦¥­¨¨ áâ «ª¨¢ âìáï á® áâ¥­ª ¬¨ âàã¡ª¨ ¨ ®¡¬¥­¨¢ âìáï á ­¨¬¨ ¨¬¯ã«ìá®¬,
ª ª íâ® ¯à®¨áå®¤¨â ¢ ¯®â®ª¥ ®¡ëç­®£® £ § . �®­ïâ­®, çâ® á®®â¢¥âáâ¢ãîé ï ç áâì
¬ ááë ¦¨¤ª®áâ¨ ¢¥¤¥â á¥¡ï ª ª ­®à¬ «ì­ ï ¦¨¤ª®áâì. �® íâ® ­¥ ¢áï ¬ áá  ¦¨¤ª®-
áâ¨, ®áâ «ì­ ï ¢¥¤¥â á¥¡ï ª ª á¢¥àåâ¥ªãç ï ¦¨¤ª®áâì! � á ¬®¬ ¤¥«¥, ¯®¤áâ ¢«ïï ¢
(6.61) ¢ëà ¦¥­¨¥ (6.42) ¤«ï í­¥à£¨¨ ä®­®­­®£® £ § , ¯®«ãç¨¬ ¤«ï ä®­®­­®© ç áâ¨
­®à¬ «ì­®© ¯«®â­®áâ¨ �n:

(�n)ph =
2�2T 4

45�h3u5
; (6.62)

çâ® ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ T ! 0, ª®£¤  ¢áï ¬ áá  ¦¨¤ª®áâ¨ áâ ­®¢¨âáï á¢¥àåâ¥ªã-
ç¥©. �®íâ®¬ã £®¢®àïâ, çâ® ¯®«­ ï ¯«®â­®áâì � He4 ¯à¨ T > 0 á®áâ®¨â ¨§ ­®à¬ «ì­®©
¨ á¢¥àåâ¥ªãç¥© ª®¬¯®­¥­â: � = �n + �s, ¯à¨ç¥¬ íâ® ª®­¥ç­® ­¥ ®§­ ç ¥â ¢®§¬®¦­®-
áâ¨ à¥ «ì­®£® à §¤¥«¥­¨ï ¦¨¤ª®áâ¨ ­  ¤¢¥ ç áâ¨. �¥áì¬  áãé¥áâ¢¥­­®, çâ® ¬¥¦¤ã
íâ¨¬¨ ç áâï¬¨ ¬ ááë ¦¨¤ª®áâ¨ ­¥ ¯à®¨áå®¤¨â ¨ ¯¥à¥¤ ç¨ ¨¬¯ã«ìá  (­¥â âà¥­¨ï!):
¬ë ¯®«ãç¨«¨ íâã ª àâ¨­ã ¨§ à áá¬®âà¥­¨ï áâ â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï ¢ à ¢­®-
¬¥à­® ¤¢¨¦ãé¥¬áï £ §¥ ¢®§¡ã¦¤¥­¨©. �® ¥á«¨ ª ª®¥-«¨¡® ¤¢¨¦¥­¨¥ ¨¬¥¥â ¬¥áâ® ¢
á®áâ®ï­¨¨ â¥¯«®¢®£® à ¢­®¢¥á¨ï, â® ®­® ­¥ á®¯à®¢®¦¤ ¥âáï âà¥­¨¥¬.

�ëè¥ ­ è«¨ ä®­®­­ë© ¢ª« ¤ ¢ �n, ¤«ï ­ å®¦¤¥­¨ï à®â®­­®© ç áâ¨ § ¬¥â¨¬,
çâ® ¯®áª®«ìªã à®â®­ë ¬®¦­® ®¯¨áë¢ âì ¡®«ìæ¬ ­®¢áª®© áâ â¨áâ¨ª®©, â® @n

@" = � n
T

¨ ¨§ (6.58) ¨¬¥¥¬:

(�n)r =
4�

3T (2��h)3

Z
dpp4n(p) =

1

3T

Z
d3p

(2��h)3
p2n(p) �

� p20
3T

Nr
V

=
2~�1=2p40

3(2�)3=2T 1=2�h3
e�

�
T (6.63)

£¤¥ p0 { ¨¬¯ã«ìá, á®®â¢¥âáâ¢ãîé¨© à®â®­­®¬ã ¬¨­¨¬ã¬ã. �à¨ ãç¥â¥ ¢¥«¨ç¨­ë ¯ -
à ¬¥âà®¢, ®¯à¥¤¥«ïîé¨å à¥ «ì­ë© á¯¥ªâà ¢®§¡ã¦¤¥­¨© ¢ He4 ®ª §ë¢ ¥âáï, çâ®
à®â®­­ ï ç áâì �n áà ¢­¨¢ ¥âáï á ä®­®­­®© ¯à¨ T � 0:6K,   ¯à¨ ¡®«ìè¨å â¥¬¯¥-
à âãà å ®ª §ë¢ ¥âáï ¯à¥®¡« ¤ îé¥©.

�® ¬¥à¥ ¯®¢ëè¥­¨ï T ¢á¥ ¡®«ìè ï ç áâì ¬ ááë ¦¨¤ª®áâ¨ áâ ­®¢¨âáï ­®à¬ «ì-
­®© ¨ �n ! � (£¤¥ � ¯®«­ ï ¯«®â­®áâì He4) ¯à¨ T ! T� á­¨§ã. �«®â­®áâì á¢¥àåâ¥-
ªãç¥© ª®¬¯®­¥­âë �s ! 0 ¯à¨ T ! T� ¨ �s = 0 ¯à¨ T > T�. �¥«¨ç¨­  �n ¢¡«¨§¨
�-â®çª¨ ­¥ ¬®¦¥â ¡ëâì ¢ëç¨á«¥­  â®ç­®, ­® ­¥¯«®å ï ®æ¥­ª  T� ¯®«ãç ¥âáï ¨§ ãá«®-
¢¨ï (�n)r � �. �á¯®«ì§®¢ ­¨¥ §¤¥áì ¢ëà ¦¥­¨ï (6.63) ¤ ¥â T� � 2:8K ¢ ­¥¯«®å®¬
á®£« á¨¨ á íªá¯¥à¨¬¥­â®¬.

�¥à¥å®¤ He4 ¢ á¢¥àåâ¥ªãç¥¥ á®áâ®ï­¨¥ ï¢«ï¥âáï ä §®¢ë¬ ¯¥à¥å®¤®¬ II-à®¤ .
� ª®© ¯¥à¥å®¤ ¢á¥£¤  á¢ï§ ­ á ¯®ï¢«¥­¨¥¬ (¨áç¥§­®¢¥­¨¥¬) ª ª®£®-«¨¡® ª ç¥áâ¢¥­-
­®£® á¢®©áâ¢  (¤ «ì­¥£® ¯®àï¤ª !). � á«ãç ¥ �-¯¥à¥å®¤  ¢ He4 íâ®, ¯à¥¦¤¥ ¢á¥£®,
¯®ï¢«¥­¨¥ (¨áç¥§­®¢¥­¨¥) á¢¥àåâ¥ªãç¥© ª®¬¯®­¥­âë ¦¨¤ª®áâ¨. � ¬¨ªà®áª®¯¨ç¥-
áª®© â®çª¨ §à¥­¨ï à¥çì ¨¤¥â ®¡ ®¯à¥¤¥«¥­­ëå á¢®©áâ¢ å ®¤­®ç áâ¨ç­®© ¬ âà¨æë
¯«®â­®áâ¨ á¨áâ¥¬ë:

�(r; r0) =
Z
dq	?(r; q)	(r0; q) (6.64)
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£¤¥ 	(r; q) { ¢®«­®¢ ï äã­ªæ¨ï ¢á¥© á¨áâ¥¬ë, ¯à¨ç¥¬ r { ª®®à¤¨­ âë ®¤­®© ç -
áâ¨æë,   q { á®¢®ªã¯­®áâì ª®®à¤¨­ â ¢á¥å ®áâ «ì­ëå ç áâ¨æ, ¯® ª®â®àë¬ ¯à®¨­-
â¥£à¨à®¢ ­®. �«ï ¨§®âà®¯­®£® â¥«  (¦¨¤ª®áâ¨) íâ  ¬ âà¨æ  ¯«®â­®áâ¨ § ¢¨á¨â
â®«ìª® ®â jr� r0j. � ­®à¬ «ì­®¬ (­¥ á¢¥àåâ¥ªãç¥¬) á®áâ®ï­¨¨ �(r; r0) ! 0 ¯à¨
jr� r0j ! 1. �â® ­¥ â ª ¢ á¢¥àåâ¥ªãç¥© ä §¥.

� áá¬®âà¨¬ ª®¬¯®­¥­âë �ãàì¥ ¬ âà¨æë ¯«®â­®áâ¨:Z
d3(r� r0)eik(r�r0)�(r; r0); (6.65)

ª®â®àë¥ á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï á®¢¯ ¤ îâ á:Z
dq

����Z dV eikr	(r; q)

����2 (6.66)

â.¥. ®¯à¥¤¥«ïîâ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© à §«¨ç­ëå §­ ç¥­¨© ¨¬¯ã«ìá  ç -
áâ¨æë p = �hk. �á«¨ �(r; r0) ! 0 ¯à¨ jr� r0j ! 1, â® ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ ¢
p-¯à®áâà ­áâ¢¥ ¯à¨ p ! 0 ®áâ ¥âáï ª®­¥ç­®©. �á«¨ ¦¥ �(r; r0) ¨¬¥¥â ­  ¡¥áª®­¥ç-
­®áâ¨ ª®­¥ç­®¥ §­ ç¥­¨¥ �1 > 0, â® ¨­â¥£à « (6.65) à ¢¥­ (2�)3�(k). �â® á®®â¢¥â-
áâ¢ã¥â ª®­¥ç­®© ¢¥à®ïâ­®áâ¨ ç áâ¨æ¥ ¨¬¥âì à ¢­ë© ­ã«î ¨¬¯ã«ìá. � ª¨¬ ®¡à -
§®¬, ¢ á¢¥àåâ¥ªãç¥© ¦¨¤ª®áâ¨, ¢ ®â«¨ç¨¥ ®â ­¥á¢¥àåâ¥ªãç¥©, ª®­¥ç­®¥ ç¨á«® ç áâ¨æ
®¡« ¤ ¥â à ¢­ë¬ ­ã«î ¨¬¯ã«ìá®¬ { ®âªã¤  ïá­  ®ç¥¢¨¤­ ï á¢ï§ì ï¢«¥­¨ï á¢¥àåâ¥-
ªãç¥áâ¨ á ¡®§¥ { ª®­¤¥­á æ¨¥©! �®¤ç¥àª­¥¬, çâ® á®¢®ªã¯­®áâì íâ¨å ç áâ¨æ ®â­î¤ì
­¥«ì§ï ®â®¦¤¥áâ¢«ïâì á® á¢¥àåâ¥ªãç¥© ç áâìî ¦¨¤ª®áâ¨ ¢ ãª § ­­®¬ ¢ëè¥ á¬ëá«¥.
�¥¯à ¢¨«ì­®áâì íâ®£® ¢¨¤­  ã¦¥ ¨§ â®£®, çâ® ¯à¨ T = 0 ¢áï ¬ áá  ¦¨¤ª®áâ¨ ï¢«ï-
¥âáï á¢¥àåâ¥ªãç¥©, â®£¤  ª ª ®â­î¤ì ­¥ ¢á¥ ç áâ¨æë ¢ á¨áâ¥¬¥ á ¢§ ¨¬®¤¥©áâ¢¨¥¬
¨¬¥îâ à ¢­ë© ­ã«î ¨¬¯ã«ìá (áà. ­¨¦¥ ­  ¯à¨¬¥à¥ á« ¡® ­¥¨¤¥ «ì­®£® ¡®§¥-£ § ).

�®­®­ë ¢ (¡®§¥){¦¨¤ª®áâ¨�.

� áá¬®âà¨¬ ­¥áª®«ìª® ¯®¤à®¡­¥¥ ¯à®¨áå®¦¤¥­¨¥ á¯¥ªâà  í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥-
­¨© He4, ¯®ª § ­­®£® ­  �¨á.6-3. �­¥à£¨ï ¦¨¤ª®áâ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨-
®­ « ¥¥ ¯«®â­®áâ¨ ¨ £¨¤à®¤¨­ ¬¨ç¥áª®© áª®à®áâ¨, ª®â®àë© ¬®¦¥â ¡ëâì § ¯¨á ­
ª ª:

E[�(r);v(r)] =
1

2

Z
dr�(r)v2(r) +E(1)[�(r)] (6.67)

£¤¥ E(1) { ç áâì í­¥à£¨¨, ­¥ § ¢¨áïé ï ®â áª®à®áâ¨. �ã¤¥¬ à áá¬ âà¨¢ âì ¬ «ë¥
ª®«¥¡ ­¨ï ¯«®â­®áâ¨:

�(r) = � + ��(r) (6.68)

£¤¥ � { à ¢­®¢¥á­ ï ¯«®â­®áâì, ��(r) ¨ v(r) { ¬ «ë¥ ¢¥«¨ç¨­ë, ®¯¨áë¢ îé¨¥ íâ¨
ª®«¥¡ ­¨ï. �® ®¯à¥¤¥«¥­¨î:

� =
1

V

Z
dr�(r)

Z
dr��(r) = 0 (6.69)

� â®ç­®áâìî ¤® ¢¥«¨ç¨­ ¢â®à®£® ¯®àï¤ª  ¬ «®áâ¨ ¯® �� ¨ v äã­ªæ¨ï �(r) ¢ ¯¥à¢®¬
ç«¥­¥ ¯à ¢®© ç áâ¨ (6.67) ¬®¦¥â ¡ëâì § ¬¥­¥­  ¥¥ áà¥¤­¨¬ �. � â®© ¦¥ â®ç­®áâìî
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E(1) § ¯¨è¥âáï ¢ ¢¨¤¥:

E(1)[�(r)] = E(1)(�) +

Z
dr (r)��(r) +

1

2

Z
dr
Z
dr0'(r; r0)��(r)��(r0) (6.70)

�ã­ªæ¨¨  (r) ¨ '(r; r0) ®¯à¥¤¥«ïîâáï â®«ìª® á¢®©áâ¢ ¬¨ ¦¨¤ª®áâ¨, ­¥ ¢®§¬ãé¥­­®©
ª®«¥¡ ­¨ï¬¨, â.¥. ®¤­®à®¤­®© ¨ ¨§®âà®¯­®©, ¢ á¨«ã ç¥£®  (r) =  = const,   '(r; r0)
§ ¢¨á¨â â®«ìª® ®â à ááâ®ï­¨ï jr� r0j: '(r; r0) = '(jr� r0j). �®íâ®¬ã ç«¥­ ¯¥à¢®£®
¯®àï¤ª  ¢ à §«®¦¥­¨¨ E(1) (6.70) ¯à®¯®àæ¨®­ «¥­

R
dV ��(r) = 0, ¨ ®ª®­ç â¥«ì­®

¨¬¥¥¬:

E(1)[�(r)] = E(1)(�) +
1

2

Z
dr
Z
dr0'(jr� r0j)��(r)��(r0) (6.71)

�ª®à®áâì v á¢ï§ ­  á ª®«¥¡ ­¨ï¬¨ ¯«®â­®áâ¨ ãà ¢­¥­¨¥¬ ­¥¯à¥àë¢­®áâ¨:

_� + div(�v) = 0; (6.72)

ª®â®à®¥ á â®ç­®áâìî ¤® ç«¥­®¢ ¯¥à¢®£® ¯®àï¤ª  ¯® �� ¨ v ¬®¦­® § ¯¨á âì ª ª:

_�� + �divv = 0: (6.73)

�¥à¥©¤¥¬ ª ª®¬¯®­¥­â ¬ �ãàì¥:

��(r) =
1

V

X
p
�pe

ipr v(r) =
1

V

X
p
vpe

ipr (6.74)

'(r) =
1

V

X
p
'peipr (6.75)

¨ ãçâ¥¬, çâ® ¬ «ë¥ ª®«¥¡ ­¨ï ¢ ¦¨¤ª®áâ¨ ï¢«ïîâáï ¯à®¤®«ì­ë¬¨, â ª çâ® áª®à®áâì
vp ¢ ¢®«­¥ á ¢®«­®¢ë¬ ¢¥ªâ®à®¬ p ­ ¯à ¢«¥­ë ¯® p:

vp = app (6.76)

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ ãà ¢­¥­¨¥ ­¥¯à¥àë¢­®áâ¨ ­¥¬¥¤«¥­­® ¯®«ãç ¥¬:

vp = i _�p
1

�

p
p2

(6.77)

â ª çâ® (6.71) ¯¥à¥¯¨áë¢ ¥âáï ª ª:

E = E(1)(�) +
1

V

X
p

� j _�pj
2�p2

+
1

2
'pj�2pj

�
: (6.78)

�¥à¢ë© ç«¥­ ¢ (6.78) { í­¥à£¨ï ­¥¢®§¬ãé¥­­®© ¦¨¤ª®áâ¨, ¢â®à®© à á¯ ¤ ¥âáï ­ 
áã¬¬ã ç«¥­®¢, ª ¦¤ë© ¨§ ª®â®àëå ¯à¥¤áâ ¢«ï¥â á®¡®© í­¥à£¨î £ à¬®­¨ç¥áª®£®
®áæ¨««ïâ®à  á ç áâ®â®© !p:

!2p = �p2'p (6.79)

£¤¥ ãç«¨, çâ® ¢ ¨§®âà®¯­®© ¦¨¤ª®áâ¨ 'p = 'p, â.¥. § ¢¨á¨â â®«ìª® ®â ¬®¤ã«ï jpj. �
ª¢ ­â®¢®¬ á«ãç ¥ í­¥à£¨ï ª ¦¤®£® â ª®£® ®áæ¨««ïâ®à 9:

"(p) = !p

�
n+

1

2

�
n = 0; 1; 2::: (6.80)

9�¤¥áì ¬ë, ¤«ï ªà âª®áâ¨, ¯®«ì§ã¥¬áï ç áâ® ã¯®âà¥¡«ï¥¬®© â¥®à¥â¨ª ¬¨ á¨áâ¥¬®© ¥¤¨­¨æ, ¢
ª®â®à®© �h = 1 ¨ á®®â¢¥âáâ¢¥­­® ­¥ à §«¨ç ¥¬ ¨¬¯ã«ìá ¨ ¢®«­®¢®© ¢¥ªâ®à.
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�¯¥ªâà á¨áâ¥¬ë, ä ªâ¨ç¥áª¨, ®¯à¥¤¥«ï¥âáï á¯¥ªâà®¬ íâ¨å ®áæ¨««ïâ®à®¢, â.¥. á®®â-
­®è¥­¨ï¬¨ (6.79), (6.80).

�«ï ®ª®­ç â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ ­¥®¡å®¤¨¬® ¢ëà §¨âì 'p ç¥à¥§ å à ªâ¥-
à¨áâ¨ª¨ á¨áâ¥¬ë. �«ï íâ®£® § ¬¥â¨¬, çâ® ¢ ª¢ ­â®¢®¬ á«ãç ¥ í­¥à£¨ï ®á­®¢­®£®
á®áâ®ï­¨ï ­¥ á®¢¯ ¤ ¥â, ª ª ¢ ª« áá¨ç¥áª®¬, á E(1)(�), â ª ª ª á«¥¤ã¥â ¥é¥ ãç¥áâì
í­¥à£¨î ­ã«¥¢ëå ª®«¥¡ ­¨© !p=2. � ª¨¬ ®¡à §®¬, í­¥à£¨ï ®á­®¢­®£® á®áâ®ï­¨ï
ª¢ ­â®¢®© ¡®§¥-¦¨¤ª®áâ¨ ®ª §ë¢ ¥âáï à ¢­®©:

E0 = E(1)(�) +
X
p

1

2
!p (6.81)

¯à¨ç¥¬, á ãç¥â®¬ (6.78):

V
!p
2

=
1

2�p2
< j _�2pj > +

1

2
'p < j�pj2 >= 'p < j�pj2 > (6.82)

£¤¥ ã£«®¢ë¥ áª®¡ª¨ ®¡®§­ ç îâ ãáà¥¤­¥­¨¥ ¯® ®á­®¢­®¬ã á®áâ®ï­¨î ¨ ãçâ¥­®, çâ®
¤«ï ®áæ¨««ïâ®à  áà¥¤­ïï ¯® ®á­®¢­®¬ã á®áâ®ï­¨î ª¨­¥â¨ç¥áª ï í­¥à£¨ï á®¢¯ ¤ ¥â
á® áà¥¤­¥© ¯®â¥­æ¨ «ì­®©. �®£¤ , ¢ëà ¦ ï ¢ (6.79) 'p ç¥à¥§ (6.82), ¯®«ãç ¥¬:

"(p) = !p = V �
p2

2 < j�pj2 > (6.83)

¨«¨

"(p) =
p2

2mS(p)
(6.84)

£¤¥ ¢¢¥«¨:

S(p) =
< j�pj2 >
V m�

(6.85)

{ â ª ­ §ë¢ ¥¬ë© áâàãªâãà­ë© ä ªâ®à ¦¨¤ª®áâ¨, ¯à¥¤áâ ¢«ïîé¨© á®¡®© äãàì¥-
ª®¬¯®­¥­âã ª®àà¥«ïæ¨®­­®© äã­ªæ¨¥© ¯«®â­®áâ¨:

S(r � r0) = 1

n
< [n(r)� n][n(r0)� n] > (6.86)

£¤¥ n(r) = �(r)=m { ®¡ê¥¬­ ï ¯«®â­®áâì ç¨á«  ç áâ¨æ ¢ â®çª¥ r,   n { áà¥¤­ïï
¯«®â­®áâì ç¨á«  ç áâ¨æ ¢ ¦¨¤ª®áâ¨.

�®à¬ã«  (6.84) ¢¯¥à¢ë¥ ¡ë«  ¯®«ãç¥­  �¥©­¬ ­®¬, ¨§«®¦¥­­ë© ¢ëè¥ ¢ë¢®¤
¯à¨­ ¤«¥¦¨â �¨â ¥¢áª®¬ã. �­  ¢ëà ¦ ¥â á¯¥ªâà ¢®§¡ã¦¤¥­¨© ç¥à¥§ áâàãªâãà­ë©
ä ªâ®à ¦¨¤ª®áâ¨. �¥«¨ç¨­  S(p) ­¥ ¬®¦¥â ¡ëâì à ááç¨â ­  ¢ ®¡é¥¬ ¢¨¤¥, ­® ¢ à¥-
 «ì­ëå ¦¨¤ª®áâïå ®­  ¤®áâ â®ç­® «¥£ª® ¨§¬¥àï¥âáï ¢ íªá¯¥à¨¬¥­â å ¯® à áá¥ï­¨î
­¥©âà®­®¢ ¨«¨ à¥­â£¥­®¢áª¨å «ãç¥©.

� ®¡« áâ¨ ¬ «ëå ¨¬¯ã«ìá®¢, ª ª ¬ë ã¦¥ ¢¨¤¥«¨, á¯¥ªâà ¢®§¡ã¦¤¥­¨© «¨­¥¥­ ¯®
¨¬¯ã«ìáã: "(p) � up, á®®â¢¥âáâ¢¥­­® ¨¬¥¥¬ S(p) � p=2mu. � ®¡« áâ¨ ®ç¥­ì ¡®«ìè¨å
¨¬¯ã«ìá®¢, áãé¥áâ¢¥­­® ¯à¥¢ëè îé¨å áà¥¤­¥¥ ¬¥¦ â®¬­®¥ à ááâ®ï­¨¥, p � a�1,
¨¬¥¥¬ S(p) = 1, çâ® á®®â¢¥âáâ¢ã¥â ­  ¬ «ëå à ááâ®ï­¨ïå S(r) = �(r). � ¯à®¬¥¦ã-
â®ç­®© ®¡« áâ¨ p � a�1 áâàãªâãà­ë© ä ªâ®à S(p) ­ å®¤¨âáï ¨§ íªá¯¥à¨¬¥­â  ¨ ¤«ï
¡®«ìè¨­áâ¢  ¦¨¤ª®áâ¥© ¨¬¥¥â å à ªâ¥à­ë© ¬ ªá¨¬ã¬ ¯à¨ p � a�1 (á¬. �¨á.6-4).
� «¨ç¨¥ íâ®£® ¬ ªá¨¬ã¬ , ¯® áãâ¨ ¤¥« , ®âà ¦ ¥â á®åà ­¥­¨¥ ¤®áâ â®ç­® á¨«ì­ëå
ª®àà¥«ïæ¨© ¢ ¯®«®¦¥­¨ïå  â®¬®¢ ¦¨¤ª®áâ¨ ­  à ááâ®ï­¨ïå ¯®àï¤ª  ¬¥¦ â®¬­®£®.
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�¨á. 6-4 � à ªâ¥à­ë© ¢¨¤ áâàãªâãà­®£® ä ªâ®à  ¦¨¤ª®£® He4.

�§ ä®à¬ã«ë �¥©­¬ ­  (6.84) â®£¤  ïá­®, çâ® ­  ¡®«ìè¨å ¨¬¯ã«ìá å p � a�1

á¯¥ªâà ¢®§¡ã¦¤¥­¨© á¢®¤¨âáï ª á¯¥ªâàã á¢®¡®¤­ëå ç áâ¨æ: "(p) = p2=2m. � ¯à®-
¬¥¦ãâ®ç­®© ®¡« áâ¨ p � a�1 ­ «¨ç¨¥ ¬ ªá¨¬ã¬  S(p) ¯à¨¢®¤¨â ª áãé¥áâ¢®¢ ­¨î
à®â®­­®£® ¬¨­¨¬ã¬ .

�âà®£® £®¢®àï, ¯à®¢¥¤¥­­ë© \£¨¤à®¤¨­ ¬¨ç¥áª¨©" ¢ë¢®¤ ä®à¬ã«ë �¥©­¬ ­ 
á¯à ¢¥¤«¨¢ «¨èì ¤«ï ¨¬¯ã«ìá®¢ p < 1=a, â.¥. â ¬, £¤¥ ¦¨¤ª®áâì ¬®¦¥â à áá¬ -
âà¨¢ âìáï ª ª á¯«®è­ ï áà¥¤ . �¤­ ª®, íâ  ä®à¬ã«  ¤ ¥â ¯à ¢¨«ì­ë© ®â¢¥â ¨
¢ ¯à¥¤¥«¥ p � 1=a, â.¥. ¯à¨ ¯¥à¥å®¤¥ ª á¢®¡®¤­ë¬ ç áâ¨æ ¬. �®íâ®¬ã ¥¥ ¬®¦­®
à áá¬ âà¨¢ âì ª ª å®à®èãî ¨­â¥à¯®«ïæ¨î ¨ ¢ ®¡« áâ¨ p � 1=a, ª ç¥áâ¢¥­­® ®¡ê-
ïá­ïîéãî ä®à¬ã á¯¥ªâà  � ­¤ ã.

�â¬¥â¨¬, çâ® á¯¥ªâà ª®«¥¡ ­¨© ¯«®â­®áâ¨ ¢ ®¡ëç­ëå (ª« áá¨ç¥áª¨å) ¦¨¤ª®áâïå
¨¬¥¥â ª ç¥áâ¢¥­­®  ­ «®£¨ç­ë© ¢¨¤, ­® á á¨«ì­ë¬ § âãå ­¨¥¬ ª®«¥¡ ­¨© ¢ ®¡« áâ¨
¢®«­®¢ëå ¢¥ªâ®à®¢ p � 1=a. �ãé¥áâ¢®¢ ­¨¥ ¢ ­¨å \à®â®­­®£®" ¬¨­¨¬ã¬  â ª¦¥
á¢ï§ ­® á å à ªâ¥à­ë¬ ¬ ªá¨¬ã¬®¬ áâàãªâãà­®£® ä ªâ®à .

�ëà®¦¤¥­­ë© ¡®§¥{£ § á ¢§ ¨¬®¤¥©áâ¢¨¥¬.

� áá¬®âà¨¬ â¥¯¥àì á¨áâ¥¬ã ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¡®§¥-ç áâ¨æ á ¬¨ªà®áª®¯¨ç¥áª®©
â®çª¨ §à¥­¨ï. �£à ­¨ç¨¬áï  ­ «¨§®¬ á« ¡® ­¥¨¤¥ «ì­®£® ¡®§¥-£ § , ¤«ï ª®â®à®£®
¬®¦­® ¯à®¢¥áâ¨ ¯®á«¥¤®¢ â¥«ì­ë©  ­ «¨§ ¬¥â®¤®¬, ¯à¥¤«®¦¥­­ë¬ �®£®«î¡®¢ë¬.

� áá¬®âà¨¬ ¯à¥¤¥«ì­® ã¯à®é¥­­ãî ¬®¤¥«ì ¡®§¥-£ §  á â®ç¥ç­ë¬ ®ââ «ª¨¢ ­¨¥¬
¬¥¦¤ã ç áâ¨æ ¬¨. �£à ­¨ç¨¬áï á«ãç ¥¬ T = 0. � ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë ¢ ¯à¥¤áâ -
¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï ¬®¦¥â ¡ëâì § ¯¨á ­ ª ª:

H =
X
p

p2

2m
a+pap +

v0
2V

X
p1+p2=p0

1+p0
2

a+p0
1
a+p0

2
ap2ap1 (6.87)
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£¤¥ v0 > 0 { ª®­áâ ­â  ®ââ «ª¨¢ â¥«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï,   ®¯¥à â®àë à®¦¤¥­¨ï
¨ ã­¨çâ®¦¥­¨ï ¡®§®­®¢ ã¤®¢«¥â¢®àïîâ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬:

apa
+
p0 � a+p0ap = �pp0 (6.88)

apap0 � ap0ap = 0 a+pa
+
p0 � a+p0a

+
p = 0

� ®á­®¢­®¬ á®áâ®ï­¨¨ ¨¤¥ «ì­®£® ¡®§¥-£ §  ¢á¥ ç áâ¨æë ­ å®¤ïâáï ¢ ª®­¤¥­á â¥ {
á®áâ®ï­¨¨ á ­ã«¥¢ë¬ ¨¬¯ã«ìá®¬ ¨ í­¥à£¨¥©. �  ï§ëª¥ ç¨á¥« § ¯®«­¥­¨ï Np=0 =
N0 = N , £¤¥ N { ¯®«­®¥ ç¨á«® ç áâ¨æ ¢ £ §¥, á®®â¢¥âáâ¢¥­­® Np6=0 = 0. � á« ¡®
­¥¨¤¥ «ì­®¬ ¡®§¥-£ §¥ ¢ ®á­®¢­®¬ ¨ á« ¡® ¢®§¡ã¦¤¥­­ëå á®áâ®ï­¨ïå Np6=0 6= 0, ­®

®ç¥­ì ¬ «ë ¯® áà ¢­¥­¨î á ¬ ªà®áª®¯¨ç¥áª¨¬ §­ ç¥­¨¥¬ N0. �®â ä ªâ, çâ® a
+
0 a0 =

N0 � N � 1, ®§­ ç ¥â, çâ® ¢ëà ¦¥­¨¥ ¤«ï ª®¬¬ãâ â®à  ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨
ã­¨çâ®¦¥­¨ï ª®­¤¥­á â­ëå ç áâ¨æ a0a

+
0 � a+0 a0 = 1 ¬ «® ¯® áà ¢­¥­¨î á á ¬¨¬¨

a0; a
+
0 , â ª çâ® ¥¤¨­¨æ¥© ¢ ¯à ¢®© ç áâ¨ ¬®¦­® ¯à¥­¥¡à¥çì ¨ áç¨â âì íâ¨ ®¯¥à â®àë

c-ç¨á« ¬¨:
a0 = a+0 =

p
N0 (6.89)

�®£¤  ¢ £ ¬¨«ìâ®­¨ ­¥ (6.87) ¬®¦­®  ªªãà â­® ¢ë¤¥«¨âì ¢á¥ ç«¥­ë, á®¤¥à¦ é¨¥
ª®­¤¥­á â­ë¥ ®¯¥à â®àë ¨ § ¬¥­¨âì ¨å ­  (6.89),   ¤ «¥¥ ¯®áâà®¨âì â¥®à¨î ¢®§¬ã-
é¥­¨© ¯® áâ¥¯¥­ï¬ ¬ «ëå, ¢ ãª § ­­®¬ á¬ëá«¥, ¢¥«¨ç¨­ ap; a+p á p 6= 0. �à¨ íâ®¬

£« ¢­ë© ¢ª« ¤ ¤ îâ ¯à®æ¥ááë à áá¥ï­¨ï (¢§ ¨¬®¤¥©áâ¢¨ï) ª®­¤¥­á â­ëå ¨ ­ ¤-
ª®­¤¥­á â­ëå ç áâ¨æ (â.¥. ¯à®æ¥ááë ¯¥à¥å®¤  ¢ ª®­¤¥­á â ¨ ¨§ ­¥£®),   ¯à®æ¥áá ¬¨
à áá¥ï­¨ï ­ ¤ª®­¤¥­á â­ëå ç áâ¨æ ¤àã£ ­  ¤àã£¥ ¬®¦­® ¯à¥­¥¡à¥çì.

�ã«¥¢®© ç«¥­ ¢ £ ¬¨«ìâ®­¨ ­¥ ¢§ ¨¬®¤¥©áâ¢¨ï á®¤¥à¦¨â:

v0
2V

a+0 a
+
0 a0a0 =

v0
2V

a40 =
v0
2V

N2
0 (6.90)

�«¥­ë ¯¥à¢®£® ¯®àï¤ª  ¯® ap; a+p á p 6= 0 ®âáãâáâ¢ãîâ ¢¢¨¤ã ­¥¢®§¬®¦­®áâ¨ á®¡«î-

¤¥­¨ï ¢ ­¨å § ª®­  á®åà ­¥­¨ï ¨¬¯ã«ìá , ãª § ­­®£® ¢ ï¢­®¬ ¢¨¤¥ ¢ (6.87). �«¥­ë
¢â®à®£® ¯®àï¤ª  ¨¬¥îâ ¢¨¤:

v0
2V

a20
X
p>0

(apa�p + a+pa
+
�p + 2a+pap + 2a+�pa�p) (6.91)

�£à ­¨ç¨¢ ïáì â®«ìª® ç«¥­ ¬¨ ¢â®à®£® ¯®àï¤ª  ¬ «®áâ¨, ¬®¦­® § ¬¥­¨âì §¤¥áì
a20 = N0 ­  ¯®«­®¥ ç¨á«® ç áâ¨æ N . � ç«¥­¥ ¦¥ (6.90) ­ã¦­® ãç¥áâì ¡®«¥¥ â®ç­®¥
á®®â­®è¥­¨¥:

a20 +
X
p>0

a+pap = N (6.92)

¨ ¢ëà §¨âì N0 ç¥à¥§ N ¨
P
p a

+
pap. �à®¤¥«ë¢ ï ¢á¥ íâ® ï¢­® ¨ ®¡ê¥¤¨­ïï (6.90) ¨

(6.91), ¯®«ãç¨¬:

N2

2V
v0 +

N

V
v0
X
p>0

(apa�p + a+pa
+
�p + a+pap + a+�pa�p) (6.93)

� ª¨¬ ®¡à §®¬, £ ¬¨«ìâ®­¨ ­ (6.87) á ¨­â¥à¥áãîé¥© ­ á â®ç­®áâìî ¯¥à¥¯¨áë¢ ¥âáï
¢ ¢¨¤¥:

H =
N2

2V
v0 +

X
p>0

�
N

V
v0 +

p2

2m

�
(a+pap + a+�pa�p) +
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+
N

V
v0
X
p>0

(apa�p + a+pa
+
�p) (6.94)

�®«ãç¥­­ë© £ ¬¨«ìâ®­¨ ­ ª¢ ¤à â¨ç¥­ ¯® ®¯¥à â®à ¬ ap ¨ a+p ¨ ¬®¦¥â ¡ëâì ¤¨ -
£®­ «¨§®¢ ­ á ¯®¬®éìî â ª ­ §ë¢ ¥¬®£® u�v ¯à¥®¡à §®¢ ­¨ï �®£®«î¡®¢ . �¢¥¤¥¬
­®¢ë¥ ®¯¥à â®àë à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï ¡®§®­®¢ �+p ¨ �p, á¢ï§ ­­ë¥ á a+p ¨ ap
«¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ ¢¨¤ :

ap = up�p + vp�
+
p

a+p = up�
+
p + vp�p (6.95)

�®¢ë¥ ®¯¥à â®àë ¤®«¦­ë ã¤®¢«¥â¢®àïâì ®¡ëç­ë¬ ¡®§¥¢áª¨¬ ª®¬¬ãâ æ¨®­­ë¬ á®-
®â­®è¥­¨ï¬ â¨¯  (6.89), ®âªã¤  «¥£ª® ¯®«ãç¨âì, çâ® ª®íää¨æ¨¥­âë up ¨ vp á¢ï§ ­ë
ãá«®¢¨¥¬:

u2p � v2p = 1: (6.96)

�®¤áâ ¢«ïï a+p ¨ ap ¢ ¢¨¤¥ (6.95) ¢ £ ¬¨«ìâ®­¨ ­ (6.94), ¯®«ãç ¥¬:

H =
X
p>0

��
p2

2m
+
Nv0
V

�
(u2p + v2p) + 2

Nv0
V

upvp

�
(�+p�p + �+�p��p) +

+
X
p>0

��
p2

2m
+
Nv0
V

�
2upvp +

Nv0
V

(u2p + v2p)

�
(�+p�

+
�p + �p��p) +

+
X
p>0

�
2

�
p2

2m
+
Nv0
V

�
v2p + 2

Nv0
V

upvp

�
+
N2v0
2V

(6.97)

�«ï ¤¨ £®­ «¨§ æ¨¨ íâ®£® £ ¬¨«ìâ®­¨ ­  ­¥®¡å®¤¨¬®, çâ®¡ë ç«¥­ë ¢¨¤  �+p�
+
�p

¨ �p��p ®âáãâáâ¢®¢ «¨, ¯®íâ®¬ã ­ã¦­® ¯®âà¥¡®¢ âì:�
p2

2m
+
Nv0
V

�
2upvp +

Nv0
V

(u2p + v2p) = 0 (6.98)

çâ® ¤ ¥â ¢â®à®¥ ãá«®¢¨¥, ®ª®­ç â¥«ì­® ä¨ªá¨àãîé¥¥ ¢ë¡®à ª®íää¨æ¨¥­â®¢ up ¨
vp. �¥è ï á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© (6.96),(6.98), ­ å®¤¨¬:

up =
1q

1� A2
p

vp =
Apq
1� A2

p

(6.99)

£¤¥

Ap =
V

Nv0

�
"(p) � p2

2m
� Nv0

V

�
(6.100)

"(p) =

r
N

V

p2v0
m

+
p4

4m2
(6.101)

�®¤áâ ¢«ïï íâ¨ ª®íää¨æ¨¥­âë ¢ (6.97), ¯®«ãç ¥¬ £ ¬¨«ìâ®­¨ ­ ¢ ¤¨ £®­ «ì­®¬
¢¨¤¥, â.¥. ¢ ¢¨¤¥ £ ¬¨«ìâ®­¨ ­  ­®¢ëå ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ª¢ §¨ç áâ¨æ, á®®â¢¥â-
áâ¢ãîé¨å ®¯¥à â®à ¬ �+p ¨ �p:

H = E0 +
X
p6=0

"(p)�+p�p (6.102)
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á® á¯¥ªâà®¬ "(p) (6.101), ª®â®àë© à ¤¨ª «ì­® ¨§¬¥­¨«áï ¯® áà ¢­¥­¨î á® á¯¥ªâà®¬
á¢®¡®¤­ëå ¡®§®­®¢ §  áç¥â ¢§ ¨¬®¤¥©áâ¢¨ï. �­¥à£¨ï ®á­®¢­®£® á®áâ®ï­¨ï:

E0 =
N2

2V
v0 +

1

2

X
p 6=0

�
"(p) � p2

2m
� N

V
v0

�
(6.103)

�à¨ ¬ «ëå ¨¬¯ã«ìá å í­¥à£¨ï ª¢ §¨ç áâ¨æë (6.101) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥:

"(p) =

r
v0
mV0

p � up (6.104)

£¤¥ V0 = V=N { ®¡ê¥¬, ¯à¨å®¤ïé¨©áï ­  ®¤­ã ç áâ¨æã,   ¢¥«¨ç¨­  u, æ¥«¨ª®¬
®¯à¥¤¥«ïîé ïáï ¢§ ¨¬®¤¥©áâ¢¨¥¬, ¯à¥¤áâ ¢«ï¥â á®¡®© áª®à®áâì (¡®£®«î¡®¢áª®£®)

§¢ãª . �à¨ ¡®«ìè¨å ¨¬¯ã«ìá å ¨§ (6.101) ¯®«ãç ¥¬ "(p) � p2

2m + v0
V0
, â.¥. á¯¥ªâà

á¢®¡®¤­ëå ç áâ¨æ.
� ª¨¬ ®¡à §®¬, ¢ ®¡« áâ¨ ¬ «ëå ¨¬¯ã«ìá®¢, ¢§ ¨¬®¤¥©áâ¢¨¥ ¡®§®­®¢ ¯à¨¢®¤¨â ª

¯®«­®© ¯¥à¥áâà®©ª¥ á¯¥ªâà  í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨©, ª®â®àë© ®ª §ë¢ ¥âáï ª -
ç¥áâ¢¥­­® ¡«¨§ª¨¬ ª á¯¥ªâàã, ¯®áâã«¨à®¢ ­­®¬ã � ­¤ ã, ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
á¢¥àåâ¥ªãç¥áâ¨:

vc =

�
"(p)

p

�
p!0

=

r
v0
mV0

> 0 (6.105)

®¯à¥¤¥«ï¥â á®®â¢¥âáâ¢ãîéãî ªà¨â¨ç¥áªãî áª®à®áâì, á®¢¯ ¤ îéãî, ¢ ¤ ­­®© ¬®-
¤¥«¨, á® áª®à®áâìî §¢ãª . �§ ¯à®¢¥¤¥­­®£®  ­ «¨§  ïá­®, çâ® ï¢«¥­¨¥ ¡®§¥-
ª®­¤¥­á æ¨¨ ¨£à ¥â ®¯à¥¤¥«ïîéãî à®«ì ¢ ¢®§­¨ª­®¢¥­¨¨ ï¢«¥­¨ï á¢¥àåâ¥ªãç¥áâ¨.

�¢ ­â®¢ ï ¦¨¤ª®áâì. �¯¥ªâà ä¥à¬¨¥¢-
áª®£® â¨¯ .

�¨¤ª®áâì, á®áâ®ïé ï ¨§ ç áâ¨æ á ¯®«ãæ¥«ë¬ á¯¨­®¬ (ä¥à¬¨{¦¨¤ª®áâì), ®¡« ¤ ¥â
á¯¥ªâà®¬ í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨© ¨ á¢®©áâ¢ ¬¨, à ¤¨ª «ì­® ®â«¨ç îé¨¬¨áï ®â
á«ãç ï ¡®§¥{¦¨¤ª®áâ¨. �à¨¬¥à®¬ à¥ «ì­®© ä¥à¬¨{¦¨¤ª®áâ¨ ï¢«ï¥âáï He3. �«¥ª-
âà®­ë ¢ ¬¥â «« å â ª¦¥ ®¡à §ãîâ ¦¨¤ª®áâì ä¥à¬¨¥¢áª®£® â¨¯ . �®«¥¥ íª§®â¨ç¥-
áª¨¬ ¯à¨¬¥à®¬ ¬®£ãâ ¡ëâì ­ãª«®­ë ¢  â®¬­ëå ï¤à å, ¢¥é¥áâ¢® ­¥©âà®­­ëå §¢¥§¤
¨ â.¯. �ë ã¢¨¤¨¬, çâ® í­¥à£¥â¨ç¥áª¨© á¯¥ªâà ª¢ ­â®¢®© ¦¨¤ª®áâ¨ ä¥à¬¨¥¢áª®£®
â¨¯  ¢ ¨§¢¥áâ­®¬ á¬ëá«¥  ­ «®£¨ç¥­ á¯¥ªâàã ¨¤¥ «ì­®£® ä¥à¬¨-£ § ,   à®«ì íä-
ä¥ªâ®¢ ¢§ ¨¬®¤¥©áâ¢¨ï á¢®¤¨âáï ª áà ¢­¨â¥«ì­® ­¥¡®«ìè¨¬ \¯¥à¥­®à¬¨à®¢ª ¬"
íªá¯¥à¨¬¥­â «ì­® ­ ¡«î¤ ¥¬ëå ¢¥«¨ç¨­.

�¥­®¬¥­®«®£¨ç¥áª ï â¥®à¨ï ä¥à¬¨{¦¨¤ª®áâ¨ ¡ë«  ¯à¥¤«®¦¥­  � ­¤ ã. �áå®¤-
­ë© ¯ã­ªâ ¯à¨ ¯®áâà®¥­¨¨ íâ®© â¥®à¨¨ á®áâ®¨â ¢ ãâ¢¥à¦¤¥­¨¨, çâ® ª« áá¨ä¨ª æ¨ï
ãà®¢­¥© í­¥à£¨¨ ä¥à¬¨¥¢áª®© á¨áâ¥¬ë ®áâ ¥âáï ­¥¨§¬¥­­®© ¯à¨ \¢ª«îç¥­¨¨" ¢§ -
¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã ç áâ¨æ ¬¨, â.¥. ¯à¨ ¯¥à¥å®¤¥ ®â ä¥à¬¨-£ §  ª ä¥à¬¨-¦¨¤ª®áâ¨.
� íâ®© ª« áá¨ä¨ª æ¨¨ à®«ì ç áâ¨æ £ §  ¯¥à¥å®¤¨â ª í«¥¬¥­â à­ë¬ ¢®§¡ã¦¤¥-
­¨ï¬, ç¨á«® ª®â®àëå á®¢¯ ¤ ¥â á ç¨á«®¬ ç áâ¨æ ¨ ª®â®àë¥ ¯®¤ç¨­ïîâáï áâ â¨áâ¨ª¥
�¥à¬¨.
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�ãáâì np { äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ª¢ §¨ç áâ¨æ ¯® ¨¬¯ã«ìá ¬. �á­®¢­®¥ á®-
áâ®ï­¨¥ á®®â¢¥âáâ¢ã¥â äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ¢ ª®â®à®© § ­ïâë ¢á¥ á®áâ®ï­¨ï
ª¢ §¨ç áâ¨æ á p < pF (áä¥à  �¥à¬¨ ¢ ¨¬¯ã«ìá­®¬ ¯à®áâà ­áâ¢¥). �¥«¨ç¨­  pF á¢ï-
§ ­  á ¯«®â­®áâìî ¦¨¤ª®áâ¨ (ç¨á«®¬ ç áâ¨æ ¢ ¥¤¨­¨æ¥ ®¡ê¥¬ ) â ª®© ¦¥ ä®à¬ã«®©
(5.43), ª ª ¨ ¢ á«ãç ¥ ä¥à¬¨-£ § 10:

pF = (3�2)1=3
�
N

V

�1=3

�h: (6.106)

� ¦­®, ®¤­ ª®, ¯®¤ç¥àª­ãâì, çâ® ¯®«­ ï í­¥à£¨ï ¦¨¤ª®áâ¨ E ­¥ á¢®¤¨âáï ª áã¬¬¥
í­¥à£¨© ª¢ §¨ç áâ¨æ: E ¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨®­ « 11 ®â äã­ªæ¨¨ à á¯à¥¤¥-
«¥­¨ï ®¡é¥£® ¢¨¤ , ­¥ á¢®¤ïé¨©áï ª

R
d�np"p, ª ª íâ® ¨¬¥¥â ¬¥áâ® ¢ ¨¤¥ «ì­®¬

£ §¥. �¥à¢¨ç­ë¬ ¯®­ïâ¨¥¬ ï¢«ï¥âáï ¨¬¥­­® E, ¯à¨ T = 0 á®¢¯ ¤ îé ï á í­¥à£¨¥©
®á­®¢­®£® á®áâ®ï­¨ï ä¥à¬¨-¦¨¤ª®áâ¨.

�®à¬¨àã¥¬ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ãá«®¢¨¥¬:Z
d�np =

N

V
(6.109)

£¤¥ N { ç¨á«® ç áâ¨æ ¦¨¤ª®áâ¨, d� = d3p=(2��h)3. �§¬¥­¥­¨¥ E ¯à¨ ¡¥áª®­¥ç­®
¬ «®¬ ¨§¬¥­¥­¨¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

�E

V
=

Z
d�"p�np (6.110)

"p =
�E

�np
(6.111)

�¥«¨ç¨­  "p ¥áâì ¢ à¨ æ¨®­­ ï (äã­ªæ¨®­ «ì­ ï) ¯à®¨§¢®¤­ ï í­¥à£¨¨ ¯® äã­ª-
æ¨¨ à á¯à¥¤¥«¥­¨ï, ®­  á®®â¢¥âáâ¢ã¥â ¨§¬¥­¥­¨î í­¥à£¨¨ á¨áâ¥¬ë ¯à¨ ¤®¡ ¢«¥­¨¨
®¤­®© ª¢ §¨ç áâ¨æë á ¨¬¯ã«ìá®¬ p. �â  ¢¥«¨ç¨­  á ¬  ï¢«ï¥âáï äã­ªæ¨®­ «®¬
äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, â.¥. ¢¨¤ "p ®¯à¥¤¥«ï¥âáï à á¯à¥¤¥«¥­¨¥¬ ¢á¥å ª¢ §¨ç -
áâ¨æ ¢ ¦¨¤ª®áâ¨.

�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ª¢ §¨ç áâ¨æ ¨¬¥¥â (¢ à ¢­®¢¥á¨¨) ¢¨¤ ®¡ëç­®£® à á¯à¥-
¤¥«¥­¨ï �¥à¬¨. � á ¬®¬ ¤¥«¥, ¢¢¨¤ã á®¢¯ ¤¥­¨ï ª« áá¨ä¨ª æ¨¨ ãà®¢­¥© í­¥à£¨¨
¦¨¤ª®áâ¨ ¨ ¨¤¥ «ì­®£® ä¥à¬¨-£ § , í­âà®¯¨ï ¦¨¤ª®áâ¨ ®¯à¥¤¥«ï¥âáï â¥¬ ¦¥ ª®¬-
¡¨­ â®à­ë¬ ¢ëà ¦¥­¨¥¬ (5.15), ª®â®à®¥ ¢ á«ãç ¥ ¦¨¤ª®áâ¨ ¬®¦­® ¯¥à¥¯¨á âì ª ª:

S = �
Z
d� [np lnnp + (1 � np) ln(1� np)] (6.112)

10�â®â à¥§ã«ìâ â ï¢«ï¥âáï, ª ª «¥£ª® ¯®­ïâì, ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ á¤¥« ­­®£® ¯à¥¤¯®«®¦¥­¨ï ®
ª« áá¨ä¨ª æ¨¨ ãà®¢­¥©.
11�¡ëç­ ï äã­ªæ¨ï ®áãé¥áâ¢«ï¥â ®â®¡à ¦¥­¨¥ ®¤­®£® ¬­®¦¥áâ¢  ç¨á¥« ¢ ¤àã£®¥. �ã­ªæ¨®-

­ « { íâ® ®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢  äã­ªæ¨© ¢ ¬­®¦¥áâ¢® ç¨á¥«. �¨¯¨ç­ë© ¯à¨¬¥à äã­ªæ¨®­ «  {

®¯à¥¤¥«¥­­ë© ¨­â¥£à «: F [f(x)] =
R b
a
dxf(x). � ¬¥â¨¬, çâ® äã­ªæ¨ï ®â äã­ªæ¨¨ ¥áâì á­®¢  äã­ª-

æ¨ï,   ®â­î¤ì ­¥ äã­ªæ¨®­ «. �á¯®«ì§ã¥¬®¥ ¤ «¥¥ äã­ªæ¨®­ «ì­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¬®¦­®
®¯à¥¤¥«¨âì ä®à¬ «ì­® á«¥¤ãîé¨¬ ®¡à §®¬:

�F [f(x)]

�f(y)
= lim

"!0

F [f(x) + "�(x� y)]� F [f(x)]

"
: (6.107)

� ¯à¨¬¥à, ¤«ï F [f(x)] ¢ ¢¨¤¥ ®¯à¥¤¥«¥­­®£® ¨­â¥£à « :

�F [f(x)]

�f(y)
= lim

"!0

1

"

�Z
dx[f(x) + "�(x� y)]�

Z
dxf(x)

�
=

Z
dx�(x� y) = 1 (6.108)
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� àì¨àãï íâ® ¢ëà ¦¥­¨¥ ¯à¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå ¯®áâ®ï­áâ¢  ¯®«­®£® ç¨á« 
ç áâ¨æ ¨ ¯®«­®© í­¥à£¨¨, ¬®¦­® ª ª ¨ ¢ á«ãç ¥ £ §  ¯®«ãç¨âì:

np =
1

e
"p��

T + 1
(6.113)

�®¤ç¥àª­¥¬, ®¤­ ª®, çâ® "p §¤¥áì ï¢«ï¥âáï äã­ªæ¨®­ «®¬ np, â ª çâ® (6.113) ¯à¥¤-
áâ ¢«ï¥â á®¡®© á«®¦­®¥ ­¥ï¢­®¥ ®¯à¥¤¥«¥­¨¥ np. � à ¬ª å ¬¨ªà®áª®¯¨ç¥áª®£®
¯®¤å®¤  ª â¥®à¨¨ ä¥à¬¨-¦¨¤ª®áâ¨ ¬®¦­® ¤®ª § âì ®¡é¥¥ ãâ¢¥à¦¤¥­¨¥ ® ­ «¨-
ç¨¨ áª çª 12 ¢ à á¯à¥¤¥«¥­¨¨ ç áâ¨æ ¦¨¤ª®áâ¨ ¯à¨ "p = � ¯à¨ T = 0 (â¥®à¥¬ 
�¨£¤ « ), çâ® ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¯®¢¥àå­®áâ¨ �¥à¬¨ ¢ á¨áâ¥¬¥ ¢§ ¨¬®¤¥©-
áâ¢ãîé¨å ä¥à¬¨®­®¢. �®§¦¥ ¬ë ¥é¥ ¢¥à­¥¬áï ª íâ®¬ã ¢®¯à®áã.

�á¯®¬­¨¬ â¥¯¥àì ¯à® á¯¨­ ª¢ §¨ç áâ¨æ ~�. � ®¤­®à®¤­®© ¨§®âà®¯­®© ¦¨¤ª®áâ¨
áª «ïà­ ï ¢¥«¨ç¨­  " ¬®¦¥â § ¢¨á¥âì â®«ìª® ®â áª «ïà­ëå  à£ã¬¥­â®¢, â ª çâ® ~�
¬®¦¥â ¢å®¤¨âì ¢ í­¥à£¨î ª¢ §¨ç áâ¨æ (¢ ®âáãâáâ¢¨¥ ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï!)
â®«ìª® ¢ ¢¨¤¥ �̂2 ¨«¨ (~�p)2 (¯¥à¢ ï áâ¥¯¥­ì ~�p ­¥¤®¯ãáâ¨¬ , ¯®áª®«ìªã ï¢«ï¥âáï
¯á¥¢¤®áª «ïà®¬ ¨§-§   ªá¨ «ì­®áâ¨ ¢¥ªâ®à  á¯¨­ ). �«ï á¯¨­  s = 1=2 ¨¬¥¥¬:

~�2 =
3

4
(~�p)2 =

1

4
p2 (6.114)

â ª çâ® ¢¥«¨ç¨­  � ¯®«­®áâìî ¢ë¯ ¤ ¥â ¨ í­¥à£¨ï ª¢ §¨ç áâ¨æ ¢®¢á¥ ­¥ § ¢¨á¨â
®â á¯¨­ . �®®â¢¥âáâ¢¥­­®, ¢á¥ ãà®¢­¨ ¤¢ãªà â­® ¢ëà®¦¤¥­ë ¨ ­ã¦­® ¢¥§¤¥ ¯¨á âì

d� = 2 d3p
(2��h)3 .

�ë ¯à¨¯¨á «¨ ª ¦¤®© ª¢ §¨ç áâ¨æ¥ ®¯à¥¤¥«¥­­ë© ¨¬¯ã«ìá. �á«®¢¨¥ ¯à¨¬¥­¨-
¬®áâ¨ íâ®£® ¯à¥¤¯®«®¦¥­¨ï âà¥¡ã¥â, çâ®¡ë ­¥®¯à¥¤¥«¥­­®áâì ¨¬¯ã«ìá  ¡ë«  ¬ « 
­¥ â®«ìª® ¢ áà ¢­¥­¨¨ á ¢¥«¨ç¨­®© á ¬®£® ¨¬¯ã«ìá , ­® ¨ ¯® áà ¢­¥­¨î á è¨à¨-
­®© ®¡« áâ¨ \à §¬ëâ¨ï" äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï. � á¨«ã ¯à¨­æ¨¯  � ã«¨ ¢§ ¨¬­®
à áá¥¨¢ âìáï ¬®£ãâ â®«ìª® ª¢ §¨ç áâ¨æë ¨§ ®¡« áâ¨ à §¬ëâ¨ï, ¯à¨ç¥¬ ¢ à¥§ã«ì-
â â¥ à áá¥ï­¨ï ®­¨ ¤®«¦­ë ¯¥à¥å®¤¨âì ¢ á¢®¡®¤­ë¥ á®áâ®ï­¨ï ¢ â®© ¦¥ ®¡« áâ¨.
�®íâ®¬ã ¢¥à®ïâ­®áâì áâ®«ª­®¢¥­¨ï ¯à®¯®àæ¨®­ «ì­  ª¢ ¤à âã è¨à¨­ë �p íâ®©
®¡« áâ¨. �®®â¢¥âáâ¢¥­­®, ¯®àï¤ª  �p2 ¨ ­¥®¯à¥¤¥«¥­­®áâì ¨¬¯ã«ìá , á¢ï§ ­­ ï á
¯à®æ¥áá ¬¨ à áá¥ï­¨ï. �âáî¤  ïá­®, çâ® ¯à¨ ¤®áâ â®ç­® ¬ «®© �p ­¥®¯à¥¤¥«¥­-
­®áâì ¨¬¯ã«ìá  ¡ã¤¥â ¬ «  ­¥ â®«ìª® ¯® áà ¢­¥­¨î á pF , ­® ¨ ¯® áà ¢­¥­¨î á �p,
¤®áâ â®ç­® ¡«¨§ª® ª ¯®¢¥àå­®áâ¨ �¥à¬¨ ª¢ §¨ç áâ¨æë ¢á¥£¤  å®à®è® ®¯à¥¤¥«¥­ë.

� ª¨¬ ®¡à §®¬ ¢¥«¨ç¨­  "p ¨¬¥¥â ­¥¯®áà¥¤áâ¢¥­­ë© ä¨§¨ç¥áª¨© á¬ëá« «¨èì ¢
®ªà¥áâ­®áâ¨ ¯®¢¥àå­®áâ¨ �¥à¬¨. � §« £ ï ¥¥ §¤¥áì ¢ àï¤ ¯® áâ¥¯¥­ï¬ p�pF , ¨¬¥¥¬:

�p = "p � � � vF (jpj � pF ) � = "F (6.115)

£¤¥ vF =
@"p
@p jp=pF { áª®à®áâì ­  ¯®¢¥àå­®áâ¨ �¥à¬¨.

�ëè¥ ã¦¥ ®â¬¥ç «®áì, çâ® ¯à¨ à®¦¤¥­¨¨ ª¢ §¨ç áâ¨æ, ¬®¬¥­â ¨¬¯ã«ìá  ª¢ ­-
â®¢®© á¨áâ¥¬ë ¬®¦¥â ¨§¬¥­ïâìáï â®«ìª® ­  æ¥«®¥ ç¨á«®. � ¯à¨¬¥­¥­¨¨ ª ä¥à¬¨®-
­ ¬ á® á¯¨­®¬ s = 1=2 íâ® ®§­ ç ¥â, çâ® ª¢ §¨ç áâ¨æë ¬®£ãâ à®¦¤ âìáï ¯®¯ à­®.
� ä¥à¬¨-¦¨¤ª®áâ¨ â ª ¨ ¯à®¨áå®¤¨â: à®¦¤¥­¨¥ ç áâ¨æë á í­¥à£¨¥© (6.115) ­ ¤
®á­®¢­ë¬ á®áâ®ï­¨¥¬ ¨¤¥â ¯ãâ¥¬ ¥¥ ¢®§¡ã¦¤¥­¨ï ¨§ § ¯®«­¥­­®© áä¥àë �¥à¬¨,
çâ® á®¯à®¢®¦¤ ¥âáï ®¤­®¢à¥¬¥­­ë¬ à®¦¤¥­¨¥¬ ¤ëàª¨ (á â®© ¦¥ í­¥à£¨¥©) ¯®¤ ¯®-
¢¥àå­®áâìî �¥à¬¨.

12�¥«¨ç¨­  íâ®£® áª çª  ¢ ä¥à¬¨-¦¨¤ª®áâ¨ < 1, ¢ ®â«¨ç¨¥ ®â ä¥à¬¨-£ § .
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� ¨¤¥ «ì­®¬ ä¥à¬¨-£ §¥ "p = p2=2m ¨ vF = pF=m. �®  ­ «®£¨¨, ¢ ä¥à¬¨-
¦¨¤ª®áâ¨ ¬®¦­® ¢¢¥áâ¨ ¢¥«¨ç¨­ã

m� =
pF
vF

(6.116)

¨ ­ §¢ âì ¥¥ íää¥ªâ¨¢­®© ¬ áá®© ª¢ §¨ç áâ¨æ13. �®£¤  â¥¯«®¥¬ª®áâì ä¥à¬¨-
¦¨¤ª®áâ¨ ¤ ¥âáï \£ §®¢®©" ä®à¬ã«®© (5.70) á § ¬¥­®© m! m�:

C =
�2

3
�FT �F =

m�pF
�2�h3

(6.117)

�à¨ à áá¬®âà¥­¨¨ á¨áâ¥¬ á ¯¥à¥¬¥­­ë¬ ç¨á«®¬ ç áâ¨æ ã¤®¡­® ¨á¯®«ì§®¢ âì
â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « 
 = F � �N . �à¨ T = 0 ¨¬¥¥¬, ®ç¥¢¨¤­®, F = E,
â ª çâ® 
 = E � �N . � áá¬®âà¨¬ \¢®§¡ã¦¤¥­­®¥" á®áâ®ï­¨¥ á¨áâ¥¬ë, ®¡à §®¢ ¢
à §­®áâì:


�
0 = E �E0 � �(N � N0) (6.118)

£¤¥ ¨­¤¥ªá 0 ®â­®á¨âáï ª ®á­®¢­®¬ã á®áâ®ï­¨î. �®£« á­® £¨¯®â¥§¥ � ­¤ ã, ¤®¡ ¢«¥-
­¨¥ ®¤­®© ª¢ §¨ç áâ¨æë ª ®á­®¢­®¬ã á®áâ®ï­¨î á®®â¢¥âáâ¢ã¥â ¤®¡ ¢«¥­¨î â®ç­®
®¤­®© \£®«®©" ç áâ¨æë ª à áá¬ âà¨¢ ¥¬®© ä¥à¬¨-á¨áâ¥¬¥: á®áâ®ï­¨¥ á ®¤­®© ¤®-
¡ ¢®ç­®© ª¢ §¨ç áâ¨æ¥© ¯®«ãç ¥âáï ¨§ á®áâ®ï­¨ï ¨¤¥ «ì­®© á¨áâ¥¬ë, á®¤¥à¦ é¥©
N + 1 ç áâ¨æ,   ¯®«­®¥ ç¨á«® ç áâ¨æ á®åà ­ï¥âáï ¯à¨  ¤¨ ¡ â¨ç¥áª®¬ ¢ª«îç¥­¨¨
¢§ ¨¬®¤¥©áâ¢¨ï. �¬¥¥¬:

N � N0 =
X
p

�np =

Z
d��np (6.119)

�®áª®«ìªã, á®£« á­® (6.111):

E[np] = E0 +
X
p

"p�np +O(�n2p) (6.120)

¯®«ãç¨¬:


� 
0 =
X
p

("p � �)�np +O(�n2p) (6.121)

�®áª®«ìªã ¬ë à áá¬ âà¨¢ ¥¬ ­¥¡®«ìè¨¥ ¢ à¨ æ¨¨ �np ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨,
â.¥. ¢ â®­ª®¬ í­¥à£¥â¨ç¥áª®¬ á«®¥ � � ®ª®«® ­¥¥, â® ¢¥«¨ç¨­  "p � � � �. �® ¨
�np � �, â ª çâ® 
 � 
0 � �2, ¯®íâ®¬ã ¢ à §«®¦¥­¨¨ (6.121) ­ã¦­® ¢ë¯¨á âì ¢á¥
ç«¥­ë � �2. �®£¤  § ¯¨è¥¬:


 �
0 =
X
p

("p � �)�np + 1

2

X
pp0

f(p;p0)�np�np0 +O(�3p) (6.122)

£¤¥ ¢¢¥«¨:

f(p;p0) =
�2E

�np�np0
(6.123)

13� ¯à¨¬¥à, ¤«ï ¦¨¤ª®£® He3 ¨§ íªá¯¥à¨¬¥­â  ¨§¢¥áâ­®, çâ® m� � 2:4mHe3 , pF =�h �
0:8 108á¬�1 . �¡« áâì ¯à¨¬¥­¨¬®áâ¨ â¥®à¨¨ ä¥à¬¨-¦¨¤ª®áâ¨ ¤«ï He3 ®£à ­¨ç¥­  T < 0:5K.
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{ â ª ­ §ë¢ ¥¬ãî äã­ªæ¨î � ­¤ ã, ®¯¨áë¢ îéãî ¢§ ¨¬®¤¥©áâ¢¨¥ ª¢ §¨ç áâ¨æ.
� á ¬®¬ ¤¥«¥, ¨§ ®¯à¥¤¥«¥­¨ï (6.111) ¨ (6.122) ¢¨¤­®, çâ® ¢ à¨ æ¨ï �np ¯à¨¢®¤¨â ª
¨§¬¥­¥­¨î í­¥à£¨¨ ª¢ §¨ç áâ¨æë:

�"p =

Z
d� 0f(p;p0)�np0 (6.124)

ª®â®à®¥ æ¥«¨ª®¬ ®¯à¥¤¥«ï¥âáï äã­ªæ¨¥© � ­¤ ã. � íâ®¬ £« ¢­®¥ ®â«¨ç¨¥ â¥®à¨¨
ä¥à¬¨-¦¨¤ª®áâ¨ ®â ¬®¤¥«¨ á¢®¡®¤­ëå ä¥à¬¨®­®¢.

�ã¤¥¬ áç¨â âì äã­ªæ¨î f(p;p0) ­¥¯à¥àë¢­®© ¯à¨ p ¨ p0 ¡«¨§ª¨å ª pF . �à ª-
â¨ç¥áª¨ âà¥¡ã¥âáï §­ âì f(p;p0) â®«ìª® ­  á ¬®© ¯®¢¥àå­®áâ¨ �¥à¬¨, â.¥. ¯à¨
jpj = jp0j = pF . �®£¤  f(p;p0) § ¢¨á¨â â®«ìª® ®â ¢§ ¨¬­®© ®à¨¥­â æ¨¨ ¢¥ªâ®à®¢
p ¨ p0 (ã£«  ¬¥¦¤ã ­¨¬¨) ¨ ®â á¯¨­®¢ �,�0. �¤®¡­® § ¯¨á âì f(p;p0), ¢ë¤¥«¨¢
¥¥ ­¥§ ¢¨á¨¬ë¥ ª®¬¯®­¥­âë, á®®â¢¥âáâ¢ãîé¨¥ ¯ à ««¥«ì­®© ¨  ­â¨¯ à ««¥«ì­®©
®à¨¥­â æ¨¨ á¯¨­®¢:

f""(p;p0) = fs(p;p0) + fa(p;p0) (6.125)

f"#(p;p0) = fs(p;p0) � fa(p;p0) (6.126)

(6.127)

�®¦­® áª § âì, çâ®  ­â¨á¨¬¬¥âà¨ç­ ï ç áâì fa(p;p0) ®¡ãá«®¢«¥­  ­¥ª®â®à®© í­¥à-
£¨¥© ®¡¬¥­­®£® ¢§ ¨¬®¤¥©áâ¢¨ï 2fa(p;p0), ª®â®à ï ¯®ï¢«ï¥âáï «¨èì ª®£¤  á¯¨­ë
¯ à ««¥«ì­ë. � «¨â¥à âãà¥ ç áâ® ¨á¯®«ì§ã¥âáï ¨ ¤àã£ ï ä®à¬  § ¯¨á¨ äã­ªæ¨¨
� ­¤ ã:

f�;�0 (p;p0) = '(p;p0) + (�̂�̂0) (p;p0) (6.128)

£¤¥ �̂ ¨ �̂0 { á¯¨­®¢ë¥ ¬ âà¨æë ¤¢ãå ä¥à¬¨®­®¢.
�â ª, ¢ ¨§®âà®¯­®© ¦¨¤ª®áâ¨ äã­ªæ¨¨ fa(p;p0) ¨ fs(p;p0) § ¢¨áïâ â®«ìª® ®â

ã£«  � ¬¥¦¤ã p ¨ p0. �®£¤  ¨å ¬®¦­® à §«®¦¨âì ¢ àï¤ë ¯® ¯®«¨­®¬ ¬ �¥¦ ­¤à :

fs(a)(p;p0) =
1X
l=0

Pl(cos �)f
s(a)
l (6.129)

�à¨ íâ®¬ äã­ªæ¨ï f(p;p0) ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ­ ¡®à®¬ ª®íää¨æ¨¥­â®¢ fsl
¨ fal , ­ §ë¢ ¥¬ëå ä¥à¬¨-¦¨¤ª®áâ­ë¬¨ ª®­áâ ­â ¬¨. �¤®¡­® ¢¢¥áâ¨ ¡¥§à §¬¥à­ë¥

ª®­áâ ­âë F
s;(a)
l á ¯®¬®éìî:

�Ff
s;(a)
l =

m�pF
�2�h3

f
s;(a)
l � F

s;(a)
l (6.130)

�¥«¨ç¨­ë íâ¨å ª®­áâ ­â ®¯à¥¤¥«ïîâ ä¥à¬¨-¦¨¤ª®áâ­ë¥ ¯¥à¥­®à¬¨à®¢ª¨ àï¤  ä¨-
§¨ç¥áª¨å å à ªâ¥à¨áâ¨ª ä¥à¬¨-¦¨¤ª®áâ¨, á®®â¢¥âáâ¢¥­­® å®âï-¡ë ç áâì ¨§ ­¨å
¬®¦­® ®¯à¥¤¥«¨âì ¨§ íªá¯¥à¨¬¥­â . �¡ëç­® ®ª §ë¢ îâáï áãé¥áâ¢¥­­ë¬¨ â®«ìª®
­¥áª®«ìª® ¯¥à¢ëå ª®­áâ ­â. � ç áâ­®áâ¨, ¬®¦­® ¢ë¢¥áâ¨ á«¥¤ãîé¥¥ á®®â­®è¥­¨¥
¬¥¦¤ã ¨áâ¨­­®© ¬ áá®© ç áâ¨æ ¨ íää¥ªâ¨¢­®© ¬ áá®© ª¢ §¨ç áâ¨æë ¢ ä¥à¬¨-
¦¨¤ª®áâ¨ [3, 23]:

1

m
=

1

m� +
pF

(2��h)3
4�

Z
d cos � cos �f(p;p0) (6.131)
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ª®â®à®¥, á ãç¥â®¬ (6.129), (6.130) ¨ á¢®©áâ¢ ¯®«¨­®¬®¢ �¥¦ ­¤à  ¤ ¥â:

m�

m
= 1 +

F s1
3

(6.132)

� ¬¥â¨¬, çâ® ®âáî¤  á ®ç¥¢¨¤­®áâìî á«¥¤ã¥â ®£à ­¨ç¥­¨¥ F s1 > �3. �­ «®£¨ç-
­ë¬ ®¡à §®¬, ãçâï ¢§ ¨¬®¤¥©áâ¢¨¥ á ¢­¥è­¨¬ ¬ £­¨â­ë¬ ¯®«¥¬ (á¬. ­¨¦¥), ¬®¦­®
­ ©â¨ á¯¨­®¢ãî (¯ à ¬ £­¨â­ãî) ¢®á¯à¨¨¬ç¨¢®áâì ä¥à¬¨-¦¨¤ª®áâ¨ [3, 23]:

�p = �2B
m�pF
�2�h3

1

1 + F a0
(6.133)

ª®â®à ï ®â«¨ç ¥âáï ®â á®®â¢¥âáâ¢ãîé¥£® ¢ëà ¦¥­¨ï ¤«ï ä¥à¬¨-£ §  (5.79) § ¬¥­®©
m! m� ¨ ä¥à¬¨-¦¨¤ª®áâ­®© ¯¥à¥­®à¬¨à®¢ª®© 1 + F a0 .

�«¥ªâà®­­ ï ä¥à¬¨{¦¨¤ª®áâì ¬¥â ««®¢�.

�ëè¥ ¬ë ¯®¤à §ã¬¥¢ «¨, çâ® ä¥à¬¨-¦¨¤ª®áâì á®áâ®¨â ¨§ ­¥©âà «ì­ëå ç áâ¨æ (­ -
¯à¨¬¥à He3), â ª çâ® ¨å ¢§ ¨¬®¤¥©áâ¢¨¥ ¨¬¥¥â ª®à®âª®¤¥©áâ¢ãîé¨© å à ªâ¥à. �®-
£¤  à¥çì ¨¤¥â ® í«¥ªâà®­­®© ä¥à¬¨-¦¨¤ª®áâ¨ ¬¥â ««®¢, áâ ­®¢¨âáï áãé¥áâ¢¥­­®©
à®«ì ¤ «ì­®¤¥©áâ¢ãîé¥£® ªã«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï. �à¨ ­ «¨ç¨¨ ¤ «ì­®¤¥©-
áâ¢ãîé¨å á¨«, ¢®®¡é¥ £®¢®àï, ­ àãè ¥âáï ®á­®¢­®¥ á®®â­®è¥­¨¥ â¥®à¨¨ ä¥à¬¨-
¦¨¤ª®áâ¨ (6.124). �ª §ë¢ ¥âáï, ®¤­ ª®, çâ® ¬®¦­® ¯à¥¤«®¦¨âì ­¥ª®â®àë© ®¡®¡é¥­-
­ë© ¯®¤å®¤ ª â¥®à¨¨ § àï¦¥­­ëå ä¥à¬¨-¦¨¤ª®áâ¥© (�¨«¨­), ª®â®àë© ª®àà¥ªâ­®
ãç¨âë¢ ¥â à®«ì ªã«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¨, ¢ §­ ç¨â¥«ì­®© ¬¥à¥, ¯à¨¢®¤¨â
â¥®à¨î ª ¢¨¤ã ¢¥áì¬  ¡«¨§ª®¬ã ª â¥®à¨¨ ­¥©âà «ì­®© ä¥à¬¨-¦¨¤ª®áâ¨.

�à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¢ ®¡é¥¬ á«ãç ¥ «®ª «ì­®© ¢® ¢à¥¬¥­¨ á¢ï§¨ ¬®¦­®
§ ¯¨á âì ®¡®¡é¥­¨¥ (6.124) ¢ ¢¨¤¥:

�"(p; r) = Sp�0

Z
dr0
Z

d3p0

(2��h)3
F (p;p0; r; r0)�n(p0; r0) (6.134)

£¤¥ ¢¢¥«¨ ï¢­ãî § ¢¨á¨¬®áâì ®â ª®®à¤¨­ â äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (çâ® ­ã¦­®
¤«ï à áá¬®âà¥­¨ï ¯à®áâà ­áâ¢¥­­® ­¥®¤­®à®¤­ëå ¢®§¬ãé¥­¨©) ¨ ¢ë¯¨á «¨ Sp ¯®
á¯¨­®¢®© ¯¥à¥¬¥­­®©14. �¥«¨ç¨­  F (p;p0; r; r0) { ¢â®à ï ¢ à¨ æ¨®­­ ï ¯à®¨§¢®¤­ ï
í­¥à£¨¨ ä¥à¬¨-¦¨¤ª®áâ¨, â ª¦¥ § ¢¨á¨â ­¥ â®«ìª® ®â ¨¬¯ã«ìá®¢ p ¨ p0 ¨ á¯¨­®¢, ­®
¨ ®â ª®®à¤¨­ â r ¨ r0. � ¯à®áâ¥©è¥¬ á«ãç ¥ (¯à¨¡«¨¦¥­¨¥ á ¬®á®£« á®¢ ­­®£® ¯®«ï
� àâà¨), ¯à¥­¥¡à¥£ ï ®¡¬¥­­ë¬¨ íää¥ªâ ¬¨, ¤«ï ç áâ¨æ, ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¯®
æ¥­âà «ì­®¬ã § ª®­ã á¨« á ¯®â¥­æ¨ «ì­®© í­¥à£¨¥© U (jr� r0j), ¨¬¥¥¬:

FH(p;p0; r; r0) = U (jr� r0j): (6.135)

�â® ¢ëà ¦¥­¨¥ ¢®§­¨ª ¥â ¢ ¯à¥­¥¡à¥¦¥­¨¨ ª®àà¥«ïæ¨®­­ë¬¨ íää¥ªâ ¬¨,  ­ «®-
£¨ç­ë¬¨ â¥¬, çâ® à áá¬ âà¨¢ «¨áì ¢ëè¥ ¤«ï ª« áá¨ç¥áª®© ¯« §¬ë. � ¯à®â¨¢, à §-
­®áâì F � FH æ¥«¨ª®¬ ®¡ãá«®¢«¥­  íâ¨¬¨ íää¥ªâ ¬¨, ¨§ ª®â®àëå ¯à®áâ¥©è¨¬

14�ã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ª¢ §¨ç áâ¨æ §¤¥áì ¯®¤à §ã¬¥¢ ¥âáï ¢ á¬ëá«¥ �¨£­¥à , çâ®¡ë ãç¥áâì
ª®®à¤¨­ â­ãî § ¢¨á¨¬®áâì.
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ï¢«ï¥âáï íää¥ªâ ®¡¬¥­­®© ª®àà¥«ïæ¨¨. � ¦­®, çâ® å à ªâ¥à­ë¥ à ááâ®ï­¨ï, ­ 
ª®â®àëå ¯à®ï¢«ïîâáï ª®àà¥«ïæ¨®­­ë¥ íää¥ªâë, ¯®àï¤ª  ¤«¨­ë ¢®«­ë í«¥ªâà®­ 
­  ãà®¢­¥ �¥à¬¨, â.¥. ¯®àï¤ª  áà¥¤­¥£® à ááâ®ï­¨ï ¬¥¦¤ã ç áâ¨æ ¬¨ (í«¥ªâà®-
­ ¬¨) (N=V )�1=3 � 10�8á¬ (¢ ¬¥â ««¥). �®íâ®¬ã, ¤«ï ¯à ªâ¨ç¥áª¨ ¨­â¥à¥á­®£®
ªàã£  § ¤ ç, ª®£¤  å à ªâ¥à­ë© ¬ áèâ ¡ ¨§¬¥­¥­¨ï à á¯à¥¤¥«¥­¨ï ª¢ §¨ç áâ¨æ
áãé¥áâ¢¥­­® ¯à¥¢ëè ¥â à ¤¨ãá ª®àà¥«ïæ¨©, ¬®¦­® ¯à¨­ïâì:

F (p;p0; r; r0)� FH (p;p0; r; r0) � �(r� r0)f(p;p0) (6.136)

�®£¤  (6.134) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

�"(p; r) = Sp�0

Z
dr0
Z

d3p0

(2��h)3
U (jr� r0j)�n(p0; r0) + Sp�0

Z
d3p0

(2��h)3
f(p;p0)�n(p0; r)

(6.137)
�«ï í«¥ªâà®­®¢ ¢ ¬¥â ««¥ U (r) = e2=r. � à ¢­®¢¥á­®¬ á®áâ®ï­¨¨, ª®£¤  à á¯à¥-
¤¥«¥­¨¥ ç áâ¨æ ­¥ § ¢¨á¨â ®â ª®®à¤¨­ â, ¯à®áâà ­áâ¢¥­­® ­¥«®ª «ì­ ï á¢ï§ì ¢
¯¥à¢®¬ á« £ ¥¬®¬ (6.137) ­¥áãé¥áâ¢¥­­ , â ª çâ® á¢®©áâ¢  á¨áâ¥¬ë § àï¦¥­­ëå
ç áâ¨æ ¢ ¨§¢¥áâ­®¬ á¬ëá«¥ ¯®¤®¡­ë à áá¬®âà¥­­ë¬ ¢ëè¥ á¢®©áâ¢ ¬ ­¥©âà «ì-
­®© ä¥à¬¨-¦¨¤ª®áâ¨. � ¬¥â¨¬, çâ® ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (6.137), ¥á«¨ ¯®­¨¬ âì ¥£®
¡ãª¢ «ì­®, à áå®¤¨âáï ¢ á«ãç ¥ ¯à®áâà ­áâ¢¥­­® ®¤­®à®¤­ëå à á¯à¥¤¥«¥­¨©, �â 
à áå®¤¨¬®áâì, ®¤­ ª®, ä¨ªâ¨¢­ , ¥á«¨ ãç¥áâì áãé¥áâ¢®¢ ­¨¥ ¢ ¬¥â ««¥ ®¤­®à®¤-
­®£® ä®­  ¯®«®¦¨â¥«ì­ëå ¨®­®¢, ®¡¥á¯¥ç¨¢ îé¥£® ®¡éãî í«¥ªâà®­¥©âà «ì­®áâì
á¨áâ¥¬ë. �«ï ¯à®áâà ­áâ¢¥­­® ­¥®¤­®à®¤­ëå à á¯à¥¤¥«¥­¨© íâ® á« £ ¥¬®¥ ¬®¦¥â
à áá¬ âà¨¢ âìáï ª ª ¯à®ï¢«¥­¨¥ á ¬®á®£« á®¢ ­­®£® áª «ïà­®£® ¯®â¥­æ¨ «  '(r):

e'(r) = Sp�0

Z
dr0
Z

d3p0

(2��h)3
e2

jr� r0j�n(p
0; r0): (6.138)

�â®â ¯®â¥­æ¨ « ¬®¦­® ­ ©â¨ à¥è ï ãà ¢­¥­¨¥ �ã áá®­ :

r2'(r) = �4�eSp�0
Z

d3p0

(2��h)3
�n(p0; r) (6.139)

ª®â®à®¥ ®ª §ë¢ ¥âáï ­¥®¡å®¤¨¬®© á®áâ ¢­®© ç áâìî â¥®à¨¨ § àï¦¥­­®© ä¥à¬¨-
¦¨¤ª®áâ¨ � ­¤ ã { �¨«¨­ .

�çâ¥¬ ¥é¥ ¢§ ¨¬®¤¥©áâ¢¨¥ á ¬ £­¨â­ë¬ ¯®«¥¬ B. �®£¤  ¢ëà ¦¥­¨¥ (6.137) ¤«ï
§ àï¦¥­­®© ä¥à¬¨-¦¨¤ª®áâ¨ ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

�"(p; r) = ��B~�B+ e'(r) + Sp�0

Z
d3p0

(2��h)3
f(p;p0)�n(p; r) (6.140)

� ¦­®, çâ® ¢¥«¨ç¨­ë �" ¨ ' ®¯à¥¤¥«ïîâáï â¥¯¥àì á¨áâ¥¬®© á¢ï§ ­­ëå ãà ¢­¥­¨©
(6.139), (6.140) á ¬®á®£« á®¢ ­­ë¬ ®¡à §®¬. � ç áâ­®áâ¨, ®âáî¤  ¬®¦­® ¯®«ãç¨âì
¨ ï¢«¥­¨¥ íªà ­¨à®¢ª¨ ¤ «ì­®¤¥©áâ¢ãîé¨å ªã«®­®¢áª¨å á¨« ¢ ª¢ ­â®¢®© á¨áâ¥¬¥,
 ­ «®£¨ç­®¥ ®¯¨á ­­®¬ã ¢ëè¥ ¤«ï ª« áá¨ç¥áª®© ¯« §¬ë [23].

� ãá«®¢¨ïå, ª®£¤  ¬®¦­® ¯à¥­¥¡à¥çì à¥«ïâ¨¢¨áâáª¨¬¨ íää¥ªâ ¬¨ á¯¨­ { ®à¡¨-
â «ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï äã­ªæ¨î f(p;p0) ¬®¦­® á­®¢  ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (6.127)
¨«¨ (6.128). � «¥¥ ¬®¦­® á­®¢  ¢¢¥áâ¨ ä¥à¬¨-¦¨¤ª®áâ­ë¥ ª®­áâ ­âë (6.129),
(6.130), ª®â®àë¥ ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¨§ íªá¯¥à¨¬¥­â . � à¥§ã«ìâ â¥, ¨ ¢ â¥®-
à¨¨ § àï¦¥­­®© ä¥à¬¨-¦¨¤ª®áâ¨ ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¢ëà ¦¥­¨ï ¤«ï â¥¯«®¥¬-
ª®áâ¨ (6.117), íää¥ªâ¨¢­®© ¬ ááë (6.132) ¨ á¯¨­®¢®© ¢®á¯à¨¨¬ç¨¢®áâ¨ (6.133), á®-
¢¥àè¥­­®  ­ «®£¨ç­ë¥ á«ãç î ­¥©âà «ì­®© ä¥à¬¨-¦¨¤ª®áâ¨ [23]. �áâ¥áâ¢¥­­®, çâ®
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§­ ç¥­¨ï ä¥à¬¨-¦¨¤ª®áâ­ëå ª®­áâ ­â ¢ à §­ëå ¬¥â «« å à §«¨ç­ë ¨ ®â«¨ç îâáï
®â â ª®¢ëå ¢ ¦¨¤ª®¬ He3, ï¢«ïïáì å à ªâ¥à¨áâ¨ª®© ¢§ ¨¬®¤¥©áâ¢¨ï ª¢ §¨ç áâ¨æ
¢ ¤ ­­®¬ ¢¥é¥áâ¢¥. �à®¬¥ â®£®, ¢ ¬¥â «« å í«¥ªâà®­­ ï ä¥à¬¨-¦¨¤ª®áâì ¬®¦¥â
¡ëâì  ­¨§®âà®¯­®©,   ¯®¢¥àå­®áâì �¥à¬¨ ­¥ áä¥à¨ç¥áª®©, çâ® ®¯à¥¤¥«ï¥âáï íää¥ª-
â ¬¨ ªà¨áâ ««¨ç¥áª®© à¥è¥âª¨. � íâ®¬ á«ãç ¥ âà¥¡ã¥âáï ®¡®¡é¥­¨¥ à áá¬®âà¥­­®©
¨§®âà®¯­®© ¬®¤¥«¨.
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�ã¯¥à®¢áª ï ­¥ãáâ®©ç¨¢®áâì.

�ëè¥ à áá¬ âà¨¢ « áì â ª ­ §ë¢ ¥¬ ï ­®à¬ «ì­ ï ä¥à¬¨-¦¨¤ª®áâì, ¢ ª®â®-
à®© ¢§ ¨¬®¤¥©áâ¢¨¥ ç áâ¨æ ­®á¨â ®ââ «ª¨¢ â¥«ì­ë© å à ªâ¥à. �ª §ë¢ ¥âáï, çâ®
®á­®¢­®¥ á®áâ®ï­¨¥ ä¥à¬¨-¦¨¤ª®áâ¨ áâ ­®¢¨âáï ­¥ãáâ®©ç¨¢ë¬, ¥á«¨ ¨¬¥¥âáï, ä®à-
¬ «ì­® áª®«ì ã£®¤­® á« ¡®¥, ¯à¨âï¦¥­¨¥ ¬¥¦¤ã ª¢ §¨ç áâ¨æ ¬¨ ¢ ®ªà¥áâ­®áâ¨
¯®¢¥àå­®áâ¨ �¥à¬¨. �â  ­¥ãáâ®©ç¨¢®áâì, ®¡­ àã¦¥­­ ï �ã¯¥à®¬, ¯à¨¢®¤¨â ª ®¡à -
§®¢ ­¨î á¢ï§ ­­ëå á®áâ®ï­¨© ä¥à¬¨®­®¢ (ªã¯¥à®¢áª¨å ¯ à), â.¥. íää¥ªâ¨¢­ëå ¡®-
§®­®¢ ¢ ä¥à¬¨¥¢áª®© á¨áâ¥¬¥. �­  ï¢«ï¥âáï ª«îç¥¢®© ¤«ï ¯®­¨¬ ­¨ï â ª¨å ï¢«¥-
­¨© ª ª á¢¥àå¯à®¢®¤¨¬®áâì ¬¥â ««®¢ ¨ á¢¥àåâ¥ªãç¥áâì ¦¨¤ª®£® He3.

�ë ¯à®¢¥¤¥¬ ­¥áª®«ìª® ã¯à®é¥­­®¥ à áá¬®âà¥­¨¥ ªã¯¥à®¢áª®© ­¥ãáâ®©ç¨¢®-
áâ¨, ª®â®à®¥ ¤ ¥â \¯®çâ¨" ¯à ¢¨«ì­ë© ®â¢¥â [24]. �«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ ¨¬¥âì
¢¢¨¤ã í«¥ªâà®­ë ¢ ¬¥â ««¥. �ëè¥ ã¦¥ ®â¬¥ç «®áì, çâ® ª¢ §¨ç áâ¨æë ¢ ä¥à¬¨-
¦¨¤ª®áâ¨ à®¦¤ îâáï ¯®¯ à­® (ç áâ¨æ  ­ ¤ ¯®¢¥àå­®áâìî �¥à¬¨, ¤ëàª  ¯®¤ ­¥©).
�¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨, ¢ á®®â¢¥âáâ¢¨¨ á (6.115), ¨¬¥¥¬:

�p = vF (jpj � pF ) (ç áâ¨æ )

�p = vF (pF � jpj) (¤ëàª ) (7.1)

â ª çâ® í­¥à£¨î ª¢ §¨ç áâ¨æë ¬®¦­® § ¯¨á âì ª ª j�pj.
�ã¤¥¬ ¨­â¥à¥á®¢ âìáï ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¤¢ãå ç áâ¨æ (¨«¨ ¤ëà®ª) ¢¡«¨§¨ ¯®¢¥àå-

­®áâ¨ �¥à¬¨. �à ¢­¥­¨¥ �à¥¤¨­£¥à  ¤«ï ¤¢ãå ª¢ §¨ç áâ¨æ, ¢§ ¨¬®¤¥©áâ¢ãîé¨å á

133
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¯®¬®éìî ¯®â¥­æ¨ «  U (r1; r2), ¨¬¥¥â ¢¨¤
1:

[H0(r1) +H0(r2) + U (r1; r2)] (r1; r2) = E (r1; r2) (7.2)

£¤¥ H0(r) { £ ¬¨«ìâ®­¨ ­ á¢®¡®¤­®© ª¢ §¨ç áâ¨æë:

H0(r) p(r) = j�pj p(r) (7.3)

£¤¥ ¤«ï á¢®¡®¤­®© ª¢ §¨ç áâ¨æë  p(r) = 1p
V
eipr=�h. �ã¤¥¬ ¨­â¥à¥á®¢ âìáï ¢®§¬®¦-

­®áâìî ®¡à §®¢ ­¨ï á¢ï§ ­­®£® á®áâ®ï­¨ï íâ¨å ¤¢ãå ç áâ¨æ (ªã¯¥à®¢áª®© ¯ àë). �
®á­®¢­®¬ á®áâ®ï­¨¨ ¨¬¯ã«ìá á¢ï§ ­­®© ¯ àë ¤®«¦¥­ ¡ëâì à ¢¥­ ­ã«î ¨, ¢ ¯à®áâ¥©-
è¥¬ á«ãç ¥, ¤®«¦¥­ ¡ëâì à ¢¥­ ­ã«î ¥¥ á¯¨­ 2. � à  ¡ã¤¥â ®¯¨áë¢ âìáï áã¯¥à¯®-
§¨æ¨¥© á®áâ®ï­¨© ¤¢ãå á¢®¡®¤­ëå ª¢ §¨ç áâ¨æ á ¯à®â¨¢®¯®«®¦­ë¬¨ ¨¬¯ã«ìá ¬¨ ¨
á¯¨­ ¬¨:

 (r1; r2) =
X
p
cp p"(r1) �p#(r2) (7.4)

�®¤áâ ¢«ïï íâ® ¢ (7.2), ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¤«ï ª®íää¨æ¨¥­â®¢ cp:

2j�pjcp +
X
p0

Upp0cp0 = Ecp (7.5)

£¤¥ Upp0 { ¬ âà¨ç­ë© í«¥¬¥­â ¢§ ¨¬®¤¥©áâ¢¨ï. �à¨¬¥¬ ¤«ï íâ®£® ¬ âà¨ç­®£® í«¥-
¬¥­â  á«¥¤ãîéãî ¬®¤¥«ì:

Upp0 =

� �g ¯à¨ pF � �h!D
vF

< jpj; jp0j < pF + �h!D
vF

0 ¢­¥ íâ®£® ¨­â¥à¢ « .
(7.6)

�­ ª ª®­áâ ­âë ¢§ ¨¬®¤¥©áâ¢¨ï g ¢ë¡à ­ á®®â¢¥âáâ¢ãîé¨¬ ¯à¨âï¦¥­¨î,   ®£à ­¨-
ç¥­¨¥ ­  ¨¬¯ã«ìáë ®§­ ç ¥â, çâ® íâ® ¯à¨âï¦¥­¨¥ áãé¥áâ¢ã¥â â®«ìª® ¢ á«®¥ è¨à¨­®©
2�h!D ¢®ªàã£ ãà®¢­ï �¥à¬¨. �® ®¡áâ®ïâ¥«ìáâ¢®, çâ® §¤¥áì ä¨£ãà¨àã¥â ¤¥¡ ¥¢áª ï
ç áâ®â , á¢ï§ ­® ¯à®áâ® á â¥¬, çâ® ¢ ¡®«ìè¨­áâ¢¥ à¥ «ì­ëå ¬¥â ««®¢ ¬¨ªà®áª®-
¯¨ç¥áª¨© ¬¥å ­¨§¬ â ª®£® ¯à¨âï¦¥­¨ï á¢ï§ ­ á í«¥ªâà®­ { ä®­®­­ë¬ ¢§ ¨¬®-
¤¥©áâ¢¨¥¬,   ä®­®­ë ¨ ¬®£ãâ â®«ìª® ¤¥©áâ¢®¢ âì ­  í«¥ªâà®­ë ¢ á«®¥ è¨à¨­®©
2�h!D � "F ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨.

�§ (7.5) ¨ (7.6) ­ å®¤¨¬ ¢ëà ¦¥­¨¥ ¤«ï ª®íää¨æ¨¥­â  cp:

cp =
gI

2j�pj � E
(7.7)

£¤¥

I =

p0=pF+
�h!D
vFX

p0=pF� �h!D
vF

cp0 (7.8)

1�¬¥­­® §¤¥áì ¢®§­¨ª ¥â ­¥ª®â®à®¥ ®£àã¡«¥­¨¥ ¨áâ¨­­®© ¬­®£®ç áâ¨ç­®© § ¤ ç¨ { ¬ë à áá¬ -
âà¨¢ ¥¬ ¤¢¥ ¢ë¤¥«¥­­ë¥ ª¢ §¨ç áâ¨æë ­  ä®­¥ \¦¥áâª®" ä¨ªá¨à®¢ ­­®© ¯®¢¥àå­®áâ¨ �¥à¬¨.

2�ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ã¯à®é¥­­ãî ¬®¤¥«ì á ¯®çâ¨ â®ç¥ç­ë¬ ¯à¨âï¦¥­¨¥¬ ª¢ §¨ç áâ¨æ,  
¯à¨­æ¨¯ � ã«¨ § ¯à¥é ¥â ¤¢ã¬ ä¥à¬¨®­ ¬ ¨¬¥âì ®¤¨­ ª®¢ë© á¯¨­ ¢ ®¤­®© â®çª¥.
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�¢ï§ ­­®¥ á®áâ®ï­¨¥ á®®â¢¥âáâ¢ã¥â ®âà¨æ â¥«ì­®¬ã §­ ç¥­¨î í­¥à£¨¨ E =
�2�(� > 0). �®¤áâ ¢«ïï íâ® ¢ (7.7),   (7.7) ¢ (7.8), ¯®«ãç ¥¬:

I =
1

2
gI

p0=pF+
�h!D
vFX

p0=pF� �h!D
vF

1

j�pj+�
=

=
1

2
gI�F

Z �h!D

��h!D
d�

1

j�j+�
� 1

2
gI�F ln

�h!D
�

(7.9)

£¤¥ ¬ë ¯¥à¥è«¨ ®â áã¬¬¨à®¢ ­¨ï ¯® p ª ¨­â¥£à¨à®¢ ­¨î ¯® � = vF (p � pF ), ¢¢¥¤ï
¯«®â­®áâì á®áâ®ï­¨© ­  ¯®¢¥àå­®áâ¨ �¥à¬¨ �F = mpF

�2�h3 ¨ ãç«¨, çâ® � � �h!D. �®-
á«¥¤­¨© ª®íää¨æ¨¥­â 1=2 á¢ï§ ­ á â¥¬, çâ® ¬ë §¤¥áì áã¬¬¨àã¥¬ ¯® á®áâ®ï­¨ï¬
®¤­®© ¨§ ª¢ §¨ç áâ¨æ ¯ àë, ã ª®â®à®© ¯à®¥ªæ¨ï á¯¨­  § ¤ ­ , â®£¤  ª ª ¯«®â-
­®áâì á®áâ®ï­¨© �F § ¯¨á ­  ¤«ï ®¡¥¨å ¯à®¥ªæ¨© á¯¨­ . �®®â¢¥âáâ¢¥­­®, ¨§ (7.9)
¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¤«ï �:

1 =
1

2
g�F ln

�h!D
�

(7.10)

ª®â®à®¥ ¢á¥£¤  (¤ ¦¥ ¯à¨ áª®«ì ã£®¤­® ¬ «ëå §­ ç¥­¨ïå g) ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥
à¥è¥­¨¥:

� = �h!D exp

�
� 2

g�F

�
(7.11)

®¯à¥¤¥«ïîé¥¥ ª®­¥ç­ãî í­¥à£¨î á¢ï§¨ ¯ àë. � ª¨¬ ®¡à §®¬, ­ è  ä¥à¬¨¥¢áª ï
á¨áâ¥¬  ­¥ãáâ®©ç¨¢  ®â­®á¨â¥«ì­® ®¡à §®¢ ­¨ï á¢ï§ ­­ëå ¯ à í«¥ªâà®­®¢ ¯à¨
áª®«ì ã£®¤­® á« ¡®¬ ¯à¨âï¦¥­¨¨ ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨. �â® ¨ ¥áâì ­¥ãáâ®©-
ç¨¢®áâì �ã¯¥à . �à®¢¥¤¥­­®¥ à áá¬®âà¥­¨¥ ­¥áª®«ìª® ­¥â®ç­® { à¥çì è«  ® ¤¢ãå
¢ë¤¥«¥­­ëå í«¥ªâà®­ å ­  ä®­¥ ¦¥áâª®© ¯®¢¥àå­®áâ¨ �¥à¬¨, ­® ®­® ¤ ¥â ¯à -
¢¨«ì­ë© à¥§ã«ìâ â ¤«ï í­¥à£¨¨ á¢ï§¨ ¯ àë ¯® ¯®àï¤ªã ¢¥«¨ç¨­ë. �ã¯¥à®¢áª¨¥
¯ àë, ®ç¥¢¨¤­®, ï¢«ïîâáï ¡®§®­ ¬¨ ¨ ¬®£ãâ ¯à¥â¥à¯¥¢ âì ¡®§¥-ª®­¤¥­á æ¨î ¯à¨
¤®áâ â®ç­® ­¨§ª¨å â¥¬¯¥à âãà å, çâ® ¨ ¥áâì £« ¢­ ï ¨¤¥ï ¢ ®¡êïá­¥­¨¨ ¬¥å ­¨§¬ 
á¢¥àåâ¥ªãç¥áâ¨ ¢ ä¥à¬¨-á¨áâ¥¬¥ (á¢¥àå¯à®¢®¤¨¬®áâ¨).

�¢¥àåâ¥ªãç¨© ä¥à¬¨-£ §. �­¥à£¥â¨ç¥áª¨©
á¯¥ªâà.

�â ª, ä¨§¨ç¥áª ï ¯à¨à®¤  á¢¥àå¯à®¢®¤¨¬®áâ¨¬¥â ««®¢ á®áâ®¨â ¢ áâà¥¬«¥­¨¨ í«¥ª-
âà®­®¢ ª á¯ à¨¢ ­¨î, â.¥. ®¡à §®¢ ­¨î á¢ï§ ­­ëå á®áâ®ï­¨© ¨§ ¯ à ç áâ¨æ, ­ å®-
¤ïé¨åáï (¢ ¨¬¯ã«ìá­®¬ ¯à®áâà ­áâ¢¥) ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨ ¨ ®¡« ¤ îé¨å
à ¢­ë¬¨ ¯® ¢¥«¨ç¨­¥ ¨ ¯à®â¨¢®¯®«®¦­ë¬¨ ¯® ­ ¯à ¢«¥­¨î ¨¬¯ã«ìá ¬¨ ¨ á¯¨-
­ ¬¨. �¨ªà®áª®¯¨ç¥áª¨© ¬¥å ­¨§¬ ¯à¨âï¦¥­¨ï ¢ âà ¤¨æ¨®­­ëå á¢¥àå¯à®¢®¤­¨-
ª å (á â¥¬¯¥à âãà®© á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤  Tc < 30K) á¢ï§ ­ á í«¥ªâà®­ {
ä®­®­­ë¬ ¢§ ¨¬®¤¥©áâ¢¨¥¬. �à¨à®¤  ¯à¨âï¦¥­¨ï ¢ ¢ëá®ª®â¥¬¯¥à âãà­ëå á¢¥àå-
¯à®¢®¤­¨ª å ­  ®á­®¢¥ ®ªá¨¤®¢ ¬¥¤¨ (Tc > 30K) ¥é¥ ®ª®­ç â¥«ì­® ­¥ ¢ëïá­¥­ ,
áª®à¥¥ ¢á¥£® ®­  á¢ï§ ­  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ­®á¨â¥«¥© â®ª  á  ­â¨ä¥àà®¬ £­¨â-
­ë¬¨ á¯¨­®¢ë¬¨ ä«ãªâã æ¨ï¬¨. � á¢¥àåâ¥ªãç¥¬ He3 (£¤¥ ¢ ®¡« áâ¨ T < 2:610�3K
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áãé¥áâ¢ã¥â ­¥áª®«ìª® á¢¥àåâ¥ªãç¨å ä §) íâ® ®¡¬¥­ ¯ à ¬ £­®­ ¬¨ (á¯¨­®¢ë¬¨
ä«ãªâã æ¨ï¬¨) ¬¥¦¤ã ª¢ §¨ç áâ¨æ ¬¨ ¢ £¥«¨¨. �à¥¤« £ «¨áì ¨ ¤àã£¨¥ ¬¥å ­¨§¬ë
á¯ à¨¢ â¥«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï, ­ ¯à¨¬¥à â ª ­ §ë¢ ¥¬ë© íªá¨â®­­ë© ¬¥å ­¨§¬.
� «î¡®¬ á«ãç ¥ à¥çì ¨¤¥â ® ¢§ ¨¬®¤¥©áâ¢¨¨ §  áç¥â ®¡¬¥­  â¥¬ ¨«¨ ¨­ë¬ ª¢ ­-
â®¬ ª®««¥ªâ¨¢­ëå (¡®§®­­ëå) ¢®§¡ã¦¤¥­¨© ¬¥¦¤ã ä¥à¬¨®­­ë¬¨ ª¢ §¨ç áâ¨æ ¬¨.
� ¤ «ì­¥©è¥¬ ¬ë ­¥ à áá¬ âà¨¢ ¥¬ íâ¨ ¬¥å ­¨§¬ë, ®£à ­¨ç¨¢ ïáì ®¡áã¦¤¥­¨¥¬
âà ¤¨æ¨®­­®© ¬®¤¥«¨ á¢¥àå¯à®¢®¤¨¬®áâ¨ ¬¥â ««®¢, ­  ®á­®¢¥ ¯à®áâ¥©è¥© ¬®¤¥«¨,
¯à¥¤«®¦¥­­®© � à¤¨­ë¬, �ã¯¥à®¬ ¨ �à¨ää¥à®¬ (¬®¤¥«ì ���)3.

� à¤¨­, �ã¯¥à ¨ �à¨ää¥à ¯à¥¤«®¦¨«¨ á«¥¤ãîé¨© ¬®¤¥«ì­ë© £ ¬¨«ìâ®­¨ ­
á¢¥àå¯à®¢®¤­¨ª :

H =
X
p�

�pa
+
p�ap� �

g

V

X
pp0

a+p0"a
+
�p0#a�p#ap" (7.12)

£¤¥ �p = vF (jpj � pF ) { í­¥à£¨ï í«¥ªâà®­  ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨ ¢ ­®à¬ «ì-
­®¬ ¬¥â ««¥ (®âáç¨â ­­ ï ®â ãà®¢­ï �¥à¬¨), a+p�, ap� { ®¯¥à â®àë à®¦¤¥­¨ï ¨
ã­¨çâ®¦¥­¨ï í«¥ªâà®­  á ¨¬¯ã«ìá®¬ p ¨ ¯à®¥ªæ¨¥© á¯¨­  �. �­ ª ª®­áâ ­âë ¢§ -
¨¬®¤¥©áâ¢¨ï g ¢ë¡à ­ á®®â¢¥âáâ¢ãîé¨¬ ¯à¨âï¦¥­¨î, ¨ ®­  áç¨â ¥âáï ®â«¨ç­®©
®â ­ã«ï â®«ìª® ¢ ­¥ª®â®à®¬ í­¥à£¥â¨ç¥áª®¬ á«®¥ ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨, ª ª
¢ (7.6). � ¬¥â¨¬, çâ® íâ®â £ ¬¨«ìâ®­¨ ­ ¨¬¥¥â á¨«ì­® \ãà¥§ ­­ë©" ¢¨¤ { ¢§ ¨-
¬®¤¥©áâ¢ãîâ, ¢ á®®â¢¥âáâ¢¨¨ á ¨§«®¦¥­­®© ¢ëè¥ ª àâ¨­®©, â®«ìª® í«¥ªâà®­ë á
¯à®â¨¢®¯®«®¦­ë¬¨ ¨¬¯ã«ìá ¬¨ ¨ á¯¨­ ¬¨,   ¢á¥ ¯à®ç¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï ¯à®áâ®
¢ë¡à®è¥­ë4.

�à¨  ­ «¨§¥ £ ¬¨«ìâ®­¨ ­  (7.12) ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬, ¯à¥¤«®¦¥­­ë¬ �®-
£®«î¡®¢ë¬. �¢¥¤¥¬ ¢¬¥áâ® ç áâ¨ £ ¬¨«ìâ®­¨ ­  (7.12), ®â¢¥âáâ¢¥­­®© §  ¢§ ¨¬®-
¤¥©áâ¢¨¥:

Hint = � g

V

X
pp0

a+p0"a
+
�p0#a�p#ap" (7.13)

£ ¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï á á ¬®á®£« á®¢ ­­ë¬ ¯®«¥¬ ¢¨¤ :

Hint = � g

V

X
pp0

n
< a+p0"a

+
�p0# > a�p#ap"+ < a�p#ap" > a+p0"a

+
�p0#

o
(7.14)

£¤¥ ã£«®¢ë¥ áª®¡ª¨ ®¡®§­ ç îâ ãáà¥¤­¥­¨¥ ¯® ®á­®¢­®¬ã á®áâ®ï­¨î ¯à¨ T = 0 ¨
áâ â¨áâ¨ç¥áª®¥ áà¥¤­¥¥ ¯à¨ T > 0: < ::: >= Z�1Sp(e�

H
T :::). � à¥§ã«ìâ â¥, ¯®«­ë©

3�à¨ íâ®¬ ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® á¨­£«¥â­®¥ á¯ à¨¢ ­¨¥ í«¥ªâà®­®¢ (á ¯à®â¨¢®¯®-
«®¦­ë¬¨ á¯¨­ ¬¨) ¨ ­ã«¥¢ë¬ ®à¡¨â «ì­ë¬ ¬®¬¥­â®¬ ¯ àë (s-á¯ à¨¢ ­¨¥), å®âï ¢ ­¥ª®â®àëå
¬¥â «« å ¨ á¢¥àåâ¥ªãç¥¬ He3 á¯ à¨¢ ­¨¥ ¯à®¨áå®¤¨â ¢ âà¨¯«¥â­®¬ á®áâ®ï­¨¨ ¯® á¯¨­ã (¯ à «-
«¥«ì­ë¥ á¯¨­ë ¢ ¯ à¥) ¨ ­¥ ®¡ï§ â¥«ì­® ¢ s-á®áâ®ï­¨¨ ¯® ®à¡¨â «ì­®¬ã ¬®¬¥­âã. � ¯à¨¬¥à, ¢
ã¯®¬ï­ãâëå ¢ëá®ª®â¥¬¯¥à âãà­ëå á¢¥àå¯à®¢®¤­¨ª å à¥ «¨§ã¥âáï á¨­£«¥â­®¥ d-á¯ à¨¢ ­¨¥.

4� à¥§ã«ìâ â¥ â ª®£® ã¯à®é¥­¨ï (¢ë¤¥«¥­¨ï ­ ¨¡®«¥¥ áãé¥áâ¢¥­­®£® ¢§ ¨¬®¤¥©áâ¢¨ï) § ¤ çã
ã¤ ¥âáï ¨áá«¥¤®¢ âì ¤®áâ â®ç­® ¤¥â «ì­®,   â¥®à¨ï ��� ï¢«ï¥âáï ®¤­¨¬ ¨§ ¢ëáè¨å ¤®áâ¨¦¥­¨©
á®¢à¥¬¥­­®© â¥®à¥â¨ç¥áª®© ä¨§¨ª¨, ¥¥ ®á­®¢­ë¥ ¨¤¥¨ á®åà ­ïîâ á¨«ã ¢ ¯à¨¬¥­¥­¨¨ ª á ¬ë¬ à §-
­ë¬ á¨áâ¥¬ ¬ ¨ ¬ áèâ ¡ ¬ í­¥à£¨¨ (â¥¬¯¥à âãàë).�®¬¨¬® ã¦¥ ã¯®¬ï­ãâëå ¯à¨¬¥à®¢, ãª ¦¥¬
­  ¯à¨¬¥­¨¬®áâì ¥¥ ª ¯à®æ¥áá ¬ á¯ à¨¢ ­¨ï ­ãª«®­®¢ ¢  â®¬­ëå ï¤à å, ª á¢¥àåâ¥ªãç¥áâ¨ ï¤¥à­®©
¬ â¥à¨¨ ¢ ­¥©âà®­­ëå §¢¥§¤ å,   â ª¦¥ ª ­¥ª®â®àë¬ ¬®¤¥«ï¬ á®¢à¥¬¥­­®© â¥®à¨¨ í«¥¬¥­â à­ëå
ç áâ¨æ.
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£ ¬¨«ìâ®­¨ ­ ¯à¨­¨¬ ¥â ¢¨¤5:

H =
X
p�

�pa
+
p�ap� +

X
p

n
��ap"a�p# +�a+�p#a

+
p"
o
+
1

g
V j�j2 (7.15)

£¤¥ ¢¢¥«¨:

�� =
g

V

X
p0

< a+p0"a
+
�p0# > (7.16)

� =
g

V

X
p0

< a�p0#ap0" > (7.17)

â ª ­ §ë¢ ¥¬ë¥  ­®¬ «ì­ë¥ áà¥¤­¨¥, â¥á­® á¢ï§ ­­ë¥ á ¯ à ¬¥âà®¬ ¯®àï¤ª  á¢¥àå-
¯à®¢®¤ïé¥£® ¯¥à¥å®¤ . �®¬¡¨­ æ¨¨ ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï, áâ®ïé¨¥
§¤¥áì ¯®¤ §­ ª®¬ ãáà¥¤­¥­¨ï, ¯® áãâ¨ ¤¥« , ¯à¥¤áâ ¢«ïîâ á®¡®© ®¯¥à â®àë à®¦¤¥-
­¨ï ¨ ã­¨çâ®¦¥­¨ï ªã¯¥à®¢áª¨å ¯ à (¡®§®­®¢!) á ­ã«¥¢ë¬ ¨¬¯ã«ìá®¬,  ­ «®£¨ç-
­ë¥ (6.89). �®íâ®¬ã, ¨á¯®«ì§ãï ¡®£®«î¡®¢áªãî ¨¤¥®«®£¨î, ¯à¨¬¥­ï¢èãîáï ¢ëè¥ ª
¡®§¥-£ §ã, ¬ë ¨ ¬®¦¥¬ § ¬¥­¨âì íâ¨ ª®¬¡¨­ æ¨¨ ®¯¥à â®à®¢ ¢ £ ¬¨«ìâ®­¨ ­¥ (7.13)
­  c-ç¨á«  (7.16), (7.17), â.¥. ¯à¥¤¯®«®¦¨âì, çâ® ªã¯¥à®¢áª¨¥ ¯ àë ¯à¨ ­¨§ª¨å â¥¬¯¥-
à âãà å ¯à¥â¥à¯¥¢ îâ ¡®§¥ { ª®­¤¥­á æ¨î ¨ â.¤. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­®
áç¨â âì, çâ® �� = �, â.¥. ¢ë¡à âì ä §ã ª®¬¯«¥ªá­®£® ç¨á«  � = j�jei� (¯ à -
¬¥âà  ¯®àï¤ª ) à ¢­®© ­ã«î: � = 0. � ®âáãâáâ¢¨¥ ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï íâ®
¬®¦­® á¤¥« âì, ¯®áª®«ìªã í­¥à£¨ï á¨áâ¥¬ë ¢á¥ à ¢­® ®ª §ë¢ ¥âáï ­¥ § ¢¨áïé¥© ®â
ä §ë6. � ¬¥â¨¬, çâ® áãé¥áâ¢®¢ ­¨¥  ­®¬ «ì­ëå áà¥¤­¨å â¨¯  (7.17) ï¢­® ­ àãè ¥â
§ ª®­ á®åà ­¥­¨¥ ç¨á«  ç áâ¨æ, ¢ ­®à¬ «ì­®¬ ¬¥â ««¥ â ª¨¥ áà¥¤­¨¥ ¡¥§ãá«®¢­®
à ¢­ë ­ã«î [20]. � ª¨¬ ®¡à §®¬, ¨å ¯®ï¢«¥­¨¥ ®§­ ç ¥â ­ àãè¥­¨¥ á®®â¢¥âáâ¢ãî-
é¥© á¨¬¬¥âà¨¨ ¯à¨ ä §®¢®¬ ¯¥à¥å®¤¥ ¨§ ­®à¬ «ì­®£® ¬¥â ««  ¢ á¢¥àå¯à®¢®¤ïé¥¥
á®áâ®ï­¨¥7. � «ì­¥©è¨©  ­ «¨§ ¤®«¦¥­ ¯®ª § âì, á ¬®á®£« á®¢ ­­ë¬ ®¡à §®¬, çâ®
â ª¨¥ áà¥¤­¨¥ ¤¥©áâ¢¨â¥«ì­® ®â«¨ç­ë ®â ­ã«ï ¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å { íâ® ¨ ¡ã-
¤¥â ¯¥à¥å®¤ ¢ á¢¥àå¯à®¢®¤ïé¥¥ á®áâ®ï­¨¥.

�®áª®«ìªã £ ¬¨«ìâ®­¨ ­ (7.15) ¨¬¥¥â â¥¯¥àì ¢¨¤ ª¢ ¤à â¨ç­®© ä®à¬ë ¯®
ä¥à¬¨®­­ë¬ ®¯¥à â®à ¬, ®­ ¬®¦¥â ¡ëâì ¤¨ £®­ «¨§®¢ ­ á ¯®¬®éìî u � v{
¯à¥®¡à §®¢ ­¨ï �®£®«î¡®¢ . �¥à¥©¤¥¬ ª ­®¢ë¬ ®¯¥à â®à ¬:

bp# = upap# + vpa
+
�p" bp" = upap" � vpa

+
�p# (7.18)

b+p# = upa
+
p# + vpa�p" b+p" = upa

+
p" � vpa�p# (7.19)

� á¨«ã ¯à¥¤¯®« £ ¥¬®© ¨§®âà®¯¨¨ í«¥ªâà®­­®© ¦¨¤ª®áâ¨ ª®íää¨æ¨¥­âë up ¨ vp
§ ¢¨áïâ â®«ìª® ®â jpj. �à¥®¡à §®¢ ­¨¥ (7.19) \®¡ê¥¤¨­ï¥â" ®¯¥à â®àë ª¢ §¨ç áâ¨æ
á ¯à®â¨¢®¯®«®¦­ë¬¨ ¨¬¯ã«ìá ¬¨ ¨ á¯¨­ ¬¨. \�â àë¥" ®¯¥à â®àë ã¤®¢«¥â¢®àï«¨
ä¥à¬¨¥¢áª¨¬ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬:n

ap�; a
+
p0�0

o
= �pp0���0

�
ap�; ap0�0

	
=
n
a+p�; a

+
p0�0

o
= 0 (7.20)

5�¡à â¨â¥ ¢­¨¬ ­¨¥ ­  á¬¥­ã §­ ª , á¢ï§ ­­ãî á â¥¬, çâ® ¬ë ¯¥à¥áâ ¢¨«¨ ¬¥áâ ¬¨  ­â¨ª®¬-
¬ãâ¨àãîé¨¥ ä¥à¬¨-®¯¥à â®àë. �à®¬¥ â®£® §¤¥áì ãçâ¥­® ¯®á«¥¤­¥¥ á« £ ¥¬®¥, ¯®«ãç îé¥¥áï ¯à¨
ãáà¥¤­¥­¨¨ (7.13) ¢ ¤ãå¥ (7.14), ­¥ á®¤¥à¦ é¥¥ ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï, ¨ ¤ îé¥¥
¢ª« ¤ ¢ í­¥à£¨î ®á­®¢­®£® á®áâ®ï­¨ï

6� ­¥ï¢­®¬ ¢¨¤¥ íâ® ¦¥ ¡ë«® á¤¥« ­® ¨ ¢ (6.89), ¢ ¬®¤¥«¨ ¡®§¥-£ § .
7�¤¥áì ¬ë áâ «ª¨¢ ¥¬áï á ï¢«¥­¨¥¬, ª®â®à®¥ ¢ á®¢à¥¬¥­­®© â¥®à¨¨ ­ §ë¢ ¥âáï á¯®­â ­­ë¬

­ àãè¥­¨¥¬ á¨¬¬¥âà¨¨ { ­®¢®¥ ®á­®¢­®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë (á¢¥àå¯à®¢®¤­¨ª) ¨¬¥¥â ¡®«¥¥ ­¨§ªãî
á¨¬¬¥âà¨î, ­¥¦¥«¨ £ ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë (7.12). � ª®¥ ï¢«¥­¨¥ ï¢«ï¥âáï â¨¯¨ç­ë¬ ¤«ï «î¡®£®
ä §®¢®£® ¯¥à¥å®¤  II à®¤ .
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£¤¥ ä¨£ãà­ë¥ áª®¡ª¨ ®¡®§­ ç îâ  ­â¨ª®¬¬ãâ â®àë. �ë ¤®«¦­ë ¯®âà¥¡®¢ âì,
çâ®¡ë ¨ ­®¢ë¥ ®¯¥à â®àë ã¤®¢«¥â¢®àï«¨ â ª¨¬ ¦¥ á®®â­®è¥­¨ï¬:n

bp�; b+p0�0

o
= �pp0���0

�
bp�; bp0�0

	
=
n
b+p�; b

+
p0�0

o
= 0 (7.21)

â.¥. çâ®¡ë \­®¢ë¥" ª¢ §¨ç áâ¨æë ®áâ ¢ «¨áì ä¥à¬¨®­ ¬¨. �¥£ª® ã¡¥¤¨âìáï, çâ®
®âáî¤  ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ ãá«®¢¨¥ ­  ª®íää¨æ¨¥­âë u ¨ v:

u2p + v2p = 1 (7.22)

�à¨ íâ®¬ ®¡à â­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ¢¨¤:

ap" = upbp" + vpb
+
�p# ap# = upbp# � vpb

+
�p" (7.23)

a+p" = upb
+
p" + vpb�p# a+p# = upb

+
p# � vpb�p" (7.24)

�®¤áâ ¢«ïï (7.24) ¢ £ ¬¨«ìâ®­¨ ­ (7.15), ¯®«ãç ¥¬:

H = 2
X
p

�pv
2
p � 2�

X
p

upvp +
1

g
V�2 +

+
X
p

n
[�p(u

2
p � v2p) + 2�upvp](b

+
p"bp" + b+p#bp#)

o
+

+
X
p

n
[2�pupvp ��(u2p � v2p)](b+p"b+�p# + b�p#bp")

o
(7.25)

�¥¯¥àì ¢¨¤­®, çâ® ­ã¦­® ­ «®¦¨âì á«¥¤ãîé¥¥ ãá«®¢¨¥ ­  ª®íää¨æ¨¥­âë u ¨ v:

2�pupvp ��(u2p � v2p) = 0 (7.26)

¨ ­¥¤¨ £®­ «ì­ë¥ ç«¥­ë ¢ (7.25) ¨áç¥§­ãâ. �®£¤  ®ª®­ç â¥«ì­® ¯®«ãç ¥¬ £ ¬¨«ì-
â®­¨ ­ ­®¢ëå \á¢®¡®¤­ëå" (!) ª¢ §¨ç áâ¨æ ¢ ¢¨¤¥:

H = E0 +
X
p

"(p)[(b+p"bp" + b+p#bp#)] (7.27)

£¤¥

E0 = 2
X
p

[�pv
2
p ��upvp] +

1

g
V�2 (7.28)

®¯à¥¤¥«ï¥â í­¥à£¨î ®á­®¢­®£® á®áâ®ï­¨ï,  

"(p) = �p(u
2
p � v2p) + 2�upvp (7.29)

{ í­¥à£¨î ­®¢ëå ª¢ §¨ç áâ¨æ. �§ (7.22) ¨ (7.26) «¥£ª® ­ å®¤¨¬ ï¢­ë¥ ¢ëà ¦¥­¨ï
¤«ï ª®íää¨æ¨¥­â®¢ u ¨ v:

u2p
v2p

�
=
1

2

0@1� �pq
�2p +�2

1A (7.30)

�®£¤  ¤«ï á¯¥ªâà  ­®¢ëå ª¢ §¨ç áâ¨æ ¨§ (7.29) ¯®«ãç ¥¬:

"(p) =
q
�2p +�2 (7.31)
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�¨á. 7-1 �­¥à£¥â¨ç¥áª¨© á¯¥ªâà í«¥ªâà®­®¢ ¢ â¥®à¨¨ ���.

{ á¯¥ªâà ��� á® é¥«ìî è¨à¨­®© 2� ­  ¯®¢¥àå­®áâ¨ �¥à¬¨! � ç¥áâ¢¥­­ë© ¢¨¤
íâ®£® á¯¥ªâà  ¯à¨¢¥¤¥­ ­  �¨á.7-1. �ç¥¢¨¤­ë¬ ®¡à §®¬, íâ®â á¯¥ªâà ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î á¢¥àåâ¥ªãç¥áâ¨ � ­¤ ã { Min "(p)
p

> 0, â.¥. ®¡¥á¯¥ç¨¢ ¥â á¢¥àå¯à®¢®¤¨-

¬®áâì ¢ á¨áâ¥¬¥ § àï¦¥­­ëå ç áâ¨æ8.
� ª¨¬ ®¡à §®¬, ¯à¨ ª®­¥ç­ëå §­ ç¥­¨ïå � (â.¥. ­  ª ç¥áâ¢¥­­®¬ ï§ëª¥, ¯à¨

­ «¨ç¨¨ ¡®§¥-ª®­¤¥­á â  ªã¯¥à®¢áª¨å ¯ à) ¢ á¨áâ¥¬¥ ¢®§­¨ª ¥â á¢¥àå¯à®¢®¤¨¬®áâì.
�áâ «®áì, ®¤­ ª®, ¯®ª § âì, çâ® â ª ï á¨âã æ¨ï ¢®§¬®¦­ , â.¥. ­ã¦­® ­ ©â¨ ãá«®¢¨ï
ª®£¤  áâ ­®¢ïâáï ®â«¨ç­ë¬¨ ®â ­ã«ï  ­®¬ «ì­ë¥ áà¥¤­¨¥ (7.16), (7.17). �®¢¥àè ï
¢ (7.16) u� v{¯à¥®¡à §®¢ ­¨¥, § ¯¨è¥¬:

� =
g

V

X
p

< a+p"a
+
�p# >=

g

V

X
p

upvp(1� np" � np#) (7.32)

£¤¥
np" =< b+p"bp" > 1� np# =< bp#b+p# > (7.33)

� á ¬®¬ ¤¥«¥:

< a+p"a
+
�p# >=< (upb

+
p" + vpb�p#)(upb+�p# � vpbp") >=

= u2p < b+p"b
+
�p# > �upvp < b+p"bp" > +vpup < b�p#b+�p# > �v2p < b�p#bp" >=

= upvp(1� np" � np#)

(7.34)

8�á«¨ ¢ á¨áâ¥¬¥ â¥ç¥â â®ª, â® ¢áï ¯®¢¥àå­®áâì �¥à¬¨ á¬¥é¥­  ¢ ¨¬¯ã«ìá­®¬ ¯à®áâà ­áâ¢¥ ­ 
­¥ª®â®àë© ¢¥ªâ®à q, â ª®©, çâ® mvs = �hq, £¤¥ vs { ¤à¥©ä®¢ ï áª®à®áâì í«¥ªâà®­®¢. �®£¤  í­¥à-

£¨ï í«¥¬¥­â à­®£® ¢®§¡ã¦¤¥­¨ï ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨ ¨¬¥¥â ¢¨¤ "(p) �
p
�2p +�2 + pFvs,

£¤¥ ãç«¨ ¬ «®áâì ¤à¥©ä®¢®© áª®à®áâ¨, â ª çâ® �p+q � �p + vF q. �«ï í«¥ªâà®­  á ¨¬¯ã«ìá®¬

¯ à ««¥«ì­ë¬ ¨«¨  ­â¨¯ à ««¥«ì­ë¬ vs ¨¬¥¥¬ "(p) �
p
�2p + �2 � pF vs. � ª¨¬ ®¡à §®¬ ¬¥¦¤ã

¤¢ã¬ï ¯à®â¨¢®¯®«®¦­ë¬¨ â®çª ¬¨ ­  ¯®¢¥àå­®áâ¨ �¥à¬¨ ¢®§­¨ª ¥â à §­®áâì í­¥à£¨© �h! = 2pF vs
¨ á¯¥ªâà ¢®§¡ã¦¤¥­¨© áâ ­®¢¨âáï ­¥á¨¬¬¥âà¨ç­ë¬. �¤­ ª®, ¯®ªã¤  �h! = 2pF vs < � é¥«ì ¢ á¯¥ª-
âà¥ á®åà ­ï¥âáï ¨, ¯à¨ T = 0, ¢®§¡ã¦¤¥­­ë¥ ª¢ §¨ç áâ¨æë ��� ®âáãâáâ¢ãîâ! �®®â¢¥âáâ¢¥­­®,
­¥â ¨ ¤¨áá¨¯ æ¨¨ â®ª . �à¨ vspf > � ¢¥àå­ïï ¨ ­¨¦­ïï §®­ë ª¢ §¨ç áâ¨æ ­ ç¨­ îâ ¯¥à¥ªàë-
¢ âìáï ¨ ¢®§¡ã¦¤¥­¨¥ ª¢ §¨ç áâ¨æ ¢ ¢¥àå­îî §®­ã ¢®§¬®¦­® ¤ ¦¥ ¯à¨ T = 0 { á¢¥àå¯à®¢®¤¨¬®áâì
¯à®¯ ¤ ¥â. �®®â¢¥âáâ¢¥­­®, ¢®§­¨ª ¥â ¨ ¯à®áâ¥©è ï ®æ¥­ª  ªà¨â¨ç¥áª®£® â®ª  á¢¥àå¯à®¢®¤­¨ª :
jc = evcs =

e�
pF

.
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¯®áª®«ìªã ¯à¨ ¯à ¢¨«ì­®¬ ¢ë¡®à¥ ­®¢®£® ®á­®¢­®£® á®áâ®ï­¨ï ¤®«¦­® ¢ë¯®«-
­ïâìáï ãá«®¢¨¥ < b+p"b

+
�p# >=< b�p#bp" >= 0, â.¥. ­®¢ë¥ ª¢ §¨ç áâ¨æë ­¥ ¤®«¦­ë

á ¬®¯à®¨§¢®«ì­® à®¦¤ âìáï ¨ ã­¨çâ®¦ âìáï9. �­ «®£¨ç­®:

< ap"a�p# >= upvp(1� np# � np") =< a+p"a
+
�p# > (7.35)

�®¤áâ ¢«ïï ¢ (7.32) ï¢­ë¥ ¢ëà ¦¥­¨ï ¤«ï up ¨ vp ¨§ (7.30), ¨¬¥¥¬:

1 =
g

2V

X
p

1� np" � np#q
�2p +�2

(7.36)

ãà ¢­¥­¨¥ ¤«ï í­¥à£¥â¨ç¥áª®© é¥«¨ ¢ â¥®à¨¨ ���.
� ®âáãâáâ¢¨¥ ¬ £­¨â­®£® ¯®«ï, ç¨á«  § ¯®«­¥­¨ï np" = np# ¨ ®¯à¥¤¥«ïîâáï

®¡ëç­ë¬ à á¯à¥¤¥«¥­¨¥¬ �¥à¬¨ ç áâ¨æ á® á¯¥ªâà®¬ (7.31):

np" = np# =
1

e
"(p)
T + 1

(7.37)

� áá¬®âà¨¬ á­ ç «  á«ãç © T = 0. � íâ®¬ á«ãç ¥, ¯à¨ � 6= 0, ª¢ §¨ç áâ¨æ ­¥â,
â.¥. np" = np# = 0. �à¨ T > 0 ®­¨, ª®­¥ç­®, ¬®£ãâ ¢®§¡ã¦¤ âìáï ¯®¯ à­® (ç áâ¨æ 
{ ¤ëàª ) ¨ áãé¥áâ¢ãîâ ¢ á®®â¢¥âáâ¢ãîé¥¬ ª®«¨ç¥áâ¢¥ ­ ¤ é¥«ìî. �®£¤ , ¢ (7.36)
¬®¦­® ¯¥à¥©â¨ ®â áã¬¬¨à®¢ ­¨ï ¯® p ª ¨­â¥£à¨à®¢ ­¨î ¨ § ¯¨á âì:

1 =
g

2

Z
d3p

(2��h)3
1� 2npq
�2p +�2

(7.38)

�® ¯à¨ T = 0, ¢ á®®â¢¥âáâ¢¨¨ á® áª § ­­ë¬, ¨¬¥¥¬:

1 =
g

2

Z
dp

(2��h)3
4�p2q
�2p +�2

0

(7.39)

�à §ã § ¬¥â¨¬, çâ® íâ® ãà ¢­¥­¨¥ § ¢¥¤®¬® ­¥ ¨¬¥¥â à¥è¥­¨ï ¤«ï �0 ¯à¨ g < 0,
â.¥. ¢ á«ãç ¥ ®ââ «ª¨¢ ­¨ï, â.ª. §­ ª¨ ®¡¥¨å ç áâ¥© ãà ¢­¥­¨ï § ¢¥¤®¬® à §­ë¥.
�á¯®¬­¨¬ â¥¯¥àì, çâ® ª®­áâ ­â  ¢§ ¨¬®¤¥©áâ¢¨ï g, ä ªâ¨ç¥áª¨, ®â«¨ç­  ®â ­ã«ï
â®«ìª® ¢ á«®¥ è¨à¨­®© � 2!D ¢®ªàã£ ¯®¢¥àå­®áâ¨ �¥à¬¨ (á¬. (7.6)). �®£¤  ¢ (7.39):Z

dpp2
1p

�2
0 + v2F (p � pF )2

� p2F
v2F

Z �h!D

��h!D

d�pq
�2p +�2

0

� 2p2F
v2F

ln
2�h!D
�0

(7.40)

�®£¤  ãà ¢­¥­¨¥ (7.39) ¯à¨­¨¬ ¥â ¢¨¤:

1 =
gmpF

2�2�h3
ln
2�h!D
�0

(7.41)

à¥è¥­¨¥ ª®â®à®£® ¤ ¥â:

�0 = 2�h!D exp

�
� 2

g�F

�
� 2�h!D exp

�
� 1

�p

�
(7.42)

9� â¥¬ â¨ç¥áª¨ íâ® á«¥¤áâ¢¨¥ â®£® ®¡áâ®ïâ¥«ìáâ¢ , çâ® ¤«ï ¤¨ £®­ «¨§®¢ ­­®£® £ ¬¨«ìâ®­¨-
 ­  (7.27) ¢ ¬ âà¨æ¥ ¯«®â­®áâ¨ ¨¬¥îâáï â®«ìª® ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë. �®®â¢¥âáâ¢¥­­® áà¥¤­¨¥
®â ¤¨ £®­ «ì­ëå ¯à®¨§¢¥¤¥­¨© ®¯¥à â®à®¢ (7.33) ®â«¨ç­ë ®â ­ã«ï, â®£¤  ª ª áà¥¤­¨¥ ®â ­¥¤¨ £®-
­ «ì­ëå ¯à®¨§¢¥¤¥­¨© (7.34) à ¢­ë ­ã«î.
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� ¡«¨æ  7.1 �¥¬¯¥à âãà  á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤  ¤«ï àï¤  ¬¥â ««®¢ (K).
Al Sn In Hg Pb Nb Nb3Sn Nb3Ge La1:83Sr0:17CuO4 Y Ba2Cu3O7

1:2 3:75 3:4 4:16 7:22 7:78 18:0 23:2 37 92

£¤¥ �F = mpF
�2�h3

{ ¯«®â­®áâì á®áâ®ï­¨© ­  ãà®¢­¥ �¥à¬¨,   �p = g�F =2 { ¡¥§à §¬¥à­ ï
ª®­áâ ­â  á¯ à¨¢ â¥«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï. � ª¨¬ ®¡à §®¬, ¯à¨ T = 0 í­¥à£¥â¨-
ç¥áª ï é¥«ì �0 ®â«¨ç­  ®â ­ã«ï, ä®à¬ «ì­®, ¯à¨ áª®«ì ã£®¤­® ¬ «ëå §­ ç¥­¨ïå
á¯ à¨¢ â¥«ì­®© ª®­áâ ­âë ¢§ ¨¬®¤¥©áâ¢¨ï �p 10.

�à¨ ª®­¥ç­ëå â¥¬¯¥à âãà å, ¯®« £ ï ¢ (7.38) � = 0, ¯®«ãç ¥¬ ãà ¢­¥­¨¥, ®¯à¥-
¤¥«ïîé¥¥ ªà¨â¨ç¥áªãî â¥¬¯¥à âãàã á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤ :

1 =
g

2

Z
d3p

(2��h)3
1� 2np
j�pj = �p

Z �h!D

��h!D
d�p

1

2�p
th

�p
2Tc

(7.43)

à¥è¥­¨¥ ª®â®à®£® ¤ ¥â [24]:

Tc =
2


�
�h!D exp

�
� 1

�p

�
(7.44)

£¤¥ 
 � 1:78 { ¯®áâ®ï­­ ï �©«¥à . �à¨ íâ®© â¥¬¯¥à âãà¥ í­¥à£¥â¨ç¥áª ï é¥«ì
®¡à é ¥âáï ¢ ­ã«ì (á¬. ­¨¦¥), ¨ á¢¥àå¯à®¢®¤­¨ª ¯¥à¥å®¤¨â ¢ ­®à¬ «ì­®¥ á®áâ®ï­¨¥
11.

� � ¡«¨æ¥ 7-1 ¯à¨¢¥¤¥­ë â¥¬¯¥à âãàë á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤  ¤«ï àï¤  ¬¥-
â ««®¢ ¨ á®¥¤¨­¥­¨©. � ¯®á«¥¤­¨å ¤¢ãå áâ®«¡æ å íâ®© â ¡«¨æë ¯à¨¢¥¤¥­ë ¤ ­­ë¥
¯® ¤¢ã¬ â¨¯¨ç­ë¬ ¢ëá®ª®â¥¬¯¥à âãà­ë¬ á¢¥àå¯à®¢®¤­¨ª ¬ (����) ­  ®á­®¢¥ ®ª-
á¨¤®¢ ¬¥¤¨, ª®â®àë¥  ªâ¨¢­® ¨áá«¥¤ãîâáï c 1987 £®¤ . � ªá¨¬ «ì­ ï â¥¬¯¥à âãà 
á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤  Tc � 135K (¯®¤ ¤ ¢«¥­¨¥¬ ¤® � 150K) ­ ¡«î¤ « áì ¢
á¨áâ¥¬¥Hg2Ba2Ca2Cu3O8. ����{á¨áâ¥¬ë § ¢¥¤®¬® ­¥ ®¯¨áë¢ îâáï í«¥¬¥­â à­®©
â¥®à¨¥© ���, ®¯¨á ­­®© ¢ëè¥. �ª®­ç â¥«ì­®£® ¯®­¨¬ ­¨ï ¯à¨à®¤ë á¢¥àå¯à®¢®-
¤¨¬®áâ¨ ¢ ­¨å ¯®ª  ¥é¥ ­¥â, å®âï ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï ¡®«¥¥ ¨«¨ ¬¥­¥¥ ¢ëïá­¨« áì
­¥ä®­®­­ ï ¯à¨à®¤  á¯ à¨¢ ­¨ï (¢§ ¨¬®¤¥©áâ¢¨¥, ®â¢¥âáâ¢¥­­®¥ §  á¢¥àå¯à®¢®¤¨-
¬®áâì, áª®à¥¥ ¢á¥£®, á¢ï§ ­® á  ­â¨ä¥àà®¬ £­¨â­ë¬¨ á¯¨­®¢ë¬¨ ä«ãªâã æ¨ï¬¨) ¨
¥£®  ­¨§®âà®¯­ë© å à ªâ¥à (d-á¯ à¨¢ ­¨¥).

� âà ¤¨æ¨®­­ëå á¢¥àå¯à®¢®¤­¨ª å, â¥®à¨ï ��� ¤ ¥â ¤®áâ â®ç­® ¯®«­®¥ ®¯¨-
á ­¨¥ íâ®£® ï¢«¥­¨ï ¨ ­¨ª ª¨å á®¬­¥­¨© ¢ í«¥ªâà®­ { ä®­®­­®¬ ¬¥å ­¨§¬¥ á¯ -
à¨¢ ­¨ï ¢ ­¨å ­¥ áãé¥áâ¢ã¥â. � � ¡«¨æ¥ 7-2 [26] ¬ë ¯à¨¢®¤¨¬ §­ ç¥­¨ï �p ¨ �h!D
¤«ï àï¤  âà ¤¨æ¨®­­ëå á¢¥àå¯à®¢®¤­¨ª®¢, £¤¥ § ¢¥¤®¬® ¯à¨¬¥­¨¬  à áá¬®âà¥­­ ï
¢ëè¥ ¬®¤¥«ì \á« ¡®© á¢ï§¨" ���.

10�¡à â¨â¥ ¢­¨¬ ­¨¥ ­  ¤®¯®«­¨â¥«ì­ë© ¬­®¦¨â¥«ì 2 ¢ (7.42), ¯® áà ¢­¥­¨î á  ­ «®£¨ç­ë¬
¢ëà ¦¥­¨¥¬ (7.11), ¯®«ãç¥­­ë¬ ¢ëè¥ ¨§ ¡®«¥¥ ¯à®áâëå á®®¡à ¦¥­¨©. �¥â®ç­®áâì à¥è¥­¨ï (7.11)
á¢ï§ ­  á ®â¬¥ç¥­­®© ¢ëè¥ £àã¡®áâìî à áá¬®âà¥­¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ¤¢ãå í«¥ªâà®­®¢ ­  ä®­¥
¦¥áâª®© ¯®¢¥àå­®áâ¨ �¥à¬¨. � ©¤¥­­®¥ á¥©ç á à¥è¥­¨¥ (7.42) ï¢«ï¥âáï ã¦¥ ¢¯®«­¥ ª®àà¥ªâ­ë¬.
11�á«¨ ¬¥å ­¨§¬ á¯ à¨¢ ­¨ï ®â«¨ç¥­ ®â í«¥ªâà®­ { ä®­®­­®£®, ¢ íâ®© ä®à¬ã«¥ ¢ ¯à¥¤íªá¯®­¥­â¥

áâ®¨â å à ªâ¥à­ ï ç áâ®â  â¥å ¡®§®­­ëå ¢®§¡ã¦¤¥­¨©, ®¡¬¥­ ª®â®àë¬¨, ®â¢¥ç ¥â §  ¯à¨âï¦¥­¨¥
­®á¨â¥«¥© â®ª . � ç áâ­®áâ¨, ¢ â ª ­ §ë¢ ¥¬®¬ íªá¨â®­­®¬ ¬¥å ­¨§¬¥ á¯ à¨¢ ­¨ï §¤¥áì ¬®¦¥â
áâ®ïâì í­¥à£¨ï � EF � �h!D, ¯®ç¥¬ã íâ®â ¬¥å ­¨§¬ ¨ ¯à¥¤« £ «áï ¤«ï ®áãé¥áâ¢«¥­¨ï ¢ëá®-
ª®â¥¬¯¥à âãà­®© á¢¥àå¯à®¢®¤¨¬®áâ¨. � à¥ «ì­ëå ���� { á¨áâ¥¬ å, ¯® ¢¨¤¨¬®¬ã, §¤¥áì áâ®¨â
å à ªâ¥à­ ï í­¥à£¨ï  ­â¨ä¥àà®¬ £­¨â­ëå á¯¨­®¢ëå ä«ãªâã æ¨©,   ®á­®¢­ë¥ ¯®«®¦¥­¨ï â¥®à¨¨
��� á®åà ­ïîâáï.
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� ¡«¨æ  7.2 �ªá¯¥à¨¬¥­â «ì­ë¥ §­ ç¥­¨ï �h!D, Tc ¨ ª®­áâ ­âë á¢ï§¨ �p.

�h!D(K) Tc(K) �p
Zn 235 0:9 0:18
Cd 164 0:56 0:18
Hg 70 4:16 0:35
Al 375 1:2 0:18
T l 100 2:4 0:27
Sn 195 3:75 0:25
Pb 96 7:22 0:39

� ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ¢ á¢¥àåâ¥ªãç¥¬ He3 ¯à¨ â¥¬¯¥à âãà å ­¨¦¥
2:6mK â ª¦¥ ¯à®¨áå®¤¨â ªã¯¥à®¢áª®¥ á¯ à¨¢ ­¨¥ ª¢ §¨ç áâ¨æ ­¥©âà «ì­®© ä¥à¬¨-
¦¨¤ª®áâ¨, §  áç¥â ®¡¬¥­  á¯¨­®¢ë¬¨ ¢®§¡ã¦¤¥­¨ï¬¨ (¯ à ¬ £­®­ ¬¨). � íâ®© á¨-
áâ¥¬¥ áãé¥áâ¢ã¥â ­¥áª®«ìª® á¢¥àåâ¥ªãç¨å ä §, ®â«¨ç îé¨åáï â¨¯®¬ á¯ à¨¢ ­¨ï
(®à¡¨â «ì­ë¬ ¨ á¯¨­®¢ë¬ ¬®¬¥­â®¢ ¯ à). �â® ¯à¨¢®¤¨â ª ­¥®¡ëç ©­®¬ã ¡®£ âáâ¢ã
ä¨§¨ç¥áª¨å ï¢«¥­¨©, ­ ¡«î¤ ¥¬ëå ¢ íâ®© á¨áâ¥¬¥ [27].

�à¥¤áâ ¢«¥­¨î ® á¢ï§ ­­ëå ¯ à å, å®âï ®­® ¨ «¥¦¨â ¢ ®á­®¢¥ á®¢à¥¬¥­­®© â¥®-
à¨¨ á¢¥àå¯à®¢®¤¨¬®áâ¨, ­¥ á«¥¤ã¥â ¯à¨¤ ¢ âì á«¨èª®¬ ¡ãª¢ «ì­ë© á¬ëá«. �®ç­¥¥
á«¥¤ã¥â £®¢®à¨âì ® ª®àà¥«ïæ¨¨ ¬¥¦¤ã á®áâ®ï­¨ï¬¨ ¯ à ç áâ¨æ ¢ p{¯à®áâà ­áâ¢¥,
¯à¨¢®¤ïé¥© ª ª®­¥ç­®© ¢¥à®ïâ­®áâ¨ ç áâ¨æ ¬ ¨¬¥âì à ¢­ãî ­ã«î áã¬¬ã ¨¬-
¯ã«ìá®¢ ¨ á¯¨­®¢. � á ¬®¬ ¤¥«¥, à §¡à®á �p ¢ ®¡« áâ¨ íâ®© ª®àà¥«ïæ¨¨ á®®â¢¥â-
áâ¢ã¥â í­¥à£¨¨ á¢ï§¨ ¯ àë (é¥«¨) � �, â.¥. �p � �=vF . �®®â¢¥âáâ¢ãîé ï ¤«¨­ 
� � �h=�p � �hvF =� ®¯à¥¤¥«ï¥â å à ªâ¥à­ë© ¬ áèâ ¡ à ááâ®ï­¨© ¬¥¦¤ã ç áâ¨æ ¬¨
á ª®àà¥«¨à®¢ ­­ë¬¨ ¨¬¯ã«ìá ¬¨ (à §¬¥à ¯ àë). �à¨ T = 0 íâ , â ª ­ §ë¢ ¥¬ ï
¤«¨­  ª®£¥à¥­â­®áâ¨, à ¢­ :

�0 � �hvF
�0

� vF
!D

exp

�
1

�p

�
(7.45)

�®áª®«ìªã ¢ ¬¥â «« å â¨¯¨ç­ë §­ ç¥­¨ï vF
!D

� �h
pF

"F
�h!D

� a, £¤¥ a { å à ªâ¥à­®¥

à ááâ®ï­¨¥ ¬¥¦¤ã ®â¤¥«ì­ë¬¨ í«¥ªâà®­ ¬¨. �à®¬¥ â®£® ¨ íªá¯®­¥­â  ¢ (7.45) §­ -
ç¨â¥«ì­® ¯à¥¢ëè ¥â ¥¤¨­¨æã, ¯®áª®«ìªã ®¡ëç­® �p < 1. �âáî¤  ïá­®, çâ® ¢á¥£¤ 
�0 � a, â ª çâ® \¢­ãâà¨" ª ¦¤®© ¯ àë ¯®¬¥é ¥âáï ¬­®¦¥áâ¢® ®â¤¥«ì­ëå í«¥ª-
âà®­®¢, ¨«¨, ¨­ë¬¨ á«®¢ ¬¨ ¯ àë á¨«ì­® ¯¥à¥ªàë¢ îâáï ¨ â¥àïîâ á¢®î ¨­¤¨¢¨-
¤ã «ì­®áâì. �â® ­¥ á®¢á¥¬ â ª ¢ ���� { á¨áâ¥¬ å, £¤¥ §  áç¥â ¢ëá®ª®£® §­ ç¥­¨ï
Tc (¡®«ìè®© í­¥à£¨¨ á¢ï§¨ ¯ àë) ¨ ®â­®á¨â¥«ì­® ¬ «®© ª®­æ¥­âà æ¨¨ ­®á¨â¥«¥©
à §¬¥à ¯ à «¨èì ­¥ ®ç¥­ì §­ ç¨â¥«ì­® ¯à¥¢ëè ¥â áà¥¤­¥¥ à ááâ®ï­¨¥ ¬¥¦¤ã ­®-
á¨â¥«ï¬¨. �â¨ á¨áâ¥¬ë ­ å®¤ïâáï ¢ ¯¥à¥å®¤­®© ®¡« áâ¨ ®â \àëå«ëå" ¯ à â¥®à¨¨
��� ª \ª®¬¯ ªâ­ë¬" ¡®§®­ ¬.

�â ª, ¢ â¥®à¨¨ ��� í«¥ªâà®­ë ­®à¬ «ì­®£® ¬¥â ««  ¯à¥¢à é îâáï ¢ ­®¢ë¥
ä¥à¬¨®­­ë¥ ª¢ §¨ç áâ¨æë á á¯¥ªâà®¬ (7.31). �¤­®¢à¥¬¥­­® ¯à®¨áå®¤¨â ¨ ¯¥à¥-
áâà®©ª  ®á­®¢­®£® á®áâ®ï­¨ï ­®à¬ «ì­®£® ¬¥â «« . �à¨¢¥¤¥¬, ¡¥§ ¢ë¢®¤ , ®á­®¢-
­ë¥ ä®à¬ã«ë ¤«ï ®á­®¢­®£® á®áâ®ï­¨ï á¢¥àå¯à®¢®¤­¨ª  [26]. �â® á®áâ®ï­¨¥ ¨¬¥¥â
¢¨¤:

jBCS >=
Y
p

(up + vpa
+
p"a�p#)j0 > (7.46)

£¤¥ j0 > { á®áâ®ï­¨¥ á¨áâ¥¬ë ¡¥§ í«¥ªâà®­®¢ (¢ ªãã¬), ã¤®¢«¥â¢®àïîé¥¥ ®ç¥-
¢¨¤­®¬ã ãá«®¢¨î: ap�j0 >= 0. �á«®¢¨¥ u2p + v2p = 1 ®¡¥á¯¥ç¨¢ ¥â ­®à¬¨à®¢ªã
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< BCSjBCS >= 1. �à¥¤­¥¥ ç¨á«® ç áâ¨æ ¢ á®áâ®ï­¨¨ ��� ¥áâì:

< N >=
X
p�

< BCSja+p�ap�jBCS >= 2
X
p

v2p =
V

(2��h)3

Z
d3p2v2p (7.47)

�à¨ íâ®¬ ä«ãªâã æ¨ï ç¨á«  ç áâ¨æ ¢ ®á­®¢­®¬ á®áâ®ï­¨¨ ��� ®â«¨ç­  ®â ­ã«ï
(íâ® á®áâ®ï­¨¥, ª ª ®â¬¥ç «®áì ¢ëè¥, ­ àãè ¥â § ª®­ á®åà ­¥­¨ï ç¨á«  ç áâ¨æ!):

< N2 > � < N >2=
X
p

4u2pv
2
p (7.48)

�âáî¤  «¥£ª® ¢¨¤¥âì, çâ® < N2 > � < N >2� V �< N >, ®¤­ ª® ®â­®á¨â¥«ì­ ï
ä«ãªâã æ¨ï:

< N2 > � < N >2

< N >2
� 1

< N >
(7.49)

¨ áà¥¤­¥ª¢ ¤à â¨ç­ ï ®â­®á¨â¥«ì­ ï ä«ãªâã æ¨ï ã¡ë¢ ¥â ¯à¨ < N >! 1 ª ª
1=
p
< N >.
�¢­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® â ª ®¯à¥¤¥«¥­­®¥ ®á­®¢­®¥ á®áâ®ï­¨¥ ã¤®-

¢«¥â¢®àï¥â ãá«®¢¨î bp"jBCS >= bp#jBCS >= 0, â.¥. ï¢«ï¥âáï ¯à ¢¨«ì­ë¬ ¢ -
ªãã¬®¬ ¤«ï ª¢ §¨ç áâ¨æ â¥®à¨¨ ���, ¯®«ãç¥­­ëå ¨§ ª¢ §¨ç áâ¨æ ­®à¬ «ì­®£®
¬¥â ««  ¯ãâ¥¬ u� v { ¯à¥®¡à §®¢ ­¨ï.

�¢¥àåâ¥ªãç¨© ä¥à¬¨{£ §. �¥à¬®¤¨­ ¬¨-
ç¥áª¨¥ ¢¥«¨ç¨­ë.

� áá¬®âà¨¬ â¥¯¥àì á¨âã æ¨î ¯à¨ T > 0. �à ¢­¥­¨¥ ¤«ï é¥«¨ (7.38) ¬®¦­® ¯¥à¥¯¨-
á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

� 1 +
g

2

Z
d3p

(2��h)3
1

"(p)
= g

Z
d3p

(2��h)3
np
"(p)

(7.50)

£¤¥ "(p) ¤ ¥âáï (7.31). � ¬¥â¨¬, çâ® ¨­â¥£à « ¢ «¥¢®© ç áâ¨ ®â«¨ç ¥âáï ®â â ª®¢®£®
¢ (7.39) â®«ìª® § ¬¥­®© � ­  �0. �®£¤ , § ¬¥­ïï ¥¤¨­¨æã ¢ «¥¢®© ç áâ¨ ­  «®£ -
à¨ä¬ ¨§ (7.41), ¯¥à¥¯¨áë¢ ¥¬ «¥¢ãî ç áâì (7.50) ª ª g mpF

2�2�h3 ln
�0
� . � ¯à ¢®© ç áâ¨

¯®¤áâ ¢«ï¥¬ äã­ªæ¨î �¥à¬¨ np = [e
"(p)
T + 1]�1 ¨ ¯¥à¥å®¤¨¬ ª ¨­â¥£à¨à®¢ ­¨î ¯®

d� = vFdp. �®£¤  (7.50) ¯à¨­¨¬ ¥â ¢¨¤:

ln
�0

�
=

Z 1

�1

d�p
�2 +�2

�
e

p
�2+�2

T + 1

� = 2I

�
�

T

�
(7.51)

£¤¥

I(u) =

Z 1

�1

dxp
x2 + u2(exp

p
x2 + u2 + 1)

(7.52)
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�â®â ¨­â¥£à « ¤®áâ â®ç­® ¯à®áâ® ¢ëç¨á«ï¥âáï ¢ ¯à¥¤¥«ì­ëå á«ãç ïå [1, 3], ¨ ¬ë
¨¬¥¥¬:

I(u) =

( �
�
2u

�1=2
e�u ¯à¨ u� 1

ln
�
�

u

�
+ 7�(3)

8�2 u
2 ¯à¨ u� 1

(7.53)

£¤¥ 
 � 1:78 { ¯®áâ®ï­­ ï �©«¥à , �(3) � 1:202 { �-äã­ªæ¨ï �¨¬ ­  ®â  à£ã¬¥­â 
3. �®¤áâ ¢«ïï íâ¨ ¯à¥¤¥«ì­ë¥ ¢ëà ¦¥­¨ï ¢ (7.51), ¯®«ãç ¥¬ ¤«ï ®¡« áâ¨ ­¨§ª¨å
â¥¬¯¥à âãà T � �:

� = �0

"
1�

r
2�T

�0
e�

�0
T

#
; (7.54)

  ¢¡«¨§¨ â®çª¨ ¯¥à¥å®¤  ¢ ­®à¬ «ì­®¥ á®áâ®ï­¨¥, ª®£¤  �! 0, ¨¬¥¥¬:

ln
�0

�
= ln

�T


�
+
7�(3)

8�2
�2

T 2
(7.55)

�§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¢¨¤­®, çâ® é¥«ì � ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ â¥¬¯¥à âãà¥:

Tc =



�
�0 � 0:57�0 (7.56)

çâ®, á ãç¥â®¬ (7.42), á®¢¯ ¤ ¥â á (7.44). �â¬¥â¨¬, çâ® ®âáî¤  ¢ëâ¥ª ¥â å à ªâ¥à­®¥
®â­®è¥­¨¥ â¥®à¨¨ ���: 2�0

Tc
� 3:52, íªá¯¥à¨¬¥­â «ì­®¥ ¯®¤â¢¥à¦¤¥­¨¥ ª®â®à®£®

¢ æ¥«®¬ àï¤¥ âà ¤¨æ¨®­­ëå á¢¥àå¯à®¢®¤­¨ª®¢ ¯®á«ã¦¨«®, ¢ á¢®¥ ¢à¥¬ï, ¢ ¦­ë¬
á¢¨¤¥â¥«ìáâ¢®¬ ¯à ¢¨«ì­®áâ¨ íâ®© â¥®à¨¨ 12.

�¡«¨§¨ Tc ¨§ (7.55) «¥£ª® ¯®«ãç¨âì:

�(T ) = Tc

�
8�2

7�(3)

�
1� T

Tc

��1=2
� 3:06Tc

r
1� T

Tc
(7.57)

çâ® ¤¥¬®­áâà¨àã¥â å à ªâ¥à­®¥ ª®à­¥¢®¥ ¯®¢¥¤¥­¨¥ é¥«¨, â¨¯¨ç­®¥ ¤«ï ¯ à ¬¥âà 
¯®àï¤ª  ¯à¨ ä §®¢ëå ¯¥à¥å®¤ å II à®¤ .

�¡é¨© ¢¨¤ § ¢¨á¨¬®áâ¨ í­¥à£¥â¨ç¥áª®© é¥«¨ � ®â â¥¬¯¥à âãàë ¢ â¥®à¨¨ ���,
á«¥¤ãîé¨© ¨§ (7.51) ¯®ª § ­ ­  �¨á. 7-2. �â  § ¢¨á¨¬®áâì â ª¦¥ ¤®áâ â®ç­® å®à®è®
¯®¤â¢¥à¦¤ ¥âáï ¢ íªá¯¥à¨¬¥­â å ­  âà ¤¨æ¨®­­ëå á¢¥àå¯à®¢®¤­¨ª å á ­¥ ®ç¥­ì
¢ëá®ª®© â¥¬¯¥à âãà®© á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤  Tc.

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ¤àã£¨å á¢®©áâ¢ á¢¥àå¯à®¢®¤­¨ª®¢ ¯à¨ ª®­¥ç­ëå â¥¬-
¯¥à âãà å. �à¨¢¥¤¥¬ ¡¥§ ¢ë¢®¤  ¢ëà ¦¥­¨¥ ¤«ï à §­®áâ¨ á¢®¡®¤­ëå í­¥à£¨© á¢¥àå-
¯à®¢®¤ïé¥£® ¨ ­®à¬ «ì­®£® á®áâ®ï­¨ï ¢¡«¨§¨ Tc(T < Tc), ¢ëâ¥ª îé¥¥ ¨§ â¥®à¨¨
��� [1, 3]:

Fs � Fn = �V 2mpFT
2
c

7�(3)�h3

�
1� T

Tc

�2

; (7.58)

®âªã¤  ¢¨¤­®, çâ® á¢¥àå¯à®¢®¤ïé¥¥ á®áâ®ï­¨¥ ¯à¨ T < Tc ¨¬¥¥â ¡®«¥¥ ­¨§ªãî á¢®-
¡®¤­ãî í­¥à£¨î, ­¥¦¥«¨ ­®à¬ «ì­®¥. �«ï à §­®áâ¨ í­âà®¯¨© ¨§ (7.58) á«¥¤ã¥â:

Ss � Sn = �@F
@T

= �V 4mpFTc

7�(3)�h3

�
1� T

Tc

�
(7.59)

12�® ¬­®£¨å á¢¥àå¯à®¢®¤­¨ª å­ ¡«î¤ îâáï § ¬¥â­ë¥ ®âª«®­¥­¨ï®â íâ®£® ¯à¥¤áª § ­¨ï â¥®à¨¨
���. �¡é¥¯à¨­ïâ ï â®çª  §à¥­¨ï á®áâ®¨â ¢ â®¬, çâ® \¨¤¥ «ì­®¥" §­ ç¥­¨¥ 3:52 ¤«ï ®â­®è¥­¨ï
¯®«­®© è¨à¨­ë í­¥à£¥â¨ç¥áª®© é¥«¨ ª ¢¥«¨ç¨­¥ Tc å à ªâ¥à­® ¤«ï á¢¥àå¯à®¢®¤­¨ª®¢ á® á« ¡®©
á¢ï§ìî (¬ «®© ¢¥«¨ç¨­®© ª®­áâ ­âë á¯ à¨¢ â¥«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï), ¢ ¯®«­®¬ á®®â¢¥âáâ¢¨¥¬
á â¥®à¨¥© ���.
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�¨á. 7-2 �¥¬¯¥à âãà­ ï § ¢¨á¨¬®áâì í­¥à£¥â¨ç¥áª®© é¥«¨ ¢ â¥®à¨¨ ���.

�®®â¢¥âáâ¢¥­­®, ¯®«ãç ¥¬ ¢¥«¨ç¨­ã áª çª  â¥¯«®¥¬ª®áâ¨ ¢ â®çª¥ ¯¥à¥å®¤ :

Cs �Cn = T
@S

@T
= V

4mpFTc

7�(3)�h3
(7.60)

�ç¨âë¢ ï, çâ® Cn = VmpFT=3�h
3 (á¬. (5.70)), ¯®«ãç¨¬:

Cs(Tc)

Cn(Tc)
=

12

7�(3)
+ 1 � 2:43: (7.61)

�â® ã­¨¢¥àá «ì­®¥ §­ ç¥­¨¥ â ª¦¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¤®áâ â®ç­® «¥£ª® ¯à®¢¥àï-
¥¬®¥ ­  íªá¯¥à¨¬¥­â¥ ¯à¥¤áª § ­¨¥ â¥®à¨¨ ���. �¯ïâì-â ª¨ ®­® å®à®è® ¯®¤â¢¥à-
¦¤ ¥âáï ¢ á¢¥àå¯à®¢®¤­¨ª å á® á« ¡®© á¢ï§ìî.

�«ï ¢ëç¨á«¥­¨ï â¥¯«®¥¬ª®áâ¨ ¢ ®¡« áâ¨ ­¨§ª¨å â¥¬¯¥à âãà, ã¤®¡­® ¨áå®¤¨âì
¨§ á®®â­®è¥­¨ï:

�E =
X
p

"(p)(�np" + �np#) = 2
X
p

"(p)�np (7.62)

¤«ï ¨§¬¥­¥­¨ï ¯®«­®© í­¥à£¨¨ ª¢ §¨ç áâ¨æ ¯à¨ ¢ àì¨à®¢ ­¨¨ ç¨á¥« § ¯®«­¥­¨ï.
� §¤¥«¨¢ íâ® ¢ëà ¦¥­¨¥ ­  �T ¨ ¯¥à¥å®¤ï ®â áã¬¬¨à®¢ ­¨ï ª ¨­â¥£à¨à®¢ ­¨î,
¯®«ãç¨¬ ¤«ï â¥¯«®¥¬ª®áâ¨:

C = V
mpF

�2�h3

Z 1

�1
d�p"(p)

@np
@T

(7.63)

�à¨ T � �0 ¬®¦­® ¯®«®¦¨âì np � e�
"(p)
T ¨ "(p) � �0 +

�2p
2�0

. �®£¤  ¯à®áâ®¥ ¨­â¥-
£à¨à®¢ ­¨¥ ¤ ¥â:

C = V

p
2mpF�

5=2
0

�3=2�h3T 3=2
e�

�0
T (7.64)



146 �����������������

â ª çâ® ¯à¨ T ! 0 â¥¯«®¥¬ª®áâì í«¥ªâà®­­®£® £ §  ¢ á¢¥àå¯à®¢®¤­¨ª¥ íªá¯®­¥­æ¨-
 «ì­® ¬ « , çâ® ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ áãé¥áâ¢®¢ ­¨ï é¥«¨ ¢ í­¥à£¥â¨ç¥-
áª®¬ á¯¥ªâà¥ ª¢ §¨ç áâ¨æ.

�à¨ T = 0 ¬®¦­® ¯®ª § âì [1, 3], çâ® à §­®áâì í­¥à£¨© ®á­®¢­ëå á®áâ®ï­¨©
á¢¥àå¯à®¢®¤ïé¥© ¨ ­®à¬ «ì­®© ä §ë à ¢­ :

Es � En = �V mpF

4�2�h3
�2
0 = �

1

4
V �F�

2
0: (7.65)

�âà¨æ â¥«ì­ë© §­ ª íâ®© à §­®áâ¨ á®®â¢¥âáâ¢ã¥â ­¥ãáâ®©ç¨¢®áâ¨ \­®à¬ «ì­®£®"
®á­®¢­®£® á®áâ®ï­¨ï ¢ á«ãç ¥ ¯à¨âï¦¥­¨ï ¬¥¦¤ã ª¢ §¨ç áâ¨æ ¬¨ ¨ \¢ë£®¤­®áâ¨"
á¢¥àå¯à®¢®¤ïé¥£® á®áâ®ï­¨ï. �¨§¨ç¥áª¨© á¬ëá« à¥§ã«ìâ â  (7.65) ¢¯®«­¥ ïá¥­: ¢
á«®¥ è¨à¨­®© � �0 ¢¡«¨§¨ ãà®¢­ï �¥à¬¨ ¨¬¥¥âáï � �F�0 ª¢ §¨ç áâ¨æ,   §  áç¥â
®¡à §®¢ ­¨ï é¥«¨ í­¥à£¨ï ª ¦¤®© ¨§ ­¨å ¯®­¨¦ ¥âáï ­  ¢¥«¨ç¨­ã � �0. �á«¨
®æ¥­¨âì ¢ë¨£àëè í­¥à£¨¨ ¢ à áç¥â¥ ­  ®¤¨­ í«¥ªâà®­, ¯®«ãç¨¬ ¢¥«¨ç¨­ã � �2="F .

�ç¥â ªã«®­®¢áª®£® ®ââ «ª¨¢ ­¨ï�.

�® á¨å ¯®à ¬ë ¯à¥¤¯®« £ «¨, çâ® ¢ á¢¥àå¯à®¢®¤­¨ª¥ áãé¥áâ¢ã¥â ­¥ª®â®à®¥ ¯à¨âï-
¦¥­¨¥ í«¥ªâà®­®¢ ¢ á«®¥ è¨à¨­®© 2!D ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨ 13. � ª®¥ ¯à¨âï-
¦¥­¨¥ ¤¥©áâ¢¨â¥«ì­® ¬®¦¥â áãé¥áâ¢®¢ âì §  áç¥â í«¥ªâà®­ { ä®­®­­®£® ¢§ ¨¬®¤¥©-
áâ¢¨ï. �¤­ ª®, ¢ ¬¥â «« å § ¢¥¤®¬® áãé¥áâ¢ã¥â ¨ ¤®áâ â®ç­® á¨«ì­®¥ ªã«®­®¢áª®¥
®ââ «ª¨¢ ­¨¥ ¬¥¦¤ã ¢á¥¬¨ í«¥ªâà®­ ¬¨, ª®â®à®¥, ®ç¥¢¨¤­®, ¯à¥¯ïâáâ¢ã¥â ®¡à §®-
¢ ­¨î ªã¯¥à®¢áª¨å ¯ à ¨ á¢¥àå¯à®¢®¤¨¬®áâ¨. �®á¬®âà¨¬, ª ª ¬®¦­® ãç¥áâì íâ®
®ââ «ª¨¢ ­¨¥ ¢ ãà ¢­¥­¨ïå â¥®à¨¨ ���.

� ®¡é¥¬ á«ãç ¥, í­¥à£¥â¨ç¥áª ï é¥«ì á¢¥àå¯à®¢®¤­¨ª , á ãç¥â®¬ à §«¨ç­ëå ¬¥-
å ­¨§¬®¢ ¢§ ¨¬®¤¥©áâ¢¨ï, ®¯à¥¤¥«ï¥âáï ¤®áâ â®ç­® á«®¦­ë¬ ¨­â¥£à «ì­ë¬ ãà ¢-
­¥­¨¥¬. �¡«¨§¨ Tc íâ® ãà ¢­¥­¨¥ ¢á¥£¤  ¬®¦­® «¨­¥ à¨§®¢ âì ¯® ¢¥«¨ç¨­¥ �, ¯®-
áª®«ìªã ®­  áâà¥¬¨âáï ª ­ã«î ¯à¨ T ! Tc. � ç áâ­®áâ¨, ¢ ¯à¨¡«¨¦¥­¨¨ á« ¡®©
á¢ï§¨ ¬®¦­® ­ ¯¨á âì á«¥¤ãîé¥¥ ãà ¢­¥­¨¥ ¤«ï é¥«¨ ¢¡«¨§¨ Tc, ï¢«ïîé¥¥áï ¯àï-
¬ë¬ ®¡®¡é¥­¨¥¬ ãà ¢­¥­¨ï (7.43) ¨ ®¯à¥¤¥«ïîé¥¥ â¥¬¯¥à âãàã á¢¥àå¯à®¢®¤ïé¥£®
¯¥à¥å®¤  [26]:

�(�) =

1Z
�1

d�V (�; �0)N (�0)
1

2�0
th(

�0

2Tc
)�(�0); (7.66)

§¤¥áì N (�) - ¯«®â­®áâì á®áâ®ï­¨© í«¥ªâà®­®¢ ¢ ­®à¬ «ì­®¬ ¬¥â ««¥ (¢ à áç¥â¥ ­ 
®¤­® ­ ¯à ¢«¥­¨¥ á¯¨­ ),   V (�; �0) { \¯®â¥­æ¨ «" íää¥ªâ¨¢­®£® ¢§ ¨¬®¤¥©áâ¢¨ï
¬¥¦¤ã ­¨¬¨. �à¨ íâ®¬ ¬ë áç¨â ¥¬, çâ® ¢¥«¨ç¨­  �(�) ï¢«ï¥âáï ­¥ª®â®à®© ­¥-
¨§¢¥áâ­®© äã­ªæ¨¥© í­¥à£¨¨ ª¢ §¨ç áâ¨æë �, ª®â®à ï ¯®¤«¥¦¨â ®¯à¥¤¥«¥­¨î, ¢
§ ¢¨á¨¬®áâ¨ ®â ¯à¨­¨¬ ¥¬®© ¬®¤¥«¨ ¢§ ¨¬®¤¥©áâ¢¨ï. �ëè¥ � áç¨â « áì ª®­áâ ­-
â®© ¨ á®ªà é « áì, ¯®«­®áâìî ¢ë¯ ¤ ï ¨§ ãà ¢­¥­¨ï (7.43).

�ää¥ªâ¨¢­®¥ í«¥ªâà®­-í«¥ªâà®­­®¥ ¯à¨âï¦¥­¨¥ ®¯à¥¤¥«ï¥âáï, ¢ ¤¥©áâ¢¨â¥«ì-
­®áâ¨, ­¥ª®â®àë¬ ¡ « ­á®¬ ¬¥¦¤ã á¯ à¨¢ ­¨¥¬ §  áç¥â í«¥ªâà®­-ä®­®­­®£® ¢§ ¨-
¬®¤¥©áâ¢¨ï ¨ ªã«®­®¢áª¨¬ ®ââ «ª¨¢ ­¨¥¬. � ª ç¥áâ¢¥ \¯®â¥­æ¨ « " íää¥ªâ¨¢­®£®

13� «¥¥ ¢ íâ®¬ ¯ à £à ä¥ ¬ë ¯®« £ ¥¬ �h = 1 ¨ ¨§¬¥àï¥¬ !D ¢ í­¥à£¥â¨ç¥áª¨å ¥¤¨­¨æ å.
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¢§ ¨¬®¤¥©áâ¢¨ï ¬®¦­® ¯à¨­ïâì £àã¡ãî ¬®¤¥«ì á«¥¤ãîé¥£® ¢¨¤ 14:

V (�; �0) = �Vc(�; �0) + Vph(�; �
0); (7.67)

£¤¥

Vc(�; �
0) = Vc�("F � j�j)�("F � j�0j) (7.68)

Vph(�; �
0) = Vph�(!D � j�j)�(!D � j�0j) (7.69)

{ ¯®â¥­æ¨ «ë á®®â¢¥âáâ¢¥­­® í«¥ªâà®­-í«¥ªâà®­­®£® ¨ í«¥ªâà®­ { ä®­®­­®£® ¢§ -
¨¬®¤¥©áâ¢¨ï, !D - ¤¥¡ ¥¢áª ï ç áâ®â . �®­áâ ­âë Vc > 0 ¨ Vph > 0 ®¯¨áë¢ îâ
á®®â¢¥âáâ¢¥­­® ®ââ «ª¨¢ â¥«ì­®¥ ¨ ¯à¨âï£¨¢ îé¥¥ ¢§ ¨¬®¤¥©áâ¢¨ï, ¤¥©áâ¢ãîé¨¥
(¢ á¨«ã "F � !D) ¢ áãé¥áâ¢¥­­® à §«¨ç­ëå ¨­â¥à¢ « å í­¥à£¨©: ä®­®­­®¥ ¯à¨âï-
¦¥­¨¥ ¤¥©áâ¢ã¥â â®«ìª® ­  í«¥ªâà®­ë ¢ á«®¥ è¨à¨­®© 2!D ¢¡«¨§¨ ãà®¢­ï �¥à¬¨,
  ®ââ «ª¨¢ ­¨¥ ¤¥©áâ¢ã¥â ¬¥¦¤ã ¢á¥¬¨ í«¥ªâà®­ ¬¨ ¯à®¢®¤¨¬®áâ¨, ­  ¬ áèâ ¡¥
í­¥à£¨© ¯®àï¤ª  "F .

�®á«¥ ¯®¤áâ ­®¢ª¨ íâ®£® ¢ëà ¦¥­¨ï ¢ ãà ¢­¥­¨¥ (7.66) ¨ ¯à¥®¡à §®¢ ­¨© á ¨á-
¯®«ì§®¢ ­¨¥¬ ç¥â­®áâ¨ é¥«¥¢®© äã­ªæ¨¨ �(�) ¯®«ãç¨¬:

�(�) = [Vph�(!D � �)� Vc�("F � �)]
!DZ
0

d�0N (�0)
1

�0
th(

�0

2Tc
)�(�0)�

� Vc�("F � �)
"FZ

!D

d�0N (�0)
1

�0
th(

�0

2Tc
)�(�0): (7.70)

�¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¡ã¤¥¬, ¢ £àã¡®¬ ¯à¨¡«¨¦¥­¨¨, ¨áª âì ¢ \¤¢ãåáâã¯¥­ç -
â®¬"¢¨¤¥ [26]:

�(�) =

�
�ph; j�j < !D;
�c; !D < j�j < "F ;

(7.71)

£¤¥ �ph;�c - ­¥ª®â®àë¥ ª®­áâ ­âë, ¤«ï ®¯à¥¤¥«¥­¨ï ª®â®àëå ¯®á«¥ ¯®¤áâ ­®¢ª¨
(7.71) ¢ ãà ¢­¥­¨¥ (7.70) ¨¬¥¥¬ ®¤­®à®¤­ãî á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© á«¥¤ãî-
é¥£® ¢¨¤ :�

1� (Vph � Vc)N (0)K

�
!D
2Tc

��
�ph + VcN (0)

�
K

�
EF
2Tc

�
�K

�
!D
2Tc

��
�c = 0;

VcN (0)K

�
!D
2Tc

�
�ph +

�
1 + VcN0(0)

�
K

�
EF
2Tc

�
�K

�
!D
2Tc

���
�c = 0;(7.72)

£¤¥ ¬ë § ¬¥­¨«¨ ¯«®â­®áâì á®áâ®ï­¨© ­  ª®­áâ ­âã N (0) = 1
2�F - ¯«®â­®áâì á®áâ®-

ï­¨© í«¥ªâà®­®¢ ­®à¬ «ì­®£® ¬¥â ««  ­  ãà®¢­¥ �¥à¬¨ ¨ ¢¢¥«¨ ®¡®§­ ç¥­¨¥

K(x) =

xZ
0

dx0
1

x0
th(x0): (7.73)

14�¥¦í«¥ªâà®­­®¥ ®ââ «ª¨¢ ­¨¥ áç¨â ¥¬ ª®à®âª®¤¥©áâ¢ãîé¨¬ ¨§-§  á¨«ì­®© íªà ­¨à®¢ª¨ ªã-
«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¢ ¬¥â «« å.
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�á«®¢¨¥ à §à¥è¨¬®áâ¨ (à ¢¥­áâ¢® ­ã«î ¤¥â¥à¬¨­ ­â ) íâ®© ®¤­®à®¤­®© á¨áâ¥¬ë
ãà ¢­¥­¨© ¤ ¥â ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï Tc:

(�� ��)K(
!D
2Tc

) = 1;

�� = �

�
1 + �

�
K

�
EF
2Tc

�
�K

�
!D
2Tc

����1
; (7.74)

£¤¥ ¢¢¥«¨ �� - â ª ­ §ë¢ ¥¬ë© ªã«®­®¢áª¨© ¯á¥¢¤®¯®â¥­æ¨ «, � = VcN0(0) - ¡¥§à §-
¬¥à­ ï ª®­áâ ­â  ªã«®­®¢áª®£® ®ââ «ª¨¢ ­¨ï, � = VphN0(0) - ¡¥§à §¬¥à­ ï ª®­-
áâ ­â  á¯ à¨¢ ­¨ï §  áç¥â í«¥ªâà®­-ä®­®­­®£® ¢§ ¨¬®¤¥©áâ¢¨ï.

� á¨«ã ­¥à ¢¥­áâ¢  "F � !D � Tc ¨­â¥£à « (7.73) ¬®¦­® ¢ëç¨á«¨âì ¯à¨ x� 1,
â®£¤  K(x) = ln

�4

� x
�
, £¤¥ 
 ®¯ïâì ¯®áâ®ï­­ ï �©«¥à . �®£¤  ¤«ï â¥¬¯¥à âãàë

á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤  ­¥¬¥¤«¥­­® ¯®«ãç ¥¬ 15:

Tc =
2


�
!D exp

�
� 1

� � ��
�
: (7.75)

çâ® á®¢¯ ¤ ¥â á ä®à¬ã«®© ��� (7.44), ¥á«¨ ¯®«®¦¨âì á¯ à¨¢ â¥«ì­ãî ª®­áâ ­âã
¢§ ¨¬®¤¥©áâ¢¨ï �p = � � ��. �ã«®­®¢áª¨© ¯á¥¢¤®¯®â¥­æ¨ « �� ¤ ¥âáï ¯à¨ íâ®¬
¢ëà ¦¥­¨¥¬:

�� � �

1 + � ln "F
!D

: (7.76)

�âáî¤  ¢¨¤­®, çâ® ªã«®­®¢áª®¥ ®ââ «ª¨¢ ­¨¥, ¥áâ¥áâ¢¥­­®, ¬¥è ¥â á¯ à¨¢ ­¨î ¨
¯®­¨¦ ¥â Tc, ã¬¥­ìè ï ¢¥«¨ç¨­ã �p ­  ¢¥«¨ç¨­ã ��. �¤­ ª® íâ®â íää¥ªâ ¢ ¬¥â «-
« å ¤®¢®«ì­® á¨«ì­® ¯®¤ ¢«¥­ §  áç¥â ¡®«ìè®© (¯à¨ "F � !D) ¢¥«¨ç¨­ë ln("F =!D)
(â ª ­ §ë¢ ¥¬ë© â®«¬ ç¥¢áª¨© «®£ à¨ä¬). � ç áâ­®áâ¨, ¢¯®«­¥ ¬®¦¥â ®ª § âìáï,
çâ® ¤ ¦¥ ¯à¨ � < �, â.¥. ª®£¤  ¢® ¢á¥© ®¡« áâ¨ í­¥à£¨© ¯®«­ ï ª®­áâ ­â  ¬¥¦í«¥ª-
âà®­­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ä®à¬ «ì­® á®®â¢¥âáâ¢ã¥â ®ââ «ª¨¢ ­¨î, á¢¥àå¯à®¢®¤¨-
¬®áâì á®åà ­ï¥âáï, ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ � > ��.

�§ ä®à¬ã«ë (7.75) ¢¨¤­ë ¯à¨­æ¨¯¨ «ì­ë¥ ¢®§¬®¦­®áâ¨ ¯®¢ëè¥­¨ï ªà¨â¨ç¥-
áª®© â¥¬¯¥à âãàë á¢¥àå¯à®¢®¤ïé¥£® ¯¥à¥å®¤ :

1. �®¦­® ¯®¢ëè âì ¢¥«¨ç¨­ã !D ¨«¨ ¯¥à¥å®¤¨âì ª ¤àã£¨¬ (­¥ä®­®­­ë¬) ¬¥-
å ­¨§¬ ¬ á¯ à¨¢ ­¨ï §  áç¥â ®¡¬¥­  ª®««¥ªâ¨¢­ë¬¨ ¢®§¡ã¦¤¥­¨ï¬¨ á å -
à ªâ¥à­ë¬¨ ç áâ®â ¬¨, ¯à¥¢ëè îé¨¬¨ !D. �à¨¬¥à íâ®£® { â ª ­ §ë¢ ¥¬ë©
íªá¨â®­­ë© ¬¥å ­¨§¬, ¢ ª®â®à®¬ !D § ¬¥­ï¥âáï ­  ¢¥«¨ç¨­ã ¯®àï¤ª  "F .

2. � ¤àã£®© áâ®à®­ë, ¬®¦­® ¯ëâ âìáï ã¢¥«¨ç¨¢ âì ª®­áâ ­âã á¯ à¨¢ â¥«ì­®£®
¢§ ¨¬®¤¥©áâ¢¨ï �p §  áç¥â ã¢¥«¨ç¥­¨ï ª®­áâ ­âë ¯à¨âï¦¥­¨ï � ¨«¨ ã¬¥­ì-
è¥­¨ï ªã«®­®¢áª®£® ¯á¥¢¤®¯®â¥­æ¨ «  ��.

�®¡áâ¢¥­­® £®¢®àï, ¢á¥ ¯®¯ëâª¨ ¯®¨áª  ¢ëá®ª®â¥¬¯¥à âãà­®© á¢¥àå¯à®¢®¤¨¬®áâ¨
è«¨ ¢ à ¬ª å íâ®© ¨¤¥®«®£¨¨. �  íâ®¬ ¦¥ áâà®¨âáï ¡®«ìè¨­áâ¢® ®¡êïá­¥­¨© ¬¥å -
­¨§¬  á¢¥àå¯à®¢®¤¨¬®áâ¨ ¢ à¥ «ì­ëå ¢ëá®ª®â¥¬¯¥à âãà­ëå á¢¥àå¯à®¢®¤­¨ª å. � -
¤ ç  íâ® ¤®áâ â®ç­® á«®¦­ ï, ¯®áª®«ìªã ¤ ¦¥ ­  íâ®¬ í«¥¬¥­â à­®¬ ãà®¢­¥ ¢¨¤­®,
çâ® ¯à¨¢¥¤¥­­ë¥ ãá«®¢¨ï ¤®áâ â®ç­® ¯à®â¨¢®à¥ç¨¢ë - ­ ¯à¨¬¥à à®áâ ¯à¥¤íªá¯®-
­¥­âë !D (7.75) ¤® ¢¥«¨ç¨­ á®¯®áâ ¢¨¬ëå á "F ­¥¨§¡¥¦­® ¢¥¤¥â ª á®®â¢¥âáâ¢ãî-
é¥¬ã à®áâã ªã«®­®¢áª®£® ¯á¥¢¤®¯®â¥­æ¨ «  §  áç¥â ã¬¥­ìè¥­¨ï â®«¬ ç¥¢áª®£® «®-
£ à¨ä¬ . � ¤àã£®© áâ®à®­ë, ã¢¥«¨ç¥­¨¥ íää¥ªâ¨¢­®© á¯ à¨¢ â¥«ì­®© ª®­áâ ­âë

15�â®â ¢ ¦­ë© à¥§ã«ìâ â ¡ë« ¯®«ãç¥­ �®«¬ ç¥¢ë¬ ¢áª®à¥ ¯®á«¥ á®§¤ ­¨ï â¥®à¨¨ ���.
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á¢ï§¨ âà¥¡ã¥â ¢ëå®¤  §  à ¬ª¨ ¨á¯®«ì§®¢ ¢è¥£®áï ­ ¬¨ ¯à¨¡«¨¦¥­¨ï á« ¡®© á¢ï§¨
¯à®áâ®© â¥®à¨¨ ���16.

� § ª«îç¥­¨¥ ­ è¥£® ®¡§®à  ¬¨ªà®áª®¯¨ç¥áª®© â¥®à¨¨ á¢¥àå¯à®¢®¤¨¬®áâ¨ ®â-
¬¥â¨¬, çâ® ¢ëè¥ ¬ë ¢áî¤ã ¯à¥¤¯®« £ «¨, çâ® ªã¯¥à®¢áª®¥ á¯ à¨¢ ­¨¥ ¯à®¨áå®¤¨â
¢ á¨­£«¥â­®¬ á®áâ®ï­¨¨ ( ­â¨¯ à ««¥«ì­ë¥ á¯¨­ë) ¨ á ­ã«¥¢ë¬ ®à¡¨â «ì­ë¬ ¬®-
¬¥­â®¬ ¯ àë (s-á¯ à¨¢ ­¨¥). � à¥ «ì­®áâ¨ á¨âã æ¨ï ¬®¦¥â ¡ëâì á«®¦­¥¥. �ªá¯¥-
à¨¬¥­â «ì­® ¯®ª § ­®, çâ® ¢ ­¥ª®â®àëå á¨áâ¥¬ å ªã¯¥à®¢áª®¥ á¯ à¨¢ ­¨¥ ¯à®¨á-
å®¤¨â ¢ âà¨¯«¥â­®¬ á®áâ®ï­¨¨ (¯ à ««¥«ì­ë¥ á¯¨­ë ¢ ¯ à¥),   â ª¦¥ ¢ á®áâ®ï­¨¨
á ­¥­ã«¥¢ë¬ ®à¡¨â «ì­ë¬ ¬®¬¥­â®¬ (He3, á¨áâ¥¬ë á â ª ­ §ë¢ ¥¬ë¬¨ âï¦¥«ë¬¨
ä¥à¬¨®­ ¬¨ ¨ â.¯.). � ¯à¨¬¥à, ¢ ¢ëá®ª®â¥¬¯¥à âãà­ëå á¢¥àå¯à®¢®¤­¨ª å ­  ®á­®¢¥
®ªá¨¤®¢ ¬¥¤¨ à¥ «¨§ã¥âáï á¨­£«¥â­®¥ d-á¯ à¨¢ ­¨¥. �áâ¥áâ¢¥­­®, çâ® ¤«ï ¬¨ªà®-
áª®¯¨ç¥áª®£® ®¯¨á ­¨ï â ª¨å á¨áâ¥¬ âà¥¡ã¥âáï ¡®«¥¥ á«®¦­ ï â¥®à¨ï, ®¤­ ª® ®á­®¢-
­ë¥ ¨¤¥¨ ¨ ª ç¥áâ¢¥­­ë¥ ¢ë¢®¤ë â¥®à¨¨ ��� ®áâ îâáï ¢ á¨«¥.

�¥®à¨ï �¨­§¡ãà£  { � ­¤ ã.

�®«­ ï ¬¨ªà®áª®¯¨ç¥áª ï â¥®à¨ï, ®¯¨áë¢ îé ï ¯®¢¥¤¥­¨¥ á¢¥àå¯à®¢®¤­¨ª  ¢ ¬ £-
­¨â­®¬ ¯®«¥ ¤®¢®«ì­® £à®¬®§¤ª  ¨ á«®¦­ . �ª §ë¢ ¥âáï, çâ® á¨âã æ¨ï áãé¥áâ¢¥­­®
ã¯à®é ¥âáï ¯à¨ T ! Tc, £¤¥ ¬®¦­® ¯®áâà®¨âì ä¥­®¬¥­®«®£¨ç¥áªãî â¥®à¨î �¨­§-
¡ãà£  { � ­¤ ã (��), ª®â®à ï ï¢«ï¥âáï ïàª¨¬ ¯à¨¬¥à®¬ ¯à¨¬¥­¥­¨ï ®¡é¥© â¥®à¨¨
� ­¤ ã ä §®¢ëå ¯¥à¥å®¤®¢ II à®¤  [1, 2] 17.

� ®¡é¥© â¥®à¨¨ � ­¤ ã ®â«¨ç¨¥ \­¥á¨¬¬¥âà¨ç­®©" ä §ë ®â \á¨¬¬¥âà¨ç­®©"
®¯¨áë¢ ¥âáï ¯ à ¬¥âà®¬ ¯®àï¤ª . �«ï á¢¥àå¯à®¢®¤­¨ª®¢ ¥áâ¥áâ¢¥­­ë¬ â ª¨¬ ¯ -
à ¬¥âà®¬ ï¢«ï¥âáï ª®¬¯«¥ªá­ ï í­¥à£¥â¨ç¥áª ï é¥«ì ¨«¨, â®ç­¥¥,  ­®¬ «ì­®¥
áà¥¤­¥¥ (7.17), ª®â®à®¥ ¯à®¯®àæ¨®­ «ì­® ª®­¤¥­á â­®© ¢®«­®¢®© äã­ªæ¨¨ ªã¯¥-
à®¢áª¨å ¯ à. � ®¡é¥¬ á«ãç ¥ íâ®â ¯ à ¬¥âà ¯®àï¤ª  ¬®¦¥â ¡ëâì ­¥®¤­®à®¤­ë¬
¢ ¯à®áâà ­áâ¢¥. �ç¨â ï, ¤«ï ¯à®áâ®âë, á¨¬¬¥âà¨î ªà¨áâ ««  ªã¡¨ç¥áª®© § ¬¥-
â¨¬, çâ® á¢¥àå¯à®¢®¤ïé¥¥ á®áâ®ï­¨¥ å à ªâ¥à¨§ã¥âáï áª «ïà­®© ¢¥«¨ç¨­®© ns {

16� ª ç¥áâ¢¥ ¯à¨¬¥à  á®®â¢¥âáâ¢ãîé¥£® à §¢¨â¨ï â¥®à¨¨ âà ¤¨æ¨®­­ëå á¢¥àå¯à®¢®¤­¨ª®¢ ¯à¨-
¢¥¤¥¬ ¨­â¥à¯®«ïæ¨®­­ãî ä®à¬ã«ã �««¥­  { � ©­á  ¤«ï Tc, ¯à¨£®¤­ãî ¤«ï è¨à®ª®£® ¨­â¥à¢ « 
§­ ç¥­¨© ¡¥§à §¬¥à­®© ª®­áâ ­âë í«¥ªâà®­ { ä®­®­­®£® á¯ à¨¢ â¥«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï, ¢ â®¬
ç¨á«¥ áãé¥áâ¢¥­­® ¯à¥¢ëè îé¨å � � 1:

Tc =
f1f2

1:20
!logexp

n
�

1:04(1+ �)

�� �?(1 + 0:62�)

o
(7.77)

£¤¥

f1 = [1 + (�=�1)
3=2]1=3; f2 = 1+

[< !2 >1=2 =!log � 1]�2

�2 + �22

�1 = 2:46(1+ 3:8�?); �2 = 1:82(1+ 6:3�?)
< !2 >1=2

!log
(7.78)

£¤¥ !log { áà¥¤­¥«®£ à¨ä¬¨ç¥áª ï ç áâ®â  ä®­®­®¢,   < !2 > { áà¥¤­¨© (¯® ä®­®­­®¬ã á¯¥ª-
âàã) ª¢ ¤à â ¨å ç áâ®âë. �â¨ ¯ à ¬¥âàë ¢å®¤ïâ ¢¬¥áâ® ¢¥«¨ç¨­ë !D â¥®à¨¨ ���, ®áâ «ì­ë¥
¯ à ¬¥âàë ã¦¥ ¡ë«¨ ®¯à¥¤¥«¥­ë ¢ëè¥.
17�â¬¥â¨¬, çâ® â¥®à¨ï �¨­§¡ãà£  { � ­¤ ã ¬®¦¥â ¡ëâì ¢ë¢¥¤¥­  ¨§ ¬¨ªà®áª®¯¨ç¥áª®© â¥®à¨¨

���, ­® ä ªâ¨ç¥áª¨ ®­  ¡ë«  ¯à¥¤«®¦¥­  § ¤®«£® ¤® ¯®ï¢«¥­¨ï íâ®© â¥®à¨¨.
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¯«®â­®áâìî á¢¥àå¯à®¢®¤ïé¨å í«¥ªâà®­®¢ (¯ à). �®íâ®¬ã ã¤®¡­® ­®à¬¨à®¢ âì ª®­-
¤¥­á â­ãî ¢®«­®¢ãî äã­ªæ¨î ãá«®¢¨¥¬ j	j2 = ns=2, ¨ ¢¢¥¤ï ä §ã � § ¯¨á âì ¥¥ ¢
¢¨¤¥ [3]:

	 =

r
ns
2
ei� � � (7.79)

� ª¨¬ ®¡à §®¬, ¯ à ¬¥âà ¯®àï¤ª  ï¢«ï¥âáï ª®¬¯«¥ªá­®© (¤¢ãåª®¬¯®­¥­â­®©) ¢¥-
«¨ç¨­®©.

�® ®¡é¨¬ ¯à ¢¨« ¬ ª¢ ­â®¢®© ¬¥å ­¨ª¨ ¬®¦¥¬ â®£¤  § ¯¨á âì ¯«®â­®áâì á¢¥àå-
¯à®¢®¤ïé¥£® â®ª  ¢ ¢¨¤¥:

js = � ie�h
2m

(	?r	� 	r	?) = e�h

2m
nsr� (7.80)

£¤¥ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¤«ï á«ãç ï ®¤­®à®¤­®© ¢ ¯à®áâà ­áâ¢¥ ¯«®â-
­®áâ¨ ns,   ã¤¢®¥­­ ï ¬ áá  ¢¢¥¤¥­  ç¨áâ® ä®à¬ «ì­®, çâ®¡ë ¯®¤ç¥àª­ãâì, çâ®
­®á¨â¥«ï¬¨ íâ®£® â®ª  ï¢«ïîâáï ªã¯¥à®¢áª¨¥ ¯ àë.

�â¯à ¢­ë¬ ¯ã­ªâ®¬ â¥®à¨¨ �� ï¢«ï¥âáï ¢ëà ¦¥­¨¥ ¤«ï á¢®¡®¤­®© í­¥à£¨¨
á¢¥àå¯à®¢®¤­¨ª  ¢ ¢¨¤¥ äã­ªæ¨®­ «  ®â 	(r). �­ ç «  à áá¬®âà¨¬ á¢¥àå¯à®¢®¤-
­¨ª ¢ ®âáãâáâ¢¨¥ ¬ £­¨â­®£® ¯®«ï. �ç¥¢¨¤­®, çâ® ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë ­¥ ¤®«¦­ë
§ ¢¨á¥âì ®â ª «¨¡à®¢®ç­®£® ¯à¥®¡à §®¢ ­¨ï 	! 	ei�. �â¨¬ âà¥¡®¢ ­¨¥¬ ¨áª«îç -
îâáï ç«¥­ë ­¥ç¥â­®© áâ¥¯¥­¨ ¢ à §«®¦¥­¨¨ � ­¤ ã18.

�®­ªà¥â­ë© ¢¨¤ à §«®¦¥­¨ï á¢®¡®¤­®© í­¥à£¨¨ á¢¥àå¯à®¢®¤­¨ª  ¯® áâ¥¯¥­ï¬
¯ à ¬¥âà  ¯®àï¤ª  	 ¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥19:

F = Fn +

Z
dV

�
�h2

4m
jr	j2+ aj	j2 + b

2
j	j4

�
(7.81)

�¤¥áì Fn { á¢®¡®¤­ ï í­¥à£¨ï ­®à¬ «ì­®£® á®áâ®ï­¨ï, ª®íää¨æ¨¥­â b > 0,   ª®íä-
ä¨æ¨¥­â a ¡¥à¥âáï, ª ª ¢á¥£¤  ¢ â¥®à¨¨ � ­¤ ã, ¢ ¢¨¤¥:

a = �(T � Tc) � > 0 (7.82)

â ª, çâ®¡ë ¯à¨ T < Tc ¡ë«® a < 0. �®íää¨æ¨¥­â ¯à¨ jr	j2 ¢ë¡à ­ â ª, çâ®¡ë
¤«ï â®ª  ¢ ¤ «ì­¥©è¥¬ ¯®«ãç¨«®áì ¢ëà ¦¥­¨¥ (7.80). �â®¦¤¥áâ¢«¥­¨¥ m á ¬ á-
á®© í«¥ªâà®­  ­¥ ¨¬¥¥â ®á®¡¥­­® £«ã¡®ª®£® á¬ëá«  ¨ ï¢«ï¥âáï ãá«®¢­ë¬, ª ª ¨
®¯à¥¤¥«¥­¨¥ ns.

� á«ãç ¥ ®¤­®à®¤­®£® ¯ à ¬¥âà  ¯®àï¤ª  ¨¬¥¥¬:

F = Fn + �V (T � Tc)j	j2 + bV

2
j	j4 (7.83)

� ¢­®¢¥á­®¥ §­ ç¥­¨¥ j	j2 ®¯à¥¤¥«ï¥âáï ¬¨­¨¬ã¬®¬ íâ®£® ¢ëà ¦¥­¨ï ¨ à ¢­®:

j	j2 = �a
b
=
�

b
(Tc � T ) (7.84)

18� ¬¥â¨¬, çâ® ª «¨¡à®¢®ç­ ï ¨­¢ à¨ ­â­®áâì á®®â¢¥âáâ¢ã¥â ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ § ª®­ã á®-
åà ­¥­¨ï ç¨á«  ç áâ¨æ. � ¬ ¯ à ¬¥âà ¯®àï¤ª  ­¥ ¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® íâ®£® ¯à¥®¡à §®-
¢ ­¨ï. � íâ®¬ á¬ëá«¥ ¢ á¢¥àå¯à®¢®¤ïé¥© ä §¥ íâ  á¨¬¬¥âà¨ï, ª ª ®â¬¥ç¥­® ¢ëè¥, ï¢«ï¥âáï
­ àãè¥­­®©. � àãè¥­¨¥ á¨¬¬¥âà¨¨ ¯à®¨áå®¤¨â ¯à¨ «î¡®¬ ä §®¢®¬ ¯¥à¥å®¤¥ II à®¤ , ¯®íâ®¬ã
ª®­¤¥­á¨à®¢ ­­ ï ä §  ¨ ­ §ë¢ ¥âáï ­¥á¨¬¬¥âà¨ç­®©.
19� ¯®¬­¨¬, çâ® ®á­®¢­ë¬ ¯®áâã« â®¬ â¥®à¨¨ � ­¤ ã ï¢«ï¥âáï ¨¬¥­­® ¢®§¬®¦­®áâì ¯à®¢¥áâ¨

â ª®¥ à §«®¦¥­¨¥, ¨áå®¤ï ¨§ ¬ «®áâ¨ ¢¥«¨ç¨­ë ¯ à ¬¥âà  ¯®àï¤ª  ¢¡«¨§¨ â¥¬¯¥à âãàë ¯¥à¥å®¤ 
[1, 2].



����������������� 151

¯à¨ T < Tc, ¨ ­ã«î ¯à¨ T > Tc. �¥«¨ç¨­  ¯ à ¬¥âà  ¯®àï¤ª  j	j ®¡à é ¥âáï ¢
­ã«ì ¯à¨ T ! Tc ¯® ª®à­¥¢®¬ã § ª®­ã, ¢ ¯®«­®¬ á®®â¢¥âáâ¢¨¨ á (7.57). �à¨ íâ®¬
¢¥«¨ç¨­  ns � j	j2! 0 ¯® «¨­¥©­®¬ã § ª®­ã.

�®¤áâ ¢«ïï (7.84) ¢ (7.83) ¯®«ãç ¥¬:

Fs � Fn = �V �
2

2b
(T � Tc)

2 (7.85)

çâ® íª¢¨¢ «¥­â­® (7.58)20. �¨ää¥à¥­æ¨àãï ¯® T ¨§ (7.85),  ­ «®£¨ç­® (7.59), ¬®¦­®
­ ©â¨ à §­®áâì í­âà®¯¨©,   § â¥¬ ¨ áª ç®ª â¥¯«®¥¬ª®áâ¨ ¢ â®çª¥ ¯¥à¥å®¤ :

Cs � Cn = V
�2Tc
b

(7.86)

çâ® á®®â¢¥âáâ¢ã¥â (7.86).
�¡«¨§¨ Tc (7.85) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ «ãî ¤®¡ ¢ªã ª á¢®¡®¤­®© í­¥à£¨¨,   á®-

®â¢¥âáâ¢¥­­®, ª ª ¨§¢¥áâ­® ¨§ â¥à¬®¤¨­ ¬¨ª¨, íâ  ¦¥ ¢¥«¨ç¨­  (¢ëà ¦¥­­ ï ç¥à¥§
T; P ¢¬¥áâ® T; V ) ¤ ¥â à §­®áâì â¥à¬®¤¨­ ¬¨ç¥áª¨å ¯®â¥­æ¨ «®¢ �¨¡¡á  �s � �n.

�â  à §­®áâì á®¢¯ ¤ ¥â á ¢¥«¨ç¨­®© �V B2
c

8� , £¤¥ Bc { ªà¨â¨ç¥áª®¥ ¬ £­¨â­®¥ ¯®«¥,
à §àãè îé¥¥ á¢¥àå¯à®¢®¤¨¬®áâì. �®£¤  «¥£ª® ¯®«ãç¨âì:

Bc =

�
4�a2

b

�1=2
=

�
4��2

b

�
(Tc � T ): (7.87)

�à¨ ­ «¨ç¨¨ ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï, ¢ëà ¦¥­¨¥ (7.81) ¤«ï á¢®¡®¤­®© í­¥à£¨¨
¬®¦¥â ¡ëâì § ¯¨á ­® ª ª:

F = Fn +

Z
dV

�
B2

8�
+

�h2

4m
j(r� 2ie

�hc
A)	j2 + aj	j2 + b

2
j	j4

�
(7.88)

£¤¥ B = rotA. �âàãªâãà  £à ¤¨¥­â­®£® ç«¥­  §¤¥áì ®¯à¥¤¥«ï¥âáï ª «¨¡à®¢®ç­®©
(£à ¤¨¥­â­®©) ¨­¢ à¨ ­â­®áâìî í«¥ªâà®¤¨­ ¬¨ª¨, ª®íää¨æ¨¥­â 2ie

�hc §¤¥áì ­®á¨â

 ¡á®«îâ­ë© å à ªâ¥à, ¢ ®â«¨ç¨¥ ®â ª®íää¨æ¨¥­â  �h2=4m. � ç áâ­®áâ¨, ­ «¨ç¨¥ 2e
®âà ¦ ¥â § àï¤ ªã¯¥à®¢áª®© ¯ àë.

� å®¤ï ¬¨­¨¬ã¬ F ª ª äã­ªæ¨®­ «  âà¥å ­¥§ ¢¨á¨¬ëå ¢¥«¨ç¨­ 	;	?;A 21,
¬®¦­® ­ ©â¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, ®¯à¥¤¥«ïîé¥¥ à á¯à¥¤¥«¥­¨¥ 	 ¨ ¬ £-
­¨â­®£® ¯®«ï ¢ á¢¥àå¯à®¢®¤­¨ª¥. � àì¨àãï (7.88) ¯® 	? ¨ ¯à¥®¡à §ãï ¨­â¥£à « ®â
(r� 2ieA=�hc)r�	? ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ç áâï¬, ¯®«ãç¨¬:

�F =

Z
dV

�
� �h2

4m
(r� 2ie

�hc
A)2	+ a	+ bj	j2	

�
�	? +

�h2

4m

I
ds(r	� 2ie

�hc
A	)�	?

(7.89)

20�¥®à¨ï �� ¡ë«  ¢ë¢¥¤¥­  ¨§ ¬¨ªà®áª®¯¨ç¥áª®© â¥®à¨¨ ��� �®àìª®¢ë¬. �à¨ íâ®¬ ¤«ï ä¥­®-
¬¥­®«®£¨ç¥áª¨å ª®íää¨æ¨¥­â®¢ � ¨ b ¡ë«¨ ¯®«ãç¥­ë á®®â¢¥âáâ¢ãîé¨¥ ¢ëà ¦¥­¨ï ç¥à¥§ ¬¨ªà®-
áª®¯¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë. �â¨ ¢ëà ¦¥­¨ï «¥£ª® ¯®«ãç¨âì, áà ¢­¨¢ ï (7.84), (7.57) c

(7.57), (7.85). � ª¨¬ ®¡à §®¬, ¤«ï \ç¨áâ®£®" á¢¥àå¯à®¢®¤­¨ª  ¡¥§ ¯à¨¬¥á¥© ¨¬¥¥¬: � = 6�2Tc
7�(3)"F

¨

b = �Tc
n

, £¤¥ n =
p3
F

3�2�h3
{ ¯«®â­®áâì í«¥ªâà®­®¢,   Tc ¤ ¥âáï ä®à¬ã«®© ��� (7.44).

21�®¬¯«¥ªá­ ï ¢¥«¨ç¨­  	 á®áâ®¨â ¨§ ¤¢ãå ¢¥é¥áâ¢¥­­ëå, ¯®íâ®¬ã ã¤®¡­® à áá¬ âà¨¢ âì 	 ¨
	?, ª ª ­¥§ ¢¨á¨¬ë¥ ¢¥«¨ç¨­ë.
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£¤¥ ¢â®à®© ¨­â¥£à « ¡¥à¥âáï ¯® ¯®¢¥àå­®áâ¨ â¥« . �®« £ ï �F = 0 ¯®«ãç¨¬, ¢
ª ç¥áâ¢¥ ãá«®¢¨ï à ¢¥­áâ¢  ­ã«î ®¡ê¥¬­®£® ¨­â¥£à «  ¯à¨ «î¡ëå �	?, á«¥¤ãîé¥¥
ãà ¢­¥­¨¥ �¨­§¡ãà£  { � ­¤ ã:

1

4m
(�i�hr� 2e

c
A)2	+ a	+ bj	j2	 = 0 (7.90)

� àì¨à®¢ ­¨¥ ¯® 	 ¤ ¥â ª®¬¯«¥ªá­® á®¯àï¦¥­­®¥ ãà ¢­¥­¨¥ ¤«ï 	?. � àì¨à®¢ ­¨¥
(7.88) ¯® A ¯à¨¢®¤¨â ª ãà ¢­¥­¨î � ªá¢¥«« :

rotB =
4�

c
j (7.91)

£¤¥

j = � ie�h
2m

(	?r	�	r	?)� 2e2

mc
j	j2A (7.92)

�¤¥áì ¬ë § ¯¨á «¨ j ª ª á¢¥àå¯à®¢®¤ïé¨© â®ª, ¯®áª®«ìªã ¢ à ¢­®¢¥á¨¨ ­®à¬ «ì­ë©
â®ª ®âáãâáâ¢ã¥â.

�à ­¨ç­ë¥ ãá«®¢¨ï ª íâ¨¬ ãà ¢­¥­¨ï¬ ¯®«ãç îâáï ¨§ ãá«®¢¨ï à ¢¥­áâ¢  ­ã«î
¯®¢¥àå­®áâ­®£® ¨­â¥£à «  ¢ (7.89):

n(�i�hr	� 2e

�hc
A)	 = 0 (7.93)

£¤¥ n { ¢¥ªâ®à ­®à¬ «¨ ª ¯®¢¥àå­®áâ¨ â¥« . �âáî¤ , ªáâ â¨, á«¥¤ã¥â nj = 0. �á«®¢¨¥
(7.93) á¯à ¢¥¤«¨¢® ­  £à ­¨æ¥ á¢¥àå¯à®¢®¤­¨ª  á ¢ ªãã¬®¬ (¤¨í«¥ªâà¨ª®¬), ¢ á«ã-
ç ¥ £à ­¨æë á ¬¥â ««®¬ ®­® ¨¬¥¥â ¤àã£®© ¢¨¤. �à ­¨ç­®¥ ãá«®¢¨¥ ¤«ï B á¢®¤¨âáï
ª âà¥¡®¢ ­¨î ­¥¯à¥àë¢­®áâ¨ B ­  £à ­¨æ¥.

� á« ¡®¬ ¬ £­¨â­®¬ ¯®«¥ ¬®¦­® ¯à¥­¥¡à¥çì ¥£® ¢«¨ï­¨¥¬ ­  ¢¥«¨ç¨­ã j	j2 ¨
áç¨â âì ¥¥ à ¢­®© (7.84). �à¨ ®¤­®à®¤­®¬ ¢ ¯à®áâà ­áâ¢¥ ns = 2j	j2 ¨§ (7.92) ¨¬¥¥¬
(áà. (7.80)):

j =
�he

2m
ns(r�� 2e

�hc
A) (7.94)

�à¨¬¥­ïï ®¯¥à æ¨î rot ª ®¡¥¨¬ ç áâï¬ íâ®£® à ¢¥­áâ¢  ¨ ¨á¯®«ì§ãï rotA = B,
¯®«ãç ¥¬ ãà ¢­¥­¨¥ �®­¤®­®¢:

rotj = �nse
2

mc
B (7.95)

�§ ãà ¢­¥­¨© � ªá¢¥««  (7.91) ¨ divB = 0, ¯®¤áâ ¢«ïï j ¨§ ¯¥à¢®£® ¨§ ­¨å ¢ (7.95)
¨ ãç¨âë¢ ï rotrotB = grad divB �r2B = �r2B, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ �®­¤®­®¢ ¢
¢¨¤¥:

r2B =
1

�2
B (7.96)

£¤¥

�2 =
mc2

4�e2ns
� =

�
mc2b

8�e2jaj
�1=2

=

�
mc2b

8�e2�(Tc � T )
�1=2

: (7.97)

�¡«¨§¨ ¯«®áª®© ¯®¢¥àå­®áâ¨ á¢¥àå¯à®¢®¤­¨ª , ¢ë¡¨à ï ¥¥ ¢ ª ç¥áâ¢¥ ¯«®áª®áâ¨ yz
¨ ­ ¯à ¢«ïï ®áì x ¢­ãâàì â¥« , ¯à¨¢¥¤¥¬ (7.96) ª ¢¨¤ã:

d2B
dx2

=
1

�2
B (7.98)
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®âªã¤  á«¥¤ã¥â à¥è¥­¨¥:
B(x) = B0e

�x=�; (7.99)

£¤¥ ¢¥ªâ®àB0 ¯ à ««¥«¥­ ¯®¢¥àå­®áâ¨. � ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬ ®¯¨á ­¨¥ íää¥ªâ 
�¥©áá­¥à  { \¢ëâ «ª¨¢ ­¨ï" ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï ¨§ á¢¥àå¯à®¢®¤­¨ª . � -
à ªâ¥à­ ï ¤«¨­  � ­ §ë¢ ¥âáï £«ã¡¨­®© ¯à®­¨ª­®¢¥­¨ï. �â  ¢¥«¨ç¨­  ï¢«ï¥âáï
­¥¯®áà¥¤áâ¢¥­­® ¨§¬¥à¨¬®©. �¨¯¨ç­ë¥ ¥¥ §­ ç¥­¨ï ¢ à¥ «ì­ëå á¢¥àå¯à®¢®¤­¨ª å
¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å � � 10�5 � 10�6á¬. �à¨ T ! Tc ®­  à áå®¤¨âáï á®£« á­®
(7.97), çâ® á®®â¢¥âáâ¢ã¥â ¯®«­®¬ã ¯à®­¨ª­®¢¥­¨î ¯®«ï ¢ ­®à¬ «ì­ë© ¬¥â ««.

� àï¤ã á � ¢ â¥®à¨¨ �� ¢®§­¨ª ¥â ¥é¥ ®¤­  å à ªâ¥à­ ï ¤«¨­ : ¤«¨­  ª®£¥-
à¥­â­®áâ¨ ¨«¨ ª®àà¥«ïæ¨®­­ë© à ¤¨ãá ä«ãªâã æ¨© ¯ à ¬¥âà  ¯®àï¤ª  �(T ). �®
¨§¢¥áâ­ë¬ ä®à¬ã« ¬ â¥®à¨¨ � ­¤ ã ä §®¢ëå ¯¥à¥å®¤®¢ II à®¤  (á¬. ­¨¦¥) íâ®â
à ¤¨ãá ¢ëà ¦ ¥âáï ç¥à¥§ ª®íää¨æ¨¥­âë �� á«¥¤ãîé¨¬ ®¡à §®¬:

�(T ) =
�h

2(mjaj)1=2 =
�h

2(m�)1=2(T � Tc)1=2 � �0

r
Tc

Tc � T ; �0 � �hvF
Tc

(7.100)

£¤¥ ¢ ¯®á«¥¤­¨å ®æ¥­ª å ãç«¨ ¬¨ªà®áª®¯¨ç¥áª¨¥ ¢ëà ¦¥­¨ï ¤«ï ª®íää¨æ¨¥­â®¢
�� ¨ ®æ¥­ªã ¤«¨­ë ª®£¥à¥­â­®áâ¨ â¥®à¨¨ ��� (7.45), ®¯à¥¤¥«ïîéãî à §¬¥à ªã¯¥-
à®¢áª¨å ¯ à. �¨¤¨¬, çâ® ¤«¨­  ª®£¥à¥­â­®áâ¨ �(T ) (à §¬¥à ¯ àë) â ª¦¥ à áå®¤¨âáï
¯à¨ T ! Tc (¯ àë \à á¯ãå îâ" ¨ à §àãè îâáï ¯à¨ T = Tc).

�¥§à §¬¥à­®¥ ®â­®è¥­¨¥ å à ªâ¥à­ëå ¤«¨­:

� =
�(T )

�(T )
=

mcb1=2

(2�)1=2jej�h (7.101)

®¯à¥¤¥«ï¥â â ª ­ §ë¢ ¥¬ë© ¯ à ¬¥âà �¨­§¡ãà£  { � ­¤ ã. � § ¢¨á¨¬®áâ¨ ®â ¥£®
¢¥«¨ç¨­ë á¢¥àå¯à®¢®¤­¨ª¨ ¤¥«ïâáï ­  ¤¢  ª« áá  á áãé¥áâ¢¥­­® à §«¨ç îé¨¬¨áï
á¢®©áâ¢ ¬¨ ¢® ¢­¥è­¥¬ ¬ £­¨â­®¬ ¯®«¥: á¢¥àå¯à®¢®¤­¨ª¨ á � < 1p

2
­ §ë¢ îâáï

á¢¥àå¯à®¢®¤­¨ª ¬¨ I à®¤ ,   á¢¥àå¯à®¢®¤­¨ª¨ á � > 1p
2
®â­®áïâ ª II à®¤ã. � ¯®-

á«¥¤­¥¬ã ª« ááã ®â­®á¨âáï ¡®«ìè¨­áâ¢® ¨­â¥à¥á­ëå á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï
á¨áâ¥¬, ¢ ç áâ­®áâ¨, ¢á¥ ¨§¢¥áâ­ë¥ ¢ëá®ª®â¥¬¯¥à âãà­ë¥ á¢¥àå¯à®¢®¤­¨ª¨.

� áá¬®âà¨¬ ®¤­® § ¬¥ç â¥«ì­®¥ á«¥¤áâ¢¨¥ ¢ëà ¦¥­¨ï (7.94) ¨ íää¥ªâ  �¥©á-
á­¥à . �ãáâì ¨¬¥¥âáï á¢¥àå¯à®¢®¤­¨ª ¢ ¢¨¤¥ â®à , ¯®¬¥é¥­­ë© ¢ ¬ £­¨â­®¥ ¯®«¥.
�ç¨â ¥¬, çâ® â®«é¨­  â®à  ¨ ¥£® ¤¨ ¬¥âà §­ ç¨â¥«ì­® ¯à¥¢ëè îâ £«ã¡¨­ã ¯à®-
­¨ª­®¢¥­¨ï ¨ ¤«¨­ã ª®£¥à¥­â­®áâ¨. �®ª ¦¥¬, çâ® ¢¥«¨ç¨­  ¬ £­¨â­®£® ¯®â®ª ,
¯à®å®¤ïé¥£® ç¥à¥§ ®â¢¥àáâ¨¥ â®à  ¬®¦¥â ¡ëâì «¨èì æ¥«ë¬ ªà â­ë¬ ­¥ª®â®à®£®
í«¥¬¥­â à­®£® \ª¢ ­â  ¯®â®ª " (ª¢ ­â®¢ ­¨¥ ¯®â®ª ). � â®«é¥ â¥«  (¢­¥ ®¡« áâ¨
¯à®­¨ª­®¢¥­¨ï ¯®«ï) ¯«®â­®áâì â®ª  j = 0,   ¢¥ªâ®à­ë© ¯®â¥­æ¨ « ®â«¨ç¥­ ®â ­ã«ï
(à ¢¥­ ­ã«î «¨èì ¥£® à®â®à, â.¥. ¬ £­¨â­ ï ¨­¤ãªæ¨ï B). �ë¡¥à¥¬ ª ª®©-«¨¡® § -
¬ª­ãâë© ª®­âãà C, ®å¢ âë¢ îé¨© á®¡®© ®â¢¥àáâ¨¥ â®à  ¨ ¯à®å®¤ïé¨© ¢­ãâà¨ â¥« 
¢¤ «¨ ®â ¥£® ¯®¢¥àå­®áâ¨. �¨àªã«ïæ¨ï ¢¥ªâ®à  A ¢¤®«ì ª®­âãà  C á®¢¯ ¤ ¥â á ¯®-
â®ª®¬ ¬ £­¨â­®© ¨­¤ãªæ¨¨ ç¥à¥§ ­ âï­ãâãî ­  ª®­âãà ¯®¢¥àå­®áâì, â.¥. ¯®â®ª®¬ �
ç¥à¥§ ®â¢¥àáâ¨¥ â®à : I

Adl =
Z
rotAdf =

Z
Bdf � � (7.102)

� ¤àã£®© áâ®à®­ë, ¯à¨à ¢­ï¢ ¢ëà ¦¥­¨¥ (7.94) ­ã«î ¨ ¯à®¨­â¥£à¨à®¢ ¢ ¥£® ¯®
ª®­âãàã, ¯®«ãç¨¬: I

Adl =
�hc

2e

I
r�dl = �hc

2e
�� (7.103)
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£¤¥ �� { ¨§¬¥­¥­¨¥ ä §ë ¢®«­®¢®© äã­ªæ¨¨ ¯à¨ ®¡å®¤¥ ª®­âãà . �® ¨§ âà¥¡®¢ ­¨ï
®¤­®§­ ç­®áâ¨ íâ®© äã­ªæ¨¨ á«¥¤ã¥â, çâ® ¨§¬¥­¥­¨¥ ä §ë ¬®¦¥â ¡ëâì «¨èì æ¥«ë¬
ªà â­ë¬ ®â 2�. � ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª à¥§ã«ìâ âã:

� = n�0 £¤¥ �0 =
��hc

jej = 2 10�7£á á¬2 (7.104)

£¤¥ n { æ¥«®¥ ç¨á«®. �¥«¨ç¨­  �0 ¯à¥¤áâ ¢«ï¥â á®¡®© í«¥¬¥­â à­ë© ª¢ ­â ¬ £­¨â-
­®£® ¯®â®ª . �â®â § ¬¥ç â¥«ì­ë© à¥§ã«ìâ â ¯®¤â¢¥à¦¤ ¥âáï íªá¯¥à¨¬¥­â «ì­®, çâ®
ï¢«ï¥âáï, ¢ ç áâ­®áâ¨, ¯àï¬ë¬ ¤®ª § â¥«ìáâ¢®¬ â®£®, çâ® ­®á¨â¥«ï¬¨ á¢¥àå¯à®¢®-
¤ïé¥£® â®ª  ï¢«ïîâáï ª¢ §¨ç áâ¨æë á § àï¤®¬ 2e (ªã¯¥à®¢áª¨¥ ¯ àë).

�á«¨ à áá¬®âà¥âì ¬ áá¨¢­ë© æ¨«¨­¤à¨ç¥áª¨© á¢¥àå¯à®¢®¤­¨ª ¢® ¢­¥è­¥¬ ¯à®-
¤®«ì­®¬ ¬ £­¨â­®¬ ¯®«¥ B, â® á¢¥àå¯à®¢®¤­¨ª I à®¤  ¯à¨ ã¢¥«¨ç¥­¨¨ ¯®«ï ¨á-
¯ëâë¢ ¥â ä §®¢ë© ¯¥à¥å®¤ I à®¤  ¯à¨ ¤®áâ¨¦¥­¨¨ ªà¨â¨ç¥áª®£® ¯®«ï Bc, ª®â®à®¥
®¡áã¦¤ «®áì ¢ëè¥. �«ï á¢¥àå¯à®¢®¤­¨ª®¢ II à®¤ , ¥é¥ ¤® ¤®áâ¨¦¥­¨ï â¥à¬®¤¨­ -
¬¨ç¥áª®£® ªà¨â¨ç¥áª®£® ¯®«ï Bc ¢ ­¥¬ ®ª §ë¢ ¥âáï â¥à¬®¤¨­ ¬¨ç¥áª¨ ¢ë£®¤­ë¬
¢®§­¨ª­®¢¥­¨¥ \¢ªà ¯«¥­¨©" ­®à¬ «ì­®© ä §ë ¢ ¢¨¤¥ ®à¨¥­â¨à®¢ ­­ëå ¯ à «-
«¥«ì­® ¯®«î â ª ­ §ë¢ ¥¬ëå ¢¨åà¥© �¡à¨ª®á®¢ , ç¥à¥§ ª®â®àë¥ ¯®«¥ ç áâ¨ç­®
¯à®­¨ª ¥â ¢­ãâàì á¢¥àå¯à®¢®¤­¨ª . �¨¦­îî £à ­¨æã ¯®«¥©, ª®£¤  íâ® áâ ­®¢¨âáï
¢®§¬®¦­ë¬, ­ §ë¢ îâ ¯¥à¢ë¬ (­¨¦­¨¬) ªà¨â¨ç¥áª¨¬ ¯®«¥¬ Bc1. �à¨ B < Bc1
á¢¥àå¯à®¢®¤­¨ª ­ å®¤¨âáï ¢ â ª ­ §ë¢ ¥¬®¬ ¬¥©áá­¥à®¢áª®¬ á®áâ®ï­¨¨. �á«¨ ¦¥
­ ç âì á ¬¥â ««  ¢ ­®à¬ «ì­®¬ á®áâ®ï­¨¨ ¢ ¡®«ìè®¬ ¢­¥è­¥¬ ¯®«¥, â® ¯à¨ ¯®­¨-
¦¥­¨¨ ¢¥«¨ç¨­ë íâ®£® ¯®«ï ¯à¨ ¤®áâ¨¦¥­¨¨ ­¥ª®â®à®£® ¢â®à®£® (¢¥àå­¥£®) ªà¨-
â¨ç¥áª®£® ¬ £­¨â­®£® ¯®«ï Bc2 > Bc áâ ­®¢¨âáï â¥à¬®¤¨­ ¬¨ç¥áª¨ ¢ë£®¤­ë¬ ¯®-
ï¢«¥­¨¥ \¢ªà ¯«¥­¨©" á¢¥àå¯à®¢®¤ïé¥© ä §ë. � ª¨¬ ®¡à §®¬, ¢ ®¡« áâ¨ ¯®«¥©
Bc1 < B < Bc2 á¢¥àå¯à®¢®¤­¨ª II à®¤  ­ å®¤¨âáï ¢ â ª ­ §ë¢ ¥¬®¬ á¬¥è ­­®¬
á®áâ®ï­¨¨ (ä §  �ã¡­¨ª®¢ ). � §®¢ ï ¤¨ £à ¬¬  â ª®£® á¢¥àå¯à®¢®¤­¨ª  ¢ ¬ £-
­¨â­®¬ ¯®«¥ áå¥¬ â¨ç¥áª¨ ¯®ª § ­  ­  �¨á.7-3.

�¥«¨ç¨­ã ¯®«ï Bc2 ¬®¦­® ­ ©â¨ ¨§ â¥®à¨¨ ��. �á­®, çâ® ¯à¨ B < Bc2, ­®
¡«¨§ª® ª ­¥¬ã, § à®¤ëè¨ á¢¥àå¯à®¢®¤ïé¥© ä §ë ¨¬¥îâ ¬ «ë¥ §­ ç¥­¨ï ¯ à ¬¥âà 
¯®àï¤ª  	 (	! 0 ¯à¨ B ! Bc2). �®£¤  ¬®¦­® ­ ¯¨á âì «¨­¥ à¨§®¢ ­­®¥ ãà ¢­¥­¨¥
�� ¢¨¤ :

1

4m
(�i�hr� 2e

c
A)2	 = jaj	; (7.105)

ª®â®à®¥ ¨¬¥¥â ¢¨¤ ãà ¢­¥­¨ï �à¥¤¨­£¥à  ¤«ï ç áâ¨æë á ¬ áá®© 2m ¨ § àï¤®¬
2e ¢ ¬ £­¨â­®¬ ¯®«¥. �à¨ íâ®¬ ¢¥«¨ç¨­  jaj ¢ ¯à ¢®© ç áâ¨ ¨£à ¥â à®«ì ãà®¢­ï
í­¥à£¨¨. �à ­¨ç­®¥ ãá«®¢¨¥ ¯à¨ íâ®¬ { 	 = 0 ­  ¡¥áª®­¥ç­®áâ¨. �á¯®¬¨­ ¥¬ § -
¤ çã � ­¤ ã ® § àï¦¥­­®© ª¢ ­â®¢®¬¥å ­¨ç¥áª®© ç áâ¨æ¥ ¢ ®¤­®à®¤­®¬ ¬ £­¨â­®¬
¯®«¥ [7]. �¨­¨¬ «ì­®¥ §­ ç¥­¨¥ í­¥à£¨¨ â ª®© ç áâ¨æë ¥áâì E0 = �h!B=2, £¤¥ æ¨-
ª«®âà®­­ ï ç áâ®â  !B = 2jejB=2mc = jejB=mc. �â íâ®£® §­ ç¥­¨ï ­ ç¨­ ¥âáï
­¥¯à¥àë¢­ë© á¯¥ªâà í­¥à£¨©. �®íâ®¬ã § à®¤ëè¨ á¢¥àå¯à®¢®¤ïé¥© ä §ë ¬®£ãâ áã-
é¥áâ¢®¢ âì â®«ìª® ¯à¨

jaj > jej�h
2mc

B (7.106)

â ª çâ®

Bc2 =
2mcjaj
jej�h =

p
2�Bc = �0

1

2��2(T )
(7.107)

£¤¥ ¢¢¥«¨ �0 =
�c�h
jej { ¢¢¥¤¥­­ë© ¢ëè¥ ª¢ ­â ¬ £­¨â­®£® ¯®â®ª  â¥®à¨¨ á¢¥àå¯à®-

¢®¤¨¬®áâ¨, ¯à¥¤áâ ¢«ïîé¨© ¬ £­¨â­ë© ¯®â®ª ç¥à¥§ ®¤¨­ ¢¨åàì �¡à¨ª®á®¢ . �à¨
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�¨á. 7-3 � §®¢ ï ¤¨ £à ¬¬  á¢¥àå¯à®¢®¤­¨ª  II à®¤  ¢ ¬ £­¨â­®¬ ¯®«¥.

¯®«ãç¥­¨¨ ¯®á«¥¤­¨å à ¢¥­áâ¢ ¨á¯®«ì§®¢ ­ëä®à¬ã«ë (7.87), (7.100) ¨ (7.101). �¯¨-
á ­¨¥ ¢¨åà¥¢®© áâàãªâãàë á¬¥è ­­®£® á®áâ®ï­¨ï á¢¥àå¯à®¢®¤­¨ª®¢ II à®¤  �¡à¨-
ª®á®¢ë¬ ®áâ ¥âáï ®¤­¨¬ ¨§ á ¬ëå ïàª¨å ¯à¨¬¥­¥­¨© â¥®à¨¨ �¨­§¡ãà£  { � ­¤ ã
¨ â¥®à¨¨ á¢¥àå¯à®¢®¤¨¬®áâ¨ ¢®®¡é¥, ­® ¬ë ®£à ­¨ç¨¬áï «¨èì íâ¨¬ ª ç¥áâ¢¥­­ë¬
¨§«®¦¥­¨¥¬.

� § ª«îç¥­¨¥, ªà âª® ®¡áã¤¨¬ ¯à¥¤¥«ë ¯à¨¬¥­¨¬®áâ¨ â¥®à¨¨ ��. �à¥¦¤¥ ¢á¥£®,
âà¥¡ã¥âáï ¢ë¯®«­¥­¨¥ ãá«®¢¨ï Tc � T � Tc, çâ® íª¢¨¢ «¥­â­® �(T ) � �0. �®£¤ 
¬®¦­® áâà®¨âì à §«®¦¥­¨¥ � ­¤ ã. �¤­ ª®, ¢ ®¡« áâ¨ T ! Tc ¯à¨¬¥­¨¬®áâì â¥®à¨¨
â ª¦¥ ®£à ­¨ç¥­  ®¡é¨¬ ãá«®¢¨¥¬ ¯à¨¬¥­¨¬®áâ¨ â¥®à¨¨ ä §®¢ëå ¯¥à¥å®¤®¢ � ­-
¤ ã, á¢ï§ ­­ë¬ á ¢®§à áâ ­¨¥¬ ä«ãªâã æ¨© ¯ à ¬¥âà  ¯®àï¤ª  ¢ ­¥¯®áà¥¤áâ¢¥­­®©
®ªà¥áâ­®áâ¨ Tc (¢ â ª ­ §ë¢ ¥¬®© ªà¨â¨ç¥áª®© ®¡« áâ¨). � á«ãç ¥ á¢¥àå¯à®¢®¤¨¬®-
áâ¨ íâ® ãá«®¢¨¥ ï¢«ï¥âáï ®ç¥­ì á« ¡ë¬. �à¨ ®¡áã¦¤¥­¨¨ ä«ãªâã æ¨© ¯ à ¬¥âà 
¯®àï¤ª  ¢ â¥®à¨¨ � ­¤ ã, ¬ë ã¢¨¤¨¬, çâ® ®¡« áâì ¥¥ ¯à¨¬¥­¨¬®áâ¨ (¢®§¬®¦­®áâì
¯à¥­¥¡à¥¦¥­¨ï ä«ãªâã æ¨ï¬¨) ¢ëà ¦ ¥âáï ç¥à¥§ ª®íää¨æ¨¥­âë �� á«¥¤ãîé¨¬
­¥à ¢¥­áâ¢®¬:

Tc � T � b2T 2
c

�(�h2=m)3
(7.108)

�æ¥­¨¢ ï ¯à ¢ãî ç áâì á ¯®¬®éìî §­ ç¥­¨© ª®íää¨æ¨¥­â®¢, ¯®«ãç¥­­ëå ¢ â¥®à¨¨
���, ¯®«ãç¨¬:

Tc � T

Tc
�
�
Tc
"F

�4
(7.109)

�¢¨¤ã ªà ©­¥© ¬ «®áâ¨ ®â­®è¥­¨ï Tc="F � 10�3� 10�4 ¢ ®¡ëç­ëå á¢¥àå¯à®¢®¤­¨-
ª å, ¬®¦­® áç¨â âì, çâ® ¯à ªâ¨ç¥áª¨ íâ® ãá«®¢¨¥ ¢®®¡é¥ ­¥áãé¥áâ¢¥­­®. �¨âã æ¨ï
¬¥­ï¥âáï ¢ ¢ëá®ª®â¥¬¯¥à âãà­ëå á¢¥àå¯à®¢®¤­¨ª å, £¤¥ ªà¨â¨ç¥áª ï ®¡« áâì à¥-
 «ì­® ­ ¡«î¤ ¥âáï íªá¯¥à¨¬¥­â «ì­®.
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� á¯à¥¤¥«¥­¨¥ � ãáá .

�¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë, å à ªâ¥à¨§ãîé¨¥ ¬ ªà®áª®¯¨ç¥áª®¥ â¥«®, ¯à ªâ¨ç¥áª¨ ¢á¥-
£¤  á ®ç¥­ì ¡®«ìè®© â®ç­®áâìî à ¢­ë á¢®¨¬ áà¥¤­¨¬ §­ ç¥­¨ï¬. �¤­ ª®, ª ª ­¨
¬ «ë ®âª«®­¥­¨ï ®â íâ¨å áà¥¤­¨å §­ ç¥­¨©, ®­¨ ¢á¥ ¦¥ ¯à®¨áå®¤ïâ { ä¨§¨ç¥áª¨¥
¢¥«¨ç¨­ë ä«ãªâã¨àãîâ. �®§­¨ª ¥â ¢®¯à®á ® ­ å®¦¤¥­¨¨ à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®-
áâ¥© íâ¨å ä«ãªâã æ¨©1.

� áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî § ¬ª­ãâãî á¨áâ¥¬ã, ¨ ¯ãáâì x ¥áâì ­¥ª®â®à ï ä¨-
§¨ç¥áª ï ¢¥«¨ç¨­ , å à ªâ¥à¨§ãîé ï á¨áâ¥¬ã ¢ æ¥«®¬ ¨«¨ ¥¥ ç áâì. � «¥¥ ã¤®¡­®
¯®« £ âì, çâ® áà¥¤­¥¥ §­ ç¥­¨¥ < x > ã¦¥ ¢ëçâ¥­® ¨§ x, â ª çâ® ¢¥§¤¥ ­¨¦¥ ¯à¥¤¯®-
« £ ¥âáï, çâ® < x >= 0. � ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ < x >= x� { ­ ¨¡®«¥¥ ¢¥à®ïâ­®¬ã
§­ ç¥­¨î x.

�à¨ ®¡é¥¬  ­ «¨§¥ ¯®­ïâ¨ï í­âà®¯¨¨ ¬ë ¢¨¤¥«¨ (á¬. (1.180)), çâ® ¯à¨ à á-
á¬®âà¥­¨¨ í­âà®¯¨¨ á¨áâ¥¬ë, ª ª äã­ªæ¨¨ ­¥ª®â®àëå ¬ ªà®¯ à ¬¥âà®¢ x =
(x1; x2; :::; xn), ¢¥à®ïâ­®áâì ¨å ª®­ªà¥â­ëå §­ ç¥­¨© ®¯à¥¤¥«ï¥âáï ª ª:

w(x) = C expfS(E;N; V; x)g (8.1)

{ ¯à¨­æ¨¯ �®«ìæ¬ ­ . �®íâ®¬ã ¢¥à®ïâ­®áâì «î¡®© ä¨§¨ç¥áª®© ¢¥«¨ç¨­¥ ¨¬¥âì
§­ ç¥­¨¥ ¢ ¨­â¥à¢ «¥ x; x + dx ¯à®¯®àæ¨®­ «ì­  expS(x), £¤¥ S(x) { í­âà®¯¨ï,
ä®à¬ «ì­® à áá¬ âà¨¢ ¥¬ ï ª ª äã­ªæ¨ï â®ç­®£® §­ ç¥­¨ï x. � ª¨¬ ®¡à §®¬,
¬ë ä ªâ¨ç¥áª¨ ®¯à¥¤¥«ï¥¬ áâ â¨áâ¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢¥«¨ç¨­ x ¢ ­ ¨¡®«¥¥
®¡é¥¬ ¢¨¤¥, ¯®§¢®«ïîé¥¥ ­ ©â¨ ¨å áà¥¤­¥¥ ¨ ä«ãªâã æ¨¨. �®à¬ã«  (8.1) «¥¦¨â ¢
®á­®¢¥ â¥®à¨¨ ä«ãªâã æ¨©, ¯à¥¤«®¦¥­­®© �©­èâ¥©­®¬.

1�®á«¥¤ãîé¥¥ ¨§«®¦¥­¨¥ á«¥¤ã¥â [1, 2].
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�á«¨ ­¥ ¢ëç¨â âì < x > ¨§ x, â® á«¥¤ã¥â § ¬¥â¨âì, çâ® ¢ à ¢­®¢¥á¨¨ í­âà®¯¨ï
à ¢­  S0 = S(< x >). �®£¤  ¢¥à®ïâ­®áâì â®£®, çâ® á¨áâ¥¬  ¯®¯ ¤¥â ¢ á®áâ®ï­¨¥,
å à ªâ¥à¨§ã¥¬®¥ §­ ç¥­¨¥¬ ¯ à ¬¥âà  x, «¥¦ é¨¬ ¢ ¨­â¥à¢ «¥ < x >;< x > +dx,
¨¬¥¥â ¢¨¤:

dw = w(x)dx = ~C exp[S(x)� S(< x >)]dx = ~Ce�Sdx (8.2)

£¤¥ �S { ¨§¬¥­¥­¨¥ í­âà®¯¨¨ ¯à¨ ä«ãªâã æ¨¨ dx. � (8.1) ¢¥«¨ç¨­  e�S(<x>) ¯à®áâ®
¢ª«îç¥­  ¢ ­®à¬¨à®¢®ç­ãî ¯®áâ®ï­­ãî C.

� áá¬®âà¨¬ ¯à¥¤¥«ë ¯à¨¬¥­¨¬®áâ¨ (8.1), (8.2). �á¥ à ááã¦¤¥­¨ï, ª®â®àë¥ ¯à¨-
¢¥«¨ ­ á ª ­¥©, ­¥ï¢­® ¯®¤à §ã¬¥¢ «¨ ª« áá¨ç¥áª¨© å à ªâ¥à ¢¥«¨ç¨­ x. �®íâ®¬ã
­ã¦­® ­ ©â¨ ãá«®¢¨¥ ¯à¥­¥¡à¥¦¨¬®áâ¨ ª¢ ­â®¢ë¬¨ íää¥ªâ ¬¨. �§ ª¢ ­â®¢®© ¬¥-
å ­¨ª¨ ¨§¢¥áâ­® [7], çâ® ¬¥¦¤ã ª¢ ­â®¢®© ­¥®¯à¥¤¥«¥­­®áâìî í­¥à£¨¨ ¨ ª ª®©-«¨¡®
¤àã£®© ¢¥«¨ç¨­ë x ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ á®®â­®è¥­¨¥:

�E�x � �h _x (8.3)

£¤¥ _x { ª« áá¨ç¥áª ï áª®à®áâì ¨§¬¥­¥­¨ï ¢¥«¨ç¨­ë x 2.
�ãáâì � { å à ªâ¥à­®¥ ¢à¥¬ï ¨§¬¥­¥­¨ï ¢¥«¨ç¨­ë x, â ª çâ® _x � x=� ¨

�E�x � �hx

�
(8.8)

�á­®, çâ® £®¢®à¨âì ®¡ ®¯à¥¤¥«¥­­®¬ §­ ç¥­¨¨ ¢¥«¨ç¨­ë x ¬®¦­® «¨èì ¯à¨ ãá«®¢¨¨
�x� x, ®âªã¤  ­¥®¡å®¤¨¬®, çâ®¡ë

�E � �h

�
(8.9)

â.¥. ª¢ ­â®¢ ï ­¥®¯à¥¤¥«¥­­®áâì í­¥à£¨¨ ¤®«¦­  ¡ëâì ¢¥«¨ª  ¯® áà ¢­¥­¨î á �h=� .
�­âà®¯¨ï á¨áâ¥¬ë ¡ã¤¥â ¯à¨ íâ®¬ ¨¬¥âì ­¥®¯à¥¤¥«¥­­®áâì

�S � �h

T�
(8.10)

�«ï â®£®, çâ®¡ë (8.1), (8.2) ¨¬¥«¨ à¥ «ì­ë© á¬ëá«, ­¥®¡å®¤¨¬®, çâ®¡ë ­¥â®ç­®áâì
í­âà®¯¨¨ ¡ë«  ¬ «  ¯® áà ¢­¥­¨î á ¥¤¨­¨æ¥©:

T � �h

�
� � �h

T
(8.11)

2� á ¬®¬ ¤¥«¥, ¯ãáâì ¤¢¥ ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë f ¨ g, ®¯¥à â®àë ª®â®àëå ã¤®¢«¥â¢®àïîâ ª®¬-
¬ãâ æ¨®­­®¬ã á®®â­®è¥­¨î:

f̂ ĝ � ĝf̂ = �i�hĉ (8.4)

£¤¥ ĉ { ­¥ª®â®àë© ®¯¥à â®à. � ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¥¤¥«¥ �h ! 0 ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨ ĉ ¬®¦­®
§ ¬¥­¨âì c-ç¨á«®¬. �®£¤ :

f̂ ĝ � ĝf̂ = �i�hc (8.5)

�â® á®®â­®è¥­¨¥  ­ «®£¨ç­® pxx�xpx = �i�h, â®«ìª® �h ! �hc. �®á¥¬ã, ¯®  ­ «®£¨¨ á á®®â­®è¥­¨¥¬
�¥©§¥­¡¥à£  �x�px � �h, ¬®¦­® § ª«îç¨âì, çâ® ¢ ª¢ §¨ª« áá¨ç¥áª®¬ á«ãç ¥ ¤«ï ¢¥«¨ç¨­ f ¨ g
¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ ­¥®¯à¥¤¥«¥­­®áâ¨:

�f�g � �hc (8.6)

� ç áâ­®áâ¨, ¥á«¨ ®¤­®© ¨§ ¢¥«¨ç¨­ ï¢«ï¥âáï í­¥à£¨ï f � H,   ®¯¥à â®à ¤àã£®© (ĝ) ­¥ § ¢¨á¨â

ï¢­® ®â ¢à¥¬¥­¨, â® á®£« á­® _g = i
�h (Ĥĝ � ĝĤ), ¯®«ãç ¥¬ c = _g, ¨ ª¢ §¨ª« áá¨ç¥áª®¥ á®®â­®è¥­¨¥

­¥®¯à¥¤¥«¥­­®áâ¥© ¯à¨­¨¬ ¥â ¢¨¤:
�E�g � �h _g (8.7)

çâ® ¯à¨ g = x ¨ ¤ ¥â (8.3).
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�â® ¨ ¥áâì ¨áª®¬®¥ ãá«®¢¨¥. �à¨ á«¨èª®¬ ­¨§ª¨å â¥¬¯¥à âãà å ¨«¨ ¯à¨ á«¨èª®¬
¡ëáâà®¬ ¨§¬¥­¥­¨¨ ¢¥«¨ç¨­ë x (¬ «ë¥ � !) ä«ãªâã æ¨¨ ­¥«ì§ï à áá¬ âà¨¢ âì â¥à-
¬®¤¨­ ¬¨ç¥áª¨, ®­¨ áâ ­®¢ïâáï ª¢ ­â®¢ë¬¨. �¨¦¥ ¬ë ®£à ­¨ç¨¢ ¥¬áï  ­ «¨§®¬
«¨èì â¥à¬®¤¨­ ¬¨ç¥áª¨å ä«ãªâã æ¨©.

�¥à­¥¬áï ª ä®à¬ã«¥ (8.1). �­âà®¯¨ï S ¨¬¥¥â ¬ ªá¨¬ã¬ ¯à¨ x =< x >= 0.
�®íâ®¬ã:

@S

@x

����
x=0

= 0;
@2S

@x2

����
x=0

< 0: (8.12)

�¥«¨ç¨­  x ¯à¨ ä«ãªâã æ¨ïå ®ç¥­ì ¬ « . � §« £ ï S(x) ¢ àï¤ ¯® áâ¥¯¥­ï¬ x ¨
®£à ­¨ç¨¢ ïáì ç«¥­®¬ ¢â®à®£® ¯®àï¤ª , ¯®«ãç¨¬:

S(x) = S(0) � �

2
x2; � > 0 (8.13)

�®¤áâ ¢«ïï íâ® ¢ (8.1), ¯®«ãç ¥¬:

w(x)dx = Ae�
�
2 x

2

dx (8.14)

�®à¬¨à®¢®ç­ ï ¯®áâ®ï­­ ï A ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬
R1
�1 dxw(x) = 1, çâ® ¤ ¥â

A =
p
�=2�.

� ª¨¬ ®¡à §®¬, à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ä«ãªâã æ¨© ¢¥«¨ç¨­ë x ®¯à¥¤¥«ï-
¥âáï à á¯à¥¤¥«¥­¨¥¬ � ãáá :

w(x) =

r
�

2�
e�

�
2 x

2

(8.15)

�à¥¤­¨© ª¢ ¤à â ä«ãªâã æ¨¨ à ¢¥­:

< x2 >=

Z 1

�1
dxx2w(x) =

1

�
(8.16)

�®íâ®¬ã à á¯à¥¤¥«¥­¨¥ � ãáá  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

w(x) =
1p

2� < x2 >
exp

�
� x2

2 < x2 >

�
(8.17)

�ã­ªæ¨ï w(x) ¨¬¥¥â â¥¬ ¡®«¥¥ ®áâàë© ¬ ªá¨¬ã¬, ç¥¬ ¬¥­ìè¥ < x2 >.
�® ¨§¢¥áâ­®¬ã < x2 > ¬®¦­® ­ ©â¨  ­ «®£¨ç­ãî ¢¥«¨ç¨­ã ¤«ï «î¡®© äã­ªæ¨¨

'(x). �¢¨¤ã ¬ «®áâ¨ x ¨¬¥¥¬:

< (�')2 >=

�
d'

dx

�2

x=0

< x2 > : (8.18)

�­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® ®¯à¥¤¥«¨âì ¢¥à®ïâ­®áâì ®¤­®¢à¥¬¥­­®£® ®âª«®­¥-
­¨ï àï¤  â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ ®â á¢®¨å áà¥¤­¨å §­ ç¥­¨©, ®¡®§­ ç¨¬ íâ¨
®âª«®­¥­¨ï x1; x2; :::; xn. �¢®¤¨¬ í­âà®¯¨î S(x1; x2; :::; xn) ¨ ¯¨è¥¬ à á¯à¥¤¥«¥­¨¥
¢¥à®ïâ­®áâ¥© ¢ ¢¨¤¥ wdx1:::dxn � exp[S(x1; :::; xn)]dx1:::dxn. � §« £ ¥¬ S ¯® áâ¥¯¥-
­ï¬ xi á â®ç­®áâìî ¤® ç«¥­®¢ ¢â®à®£® ¯®àï¤ª  ¯®«ãç ¥¬:

�S = �1
2

nX
i;k=1

�ikxixk = �1
2
�ikxixk (8.19)
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{ áãé¥áâ¢¥­­® ®âà¨æ â¥«ì­ãî ª¢ ¤à â¨ç­ãî ä®à¬ã. �ç¥¢¨¤­®, çâ® �ik = �ki. �
¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¯®¤à §ã¬¥¢ ¥âáï ®¡ëç­®¥ ¯à ¢¨«® áã¬¬¨à®¢ ­¨ï ¯® ¯®¢â®àï-
îé¨¬áï ¨­¤¥ªá ¬. �®£¤ :

w = A exp

�
�1
2
�ikxixk

�
(8.20)

£¤¥ A ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ ­®à¬¨à®¢ª¨
R
dx1:::dxnw = 1. �®®â¢¥âáâ¢ãîé¨¥ ¢ë-

ç¨á«¥­¨ï ¬®¦­® ¯à®¢¥áâ¨ á«¥¤ãîé¨¬ ®¡à §®¬. �à®¨§¢¥¤¥¬ ­ ¤ ¢¥«¨ç¨­ ¬¨ xi «¨-
­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥:

xi = aikx
0
k (8.21)

¤¨ £®­ «¨§ãîé¥¥ ª¢ ¤à â¨ç­ãî ä®à¬ã �ikxixk. �«ï â®£®, çâ®¡ë ¢ë¯®«­ï«®áì

�ikxixk = x02i � x0ix
0
k�ik (8.22)

­ã¦­®, çâ®¡ë ª®íää¨æ¨¥­âë ¯à¥®¡à §®¢ ­¨ï (8.22) ã¤®¢«¥â¢®àï«¨ á®®â­®è¥­¨ï¬:

�ikailakm = �lm (8.23)

�¯à¥¤¥«¨â¥«ì ¬ âà¨æë á«¥¢  à ¢¥­ ¯à®¨§¢¥¤¥­¨î ®¯à¥¤¥«¨â¥«¥©:

�a2 = 1 � = Det�ik a = Detaik (8.24)

�ª®¡¨ ­ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï xi ! x0i à ¢¥­ a. �®íâ®¬ã ¯®á«¥ ¯à®¢¥¤¥­¨ï «¨-
­¥©­®£® ¯à¥®¡à §®¢ ­¨ï (8.21) ¨­â¥£à « à á¯ ¤ ¥âáï ­  ¯à®¨§¢¥¤¥­¨¥ n ®¤¨­ ª®¢ëå
¨­â¥£à «®¢ ¨ á ãç¥â®¬ (8.24) ¯®«ãç ¥¬:

Aa

�Z 1

�1
dx0 exp

�
�1
2
x02
��n

=
Ap
�
(2�)n=2 = 1 (8.25)

� ª¨¬ ®¡à §®¬, ®ª®­ç â¥«ì­® à á¯à¥¤¥«¥­¨¥ � ãáá  ¤«ï ­¥áª®«ìª¨å ¢¥«¨ç¨­ ¨¬¥¥â
¢¨¤:

w =

p
�

(2�)n=2
exp

�
�1
2
�ikxixk

�
� = Detj�ikj (8.26)

� ¥£® ¯®¬®éìî ¬®¦­® ­ ©â¨:
< xixk >= ��1ik (8.27)

£¤¥ ��1ik { í«¥¬¥­â ¬ âà¨æë, ®¡à â­®© ¬ âà¨æ¥ �ik. �á«¨ ä«ãªâã æ¨¨ ª ª¨å-«¨¡®
¤¢ãå ¢¥«¨ç¨­ x1 ¨ x2 áâ â¨áâ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë, â® áà¥¤­¥¥ ®â ¨å ¯à®¨§¢¥¤¥­¨ï
ä ªâ®à¨§ã¥âáï: < x1x2 >=< x1 >< x2 >= 0, â ª çâ® ��112 = 0. �à¨ £ ãáá®¢®¬
à á¯à¥¤¥«¥­¨¨ ¢¥à®ïâ­®áâ¥© á¯à ¢¥¤«¨¢  ¨ ®¡à â­ ï â¥®à¥¬ : ¥á«¨ < x1x2 >= 0
(â.¥. ��112 = 0), â® ä«ãªâã æ¨¨ ¢¥«¨ç¨­ x1 ¨ x2 áâ â¨áâ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë.

�«ãªâã æ¨¨ ®á­®¢­ëå ä¨§¨ç¥áª¨å ¢¥«¨-
ç¨­.

� ©¬¥¬áï â¥¯¥àì ¢ëç¨á«¥­¨¥¬ áà¥¤­¨å ª¢ ¤à â®¢ ä«ãªâã æ¨© ®á­®¢­ëå â¥à¬®¤¨-
­ ¬¨ç¥áª¨å ¢¥«¨ç¨­, ®â­®áïé¨åáï ª ¢ë¤¥«¥­­®© ¢ â¥«¥ ª ª®©-«¨¡® ¬ «®© ¥£® ç áâ¨.
�â  ¬ « ï ç áâì ¤®«¦­ , à §ã¬¥¥âáï, á®¤¥à¦ âì ¥é¥ ¤®áâ â®ç­® ¬­®£® ç áâ¨æ.
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�«ï â ª¨å ¢¥«¨ç¨­, ª ª í­¥à£¨ï ¨ ®¡ê¥¬, ¨¬¥îé¨å ­ àï¤ã á â¥à¬®¤¨­ ¬¨ç¥-
áª¨¬ â ª¦¥ ¨ ç¨áâ® ¬¥å ­¨ç¥áª¨© á¬ëá«, ¯®­ïâ¨¥ ä«ãªâã æ¨© á ¬®®ç¥¢¨¤­®. �­®,
®¤­ ª®, ­ã¦¤ ¥âáï ¢ ãâ®ç­¥­¨¨ ¤«ï â ª¨å ¢¥«¨ç¨­, ª ª í­âà®¯¨ï ¨ â¥¬¯¥à âãà ,
®¯à¥¤¥«¥­¨¥ ª®â®àëå ­¥¨§¡¥¦­® á¢ï§ ­® á à áá¬®âà¥­¨¥¬ â¥«  ¢ â¥ç¥­¨¥ ª®­¥ç­ëå
¨­â¥à¢ «®¢ ¢à¥¬¥­¨.

�¥à®ïâ­®áâì w ä«ãªâã æ¨¨ � expS, £¤¥ S { ¯®«­ ï í­âà®¯¨ï § ¬ª­ãâ®© á¨-
áâ¥¬ë, â.¥. ¢á¥£® â¥«  ¢ æ¥«®¬. � â¥¬ ¦¥ ãá¯¥å®¬, ª ª ¬ë ¢¨¤¥«¨ ¢ëè¥, ¬®¦­®
­ ¯¨á âì:

w � exp�S (8.28)

£¤¥ �S { ¨§¬¥­¥­¨¥ í­âà®¯¨¨ ¯à¨ ä«ãªâã æ¨¨. �§ â¥à¬®¤¨­ ¬¨ª¨ ¨§¢¥áâ­® [1, 2],
çâ®

�S = �Rmin
T0

(8.29)

£¤¥ Rmin { ¬¨­¨¬ «ì­ ï à ¡®â , ­¥®¡å®¤¨¬ ï ¤«ï â®£®, çâ®¡ë ®¡à â¨¬ë¬ ®¡à §®¬
¯à®¨§¢¥áâ¨ § ¤ ­­®¥ ¨§¬¥­¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ ¤ ­­®© ¬ «®© ç áâ¨
â¥«  (¯à¨ ä«ãªâã æ¨¨), ¯® ®â­®è¥­¨î ª ª®â®à®© ®áâ ¢è ïáï ç áâì â¥«  ¨£à ¥â
à®«ì áà¥¤ë á â¥¬¯¥à âãà®© T0. � ª¨¬ ®¡à §®¬:

w � exp

�
�Rmin

T0

�
(8.30)

�®¤áâ ¢¨¬ áî¤  (¯à¨ ä¨ªá¨à®¢ ­­ëå â¥¬¯¥à âãà¥ ¨ ¤ ¢«¥­¨¨ áà¥¤ë):

Rmin = �E � T0�S + P0�V (8.31)

£¤¥ �E;�S;�V { ¨§¬¥­¥­¨ï í­¥à£¨¨, í­âà®¯¨¨ ¨ ®¡ê¥¬  ¬ «®© ç áâ¨ â¥«  ¯à¨
ä«ãªâã æ¨¨,   T0 ¨ P0 { â¥¬¯¥à âãà  ¨ ¤ ¢«¥­¨¥ \áà¥¤ë", â.¥. à ¢­®¢¥á­ë¥ §­ -
ç¥­¨ï â¥¬¯¥à âãàë ¨ ¤ ¢«¥­¨ï â¥« . �¨¦¥ ¨­¤¥ªá ­ã«ì ®¯ãáª ¥¬, ¯®¤à §ã¬¥¢ ï ¢
ª®íää¨æ¨¥­â å à ¢­®¢¥á­ë¥ §­ ç¥­¨ï. �®£¤  ¨¬¥¥¬:

w � exp

�
��E � T�S + P�V

T

�
� exp

�
���

T

�
(8.32)

£¤¥ �� { ¨§¬¥­¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ «  ¯à¨ ä«ãªâã æ¨¨. �à¨ �V = 0,
â.¥. ¯à¨ ®âáãâáâ¢¨¨ ä«ãªâã æ¨© ®¡ê¥¬ , ¨¬¥¥¬:

w � exp

�
��F

T

�
(8.33)

£¤¥ �F { ¨§¬¥­¥­¨¥ á¢®¡®¤­®© í­¥à£¨¨ ¯à¨ ä«ãªâã æ¨¨.
� ¬¥â¨¬, çâ® ä®à¬ã«ë (8.32), (8.33) ¢ â ª®¬ ¢¨¤¥ ¯à¨¬¥­¨¬ë ª «î¡ë¬ ä«ãªâã-

 æ¨ï¬ { ª ª ­¥¡®«ìè¨¬, â ª ¨ §­ ç¨â¥«ì­ë¬. � ¯à¨¬¥­¥­¨¨ ª ¬ «ë¬ ä«ãªâã æ¨ï¬
¤¥©áâ¢ã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬. � §« £ ï �E ¢ àï¤, ¯®«ãç¨¬:

�E � T�S + P�V =
1

2

�
@2E

@S2
(�S)2 + 2

@2E

@S@V
�S�V +

@2E

@V 2
(�V )2

�
(8.34)

£¤¥ ç«¥­ë ¯¥à¢®£® ¯®àï¤ª  ¢ à §«®¦¥­¨¨ �E á®ªà â¨«¨áì á ãç¥â®¬ @E
@S

= T ¨
@E
@V

= �P . �¥âàã¤­® ã¡¥¤¨âìáï, çâ® (8.34) ¬®¦­® ¯¥à¥¯¨á âì ª ª:
1

2

�
�S�

�
@E

@S

�
V

+�V�

�
@E

@V

�
S

�
=
1

2
(�S�T ��P�V ): (8.35)
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�®£¤  ¯®«ãç ¥¬ ¢¥à®ïâ­®áâì ä«ãªâã æ¨¨ ¢ ¢¨¤¥:

w � exp

�
�P�V ��T�S

2T

�
: (8.36)

�§ íâ®© ®¡é¥© ä®à¬ã«ë ¬®¦­® ­ ©â¨ ä«ãªâã æ¨¨ à §«¨ç­ëå â¥à¬®¤¨­ ¬¨ç¥áª¨å
¢¥«¨ç¨­.

�ë¡¥à¥¬ á­ ç «  ¢ ª ç¥áâ¢¥ ­¥§ ¢¨á¨¬ëå V ¨ T . �®£¤ :

�S =

�
@S

@T

�
V

�T +

�
@S

@V

�
T

�V =
Cv
T
�T +

�
@P

@T

�
V

�V (8.37)

�P =

�
@P

@T

�
V

�T +

�
@P

@V

�
T

�V: (8.38)

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ (8.36) ¢¨¤¨¬, çâ® ç«¥­ë á �V�T á®ªà é îâáï ¨
®áâ ¥âáï:

w � exp

�
� Cv
2T 2

(�T )2 +
1

2T

�
@P

@V

�
T

(�V )2
�
: (8.39)

�â® ¢ëà ¦¥­¨¥ à á¯ ¤ ¥âáï ­  ¤¢  ¬­®¦¨â¥«ï, § ¢¨áïé¨¥ â®«ìª® ®â �T ¨«¨ �V .
�àã£¨¬¨ á«®¢ ¬¨, ä«ãªâã æ¨¨ â¥¬¯¥à âãàë ¨ ®¡ê¥¬  áâ â¨áâ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë:

< �T�V >= 0 (8.40)

�à ¢­¨¢ ï ¯®®ç¥à¥¤­® ª ¦¤ë© ¨§ ¤¢ãå ¬­®¦¨â¥«¥©, ­  ª®â®àë¥ à á¯ ¤ ¥âáï (8.39)
á ®¡é¥© ä®à¬ã«®© à á¯à¥¤¥«¥­¨ï � ãáá  (8.17), ­ å®¤¨¬ á«¥¤ãîé¨¥ ¢ëà ¦¥­¨ï
¤«ï áà¥¤­¨å ª¢ ¤à â®¢ ä«ãªâã æ¨© â¥¬¯¥à âãàë ¨ ®¡ê¥¬ :

< (�T )2 >=
T 2

Cv
(8.41)

< (�V )2 >= �T
�
@V

@P

�
T

: (8.42)

�®«®¦¨â¥«ì­®áâì íâ¨å ¢¥«¨ç¨­ ®¡¥á¯¥ç¨¢ ¥âáï â¥à¬®¤¨­ ¬¨ç¥áª¨¬¨ ­¥à ¢¥­-
áâ¢ ¬¨ Cv > 0 ¨ (@P=@V )T < 0 [1, 2].

�ë¡¥à¥¬ â¥¯¥àì ¢ ª ç¥áâ¢¥ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¢ (8.36) P ¨ S. �®£¤ :

�V =

�
@V

@P

�
S

�P +

�
@V

@S

�
P

�S (8.43)

�T =

�
@T

@S

�
P

�S +

�
@T

@P

�
S

�P =
T

Cp
�S +

�
@T

@P

�
S

�P (8.44)

�® á®£« á­® dW = TdS + V dP ¨¬¥¥¬
�
@V
@S

�
P
= @2W

@P@S =
�
@T
@P

�
S
, â®£¤ :

�V =

�
@V

@P

�
S

�P +

�
@T

@P

�
S

�S (8.45)

�®¤áâ ¢«ïï �V ¨ �T ¢ (8.36), ­ ©¤¥¬:

w � exp

�
1

2T

�
@V

@P

�
S

(�P )2 � 1

2Cp
(�S)2

�
(8.46)
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� ª ¨ ¢ëè¥, íâ® ¢ëà ¦¥­¨¥ à á¯ ¤ ¥âáï ­  ¬­®¦¨â¥«¨, § ¢¨áïé¨¥ ®â �P ¨ �S.
� ª¨¬ ®¡à §®¬:

< (�S)2 >= Cp (8.47)

< (�P )2 >= �T
�
@P

@V

�
S

(8.48)

�§ ¯®«ãç¥­­ëå ä®à¬ã« ¢¨¤­®, çâ® áà¥¤­¨¥ ª¢ ¤à âë ä«ãªâã æ¨©  ¤¤¨â¨¢­ëå
â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ { ®¡ê¥¬  ¨ í­âà®¯¨¨ { ¯à®¯®àæ¨®­ «ì­ë à §¬¥à ¬
(®¡ê¥¬ã) â¥å ç áâ¥© â¥« , ª ª®â®àë¬ ®­¨ ®â­®áïâáï. �®®â¢¥âáâ¢¥­­®, áà¥¤­¥ª¢ ¤à -
â¨ç­ë¥ ä«ãªâã æ¨¨ íâ¨å ¢¥«¨ç¨­ �

p
V ,   ®â­®á¨â¥«ì­ë¥ ä«ãªâã æ¨¨ � 1=

p
V .

� â®¦¥ ¢à¥¬ï ¤«ï â¥¬¯¥à âãàë ¨ ¤ ¢«¥­¨ï ®¡à â­® ¯à®¯®àæ¨®­ «ì­ë ª®à­î ¨§
®¡ê¥¬  ã¦¥ á ¬¨ ¨å áà¥¤­¥ª¢ ¤à â¨ç­ë¥ ä«ãªâã æ¨¨.

�ëà ¦¥­¨ï ¤«ï ä«ãªâã æ¨© â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ ¬®£ãâ ¡ëâì ¯®«ãç¥­ë
¨ ­¥¯®áà¥¤áâ¢¥­­® ¨§ à á¯à¥¤¥«¥­¨ï �¨¡¡á . � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ä«ãª-
âã æ¨¨ ç¨á«  ç áâ¨æ. �®£« á­® ®¯à¥¤¥«¥­¨î ¡®«ìè®£® ª ­®­¨ç¥áª®£®  ­á ¬¡«ï
¨¬¥¥¬:

< N >= e


T

X
N

Ne
�N
T

X
n

e�
EnN
T (8.49)

�¨ää¥à¥­æ¨àãï íâ® ¢ëà ¦¥­¨¥ ¯® � (¯à¨ ¯®áâ®ï­­ëå V ¨ T ), ¯®«ãç¨¬:

@ < N >

@�
=

1

T
e


T

X
N

�
N2 + N

@


@�

�
e
�N
T

X
n

e�
EnN
T =

=
1

T

�
< N2 > + < N >

@


@�

�
(8.50)

�® @
=@� = � < N >, â ª çâ®:

@ < N >

@�
=

1

T
(< N2 > � < N >2) =

1

T
< (�N )2 >; (8.51)

á®®â¢¥âáâ¢¥­­®:
< (�N )2 >= T (@N=@�)T;V : (8.52)

�§ ¯®«ãç¥­­ëå ä®à¬ã« ïá­®, çâ® áà¥¤­¥ª¢ ¤à â¨ç­ë¥ ä«ãªâã æ¨¨ â ª¨å ¢¥«¨ç¨­,
ª ª í­¥à£¨ï, ®¡ê¥¬ ¨ ¤ ¢«¥­¨¥ áâà¥¬ïâáï ª ­ã«î ¯à¨ T ! 0. �â® ®¡é¥¥ á¢®©áâ¢®
¢á¥å â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­, ¨¬¥îé¨å â ª¦¥ ¨ ç¨áâ® ¬¥å ­¨ç¥áª¨© á¬ëá«,
­® ¢®®¡é¥ £®¢®àï, ­¥ ®â­®á¨âáï ª â ª¨¬ ç¨áâ® â¥à¬®¤¨­ ¬¨ç¥áª¨¬ ¢¥«¨ç¨­ ¬, ª ª
í­âà®¯¨ï ¨ â¥¬¯¥à âãà . �®£« á­® (8.41), ¥á«¨ áç¨â âì í­¥à£¨î â¥«  § ¤ ­­®© ¢¥«¨-
ç¨­®©, â® ­¥«ì§ï ¯à¨¯¨áë¢ âì â¥«ã ¢¯®«­¥ ®¯à¥¤¥«¥­­ãî â¥¬¯¥à âãàã, ®­  ä«ãª-
âã¨àã¥â ¨ (8.41) å à ªâ¥à¨§ã¥â â®ç­®áâì, á ª®â®à®© ¬®¦¥â ¡ëâì ¤ ­® ®¯à¥¤¥«¥­¨¥
â¥¬¯¥à âãàë ¨§®«¨à®¢ ­­®£® â¥« .

�«ãªâã æ¨¨ ¢ ¨¤¥ «ì­®¬ £ §¥.

� áá¬®âà¨¬ ¢®¯à®á ® ¢ëç¨á«¥­¨¨ < (�N )2 > á ­¥áª®«ìª® ¤àã£®© áâ®à®­ë. �®£« á­®
(8.42) ¤«ï ä«ãªâã æ¨© ®¡ê¥¬  ¨¬¥¥¬ < (�V )2 >= �T �@V

@P

�
T
. �¥«ï ®¡¥ ç áâ¨ íâ®£®
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à ¢¥­áâ¢  ­  N2, ­ å®¤¨¬ ä«ãªâã æ¨î ®¡ê¥¬ , ¯à¨å®¤ïé¥£®áï ­  ®¤­ã ç áâ¨æã:

< (�
V

N
)2 >= � T

N2

�
@V

@P

�
T

(8.53)

®âáî¤  ¬®¦­® ­ ©â¨ ä«ãªâã æ¨î ç¨á«  ç áâ¨æ, ­ å®¤ïé¨åáï ¢ ®¯à¥¤¥«¥­­®¬ ¢ë-
¤¥«¥­­®¬ ¢ â¥«¥ ®¡ê¥¬¥. �®áª®«ìªã ¯à¨ íâ®¬ V ¥áâì § ¤ ­­ ï ¢¥«¨ç¨­ , â® ¨¬¥¥¬
� V
N = V� 1

N = � V
N2�N , â®£¤  ¯®¤áâ ­®¢ª  ¢ (8.53) ¤ ¥â:

< (�N )2 >= �T N
2

V 2

�
@V

@P

�
T

(8.54)

�®¤áâ ¢«ïï áî¤  ãà ¢­¥­¨¥ á®áâ®ï­¨ï ¨¤¥ «ì­®£® £ §  V = NT=P , ¯®«ãç ¥¬:

< (�N )2 >= N (8.55)

�®£¤  ®â­®á¨â¥«ì­ ï ä«ãªâã æ¨ï ¥áâì:

< (�N )2 >1=2

N
=

1p
N
: (8.56)

� áá¬®âà¨¬ ¤ «¥¥ ä«ãªâã æ¨¨ ¢ à á¯à¥¤¥«¥­¨¨ ç áâ¨æ £ §  ¯® à §«¨ç­ë¬ ª¢ ­â®-
¢ë¬ á®áâ®ï­¨ï¬. �ãáâì nk { ç¨á«® ç áâ¨æ, ­ å®¤ïé¨åáï ¢ k-¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨.
�¢¨¤ã ¯®«­®© áâ â¨áâ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ íâ®© á¨áâ¥¬ë ç áâ¨æ ®â ®áâ «ì­ëå ç -
áâ¨æ £ § , ¬®¦­® ¯à¨¬¥­¨âì ª ­¥© ä®à¬ã«ã (8.52):

< (�nk)
2 >= T

@ < nk >

@�
(8.57)

�«ï ä¥à¬¨(¡®§¥)-£ § , ¯®á«¥ ¯®¤áâ ­®¢ª¨ < nk >= [e("k��)=T + 1]�1 ¯®«ãç ¥¬:

< (�nk)
2 >=< nk > (1� < nk >): (8.58)

�­ «®£¨ç­ë¬ ®¡à §®¬, ¤«ï ¡®§¥-£ § :

< (�nk)
2 >=< nk > (1+ < nk >): (8.59)

�«ï ¡®«ìæ¬ ­®¢áª®£® £ § , ¯®á«¥ ¯®¤áâ ­®¢ª¨ < nk >= e(��"k)=T ¯®«ãç ¥¬ ¢ëà -
¦¥­¨¥:

< (�nk)
2 >=< nk > (8.60)

¢ ª®â®à®¥ ¯¥à¥å®¤ïâ ¯à¥¤ë¤ãé¨¥ ä®à¬ã«ë (8.58) ¨ (8.59) ¯à¨ nk � 1. �à®áã¬¬¨à®-
¢ ¢ (8.58) ¨ (8.59) ¯® £àã¯¯¥ ¨§ Gj ¡«¨§ª¨å ãà®¢­¥©, á®¤¥à¦ é¨å Nj =

P
nk ç áâ¨æ.

� á¨«ã áâ â¨áâ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ ä«ãªâã æ¨© à §«¨ç­ëå nk ¯®«ãç¨¬:

< (�Nj)
2 >= Gj < nj > (1� < nj >) = Nj

�
1� < Nj >

Gj

�
(8.61)

£¤¥ < nj > { áà¥¤­¥¥ §­ ç¥­¨¥ ¡«¨§ª¨å ¤àã£ ª ¤àã£ã < nk >, < Nj >=< nj > Gj.
�â¨ ä®à¬ã«ë ¬®¦­® ¯à¨¬¥­¨âì, ­ ¯à¨¬¥à, ª £ §ã ä®â®­®¢, ¤«ï ç¥£® ¯®«®¦¨¬

¢ (8.59) � = 0. � áá¬®âà¨¬ á®¢®ªã¯­®áâì ª¢ ­â®¢ëå á®áâ®ï­¨© ä®â®­®¢ (¢ ®¡ê-
¥¬¥ V ) á ¡«¨§ª¨¬¨ §­ ç¥­¨ï¬¨ ç áâ®â, «¥¦ é¨¬¨ ¢ ¬ «®¬ ¨­â¥à¢ «¥ �!j. �¨á«®
á®®â¢¥âáâ¢ãîé¨å á®áâ®ï­¨© à ¢­® Gj = V !2j�!j=�

2c3. �¡é ï í­¥à£¨ï ª¢ ­â®¢ ¢
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íâ®¬ ¨­â¥à¢ «¥ ç áâ®â ¥áâì E�!j = Nj�h!j . �¬­®¦ ï (8.61) ­  (�h!j)
2 ¨ ®¯ãáª ï ¨­-

¤¥ªá j, ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥ �©­èâ¥©­  ¤«ï ä«ãªâã æ¨¨ í­¥à£¨¨ E�!

ä®â®­­®£® £ §  ¢ § ¤ ­­®¬ ¨­â¥à¢ «¥ ç áâ®â �!:

< (�E�!)
2 >= �h!E�! +

�2c3(E�!)2

V !2�!
: (8.62)

� áá¬®âà¨¬ ¥é¥ ¢®¯à®á ® ä«ãªâã æ¨¨ ç¨á«  ç áâ¨æ ¢ ¢ë¤¥«¥­­®¬ ®¡ê¥¬¥ ¨¤¥-
 «ì­®£® £ §  V . �à¨ íâ®¬ ¨¬¥¥â á¬ëá« à áá¬®âà¥âì ¨ ¡®«ìè¨¥ ä«ãªâã æ¨¨, ª®£¤ 
N� < N > áâ ­®¢¨âáï áà ¢­¨¬ë¬ á < N >. �â®â ¢®¯à®á ¨¬¥¥â á¬ëá« «¨èì ¢
¯à¨¬¥­¥­¨¨ ª ¡®«ìæ¬ ­®¢áª®¬ã £ §ã, â ª ª ª ¢ £ § å �¥à¬¨ ¨ �®§¥ ¢¥à®ïâ­®áâì
â ª¨å ä«ãªâã æ¨© ¬®¦¥â áâ âì § ¬¥â­®© «¨èì ¢ áâ®«ì ¬ «ëå ®¡ê¥¬ å, çâ® áâ ­®-
¢ïâáï áãé¥áâ¢¥­­ë¬¨ ª¢ ­â®¢ë¥ ä«ãªâã æ¨¨. �®£« á­® ¡®«ìè®¬ã à á¯à¥¤¥«¥­¨î
�¨¡¡á , à á¯à¥¤¥«¥­¨¥ N ç áâ¨æ £ §  ¯® à §«¨ç­ë¬ ª¢ ­â®¢ë¬ á®áâ®ï­¨ï¬ ¯à®-
¯®àæ¨®­ «ì­®

exp

�

+ �N �P "k

T

�
; (8.63)

£¤¥
P
"k ¥áâì áã¬¬  í­¥à£¨© ®â¤¥«ì­ëå ç áâ¨æ. �«ï ¯®«ãç¥­¨ï ¨áª®¬®© ¢¥à®ïâ-

­®áâ¨ wN ­ ¤® ¯à®áã¬¬¨à®¢ âì íâ® ¢ëà ¦¥­¨¥ ¯® ¢á¥¬ á®áâ®ï­¨ï¬ ç áâ¨æ, ¯à¨-
å®¤ïé¨¬ï ­  § ¤ ­­ë© ®¡ê¥¬ V . �à®¨§¢®¤ï áã¬¬¨à®¢ ­¨¥ ¯® á®áâ®ï­¨ï¬ ª ¦¤®©
ç áâ¨æë ­¥§ ¢¨á¨¬®, ­ã¦­® ¥é¥ à §¤¥«¨âì à¥§ã«ìâ â ­  N !, â ª çâ® ¯®«ãç ¥âáï:

wN =
e
=T

N !

 X
k

e
��"k
T

!N
(8.64)

�â®ïé ï §¤¥áì áã¬¬  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®áâ® áà¥¤­¥¥ ç¨á«® ç áâ¨æ ¢ à áá¬ -
âà¨¢ ¥¬®¬ ®¡ê¥¬¥: X

k

e
��"k
T =< N > : (8.65)

�®£¤ :

wN = const
< N >N

N !
; (8.66)

¨ ­ å®¤ï ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨ const = e�<N> 3 ¯®«ãç ¥¬:

wN =
< N >N e�<N>

N !
(8.67)

{ â ª ­ §ë¢ ¥¬®¥ à á¯à¥¤¥«¥­¨¥ �ã áá®­ . � ¥£® ¯®¬®éìî í«¥¬¥­â à­® ¯®ª §ë-
¢ ¥âáï [1, 2], çâ® ¤«ï áà¥¤­¥£® ª¢ ¤à â  ä«ãªâã æ¨¨ ç¨á«  ç áâ¨æ ¨¬¥¥¬ ¯à¥¦­¥¥
§­ ç¥­¨¥:

< (�N )2 >=< N > (8.68)

â ª çâ® íâ® ¢ëà ¦¥­¨¥ á¯à ¢¥¤«¨¢® ­¥ â®«ìª® ¯à¨ ¡®«ìè¨å, ­® ¢®®¡é¥ ¯à¨ «î¡ëå
§­ ç¥­¨ïå < N >.

3�â® á¢®¤¨âáï ª 
 = �PV = � < N > T , ¢ á®®â¢¥âáâ¢¨¨ á ãà ¢­¥­¨¥¬ á®áâ®ï­¨ï ¨¤¥ «ì­®£®
£ § .
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�« ¢  9

������� �������� � ���-
�������� �������

�¥â®¤ ¬®«¥ªã«ïà­®£® ¯®«ï ¢ â¥®à¨¨ ¬ £-
­¥â¨§¬ .

� ­­ë© à §¤¥« ªãàá  ¯®á¢ïé¥­ í«¥¬¥­â à­®¬ã ¢¢¥¤¥­¨î ¢ â¥®à¨î ä §®¢ëå ¯¥-
à¥å®¤®¢ II à®¤  ¨ ªà¨â¨ç¥áª¨å ï¢«¥­¨©. �à®áâ¥©è¥© ¬¨ªà®áª®¯¨ç¥áª®© ¬®¤¥«ìî
â ª®£® ¯¥à¥å®¤  ï¢«ï¥âáï â¥®à¨ï ¬®«¥ªã«ïà­®£® ¯®«ï �¥©áá , ª ç¥áâ¢¥­­® ®¯¨-
áë¢ îé ï ä §®¢ë© ¯¥à¥å®¤ ¢ ä¥àà®¬ £­¨â­®¥ á®áâ®ï­¨¥. �  íâ®¬ ¯à¨¬¥à¥ «¥£ª®
¨§ãç¨âì ®á­®¢­ë¥ ®á®¡¥­­®áâ¨ § ¤ ç¨, ª®â®àë¥ ¯à®ï¢«ïîâáï, ä ªâ¨ç¥áª¨, ¯à¨ ä -
§®¢ëå ¯¥à¥å®¤ å ¯®çâ¨ ¢ «î¡ëå ¤àã£¨å á¨áâ¥¬ å.

� áá¬®âà¨¬ á­ ç «  áâ â¨áâ¨ç¥áªãî ¬¥å ­¨ªã á¢®¡®¤­ëå á¯¨­®¢ ¢ ¬ £­¨â­®¬
¯®«¥ (¯ à ¬ £­¥â¨ª á «®ª «¨§®¢ ­­ë¬¨ ¬ £­¨â­ë¬¨ ¬®¬¥­â ¬¨). � ¬¨«ìâ®­¨ ­
á¨áâ¥¬ë ¨§ N ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å á¯¨­®¢ Si ¢® ¢­¥è­¥¬ ¬ £­¨â­®¬ ¯®«¥ H,
¨¬¥¥â ¢¨¤:

H = �g�B
NX
i=1

SiH (9.1)

£¤¥ g { £¨à®¬ £­¨â­®¥ ®â­®è¥­¨¥,   �B = e�h
2mc { ¬ £­¥â®­ �®à . � ¤ «ì­¥©è¥¬,

¤«ï ªà âª®áâ¨ ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨¥ ~� = g�B . �¯¨­®¢ë¥ á®áâ®ï­¨ï å à ªâ¥à¨-
§ãîâáï ¥£® ¯à®¥ªæ¨¥© ­  ¢­¥è­¥¥ ¬ £­¨â­®¥ ¯®«¥, ª®â®à ï ¬®¦¥â ¯à¨­¨¬ âì 2S+1
§­ ç¥­¨© (mi = �S;�S + 1; :::; S � 1; S).

167
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�â â¨áâ¨ç¥áª ï áã¬¬  â ª®© á¨áâ¥¬ë á¯¨­®¢ ¨¬¥¥â ¢¨¤:

Z =
X
S

exp

 
� ~�

T

NX
i=1

SiH

!
=

m1=SX
m1=�S

:::

mN=SX
mN=�S

exp

 
x

NX
i=1

mi

!
(9.2)

£¤¥

x � ~�H

T
(9.3)

�¯¥à æ¨ï áã¬¬¨à®¢ ­¨ï ¢ (9.2) ®á®¡¥­­® ¯à®áâ  ¤«ï S = 1=2:

Z =
NY
i=1

8<:
mi=1=2X
mi=�1=2

exp(xmi)

9=; =

=
NY
i=1

2ch

�
1

2
x

�
= 2NchN

�
1

2
x

�
(9.4)

�à¨ ¯à®¨§¢®«ì­®¬ S ¨¬¥¥¬:

Z =

�
exp(�xS)[1 � expf(2S + 1)xg]

1� exp(x)

�N
=

�
sh f(S + 1=2)xg

sh(x=2)

�N
(9.5)

�®®â¢¥âáâ¢¥­­®, ¤«ï á¢®¡®¤­®© í­¥à£¨¨ á¨áâ¥¬ë ¯®«ãç ¥¬:

F (T;H) = �T lnZ = �NT ln
�
sh f(S + 1=2)xg

sh(x=2)

�
(9.6)

�âáî¤  ­ ¬ £­¨ç¥­­®áâì:

M (T;H) = �
�
@F

@H

�
T

= T
@

@H
lnZ =M0BS (Sx) (9.7)

£¤¥ M0 � M (T = 0;H = 0) = NS~� = NSg�B { ¬ ªá¨¬ «ì­ ï ¢¥«¨ç¨­  ­ ¬ £­¨-
ç¥­­®áâ¨,  

BS (x) � 2S + 1

2S
cth

�
2S + 1

2S
x

�
� 1

2S
cth

�
1

2S
x

�
(9.8)

{ â ª ­ §ë¢ ¥¬ ï äã­ªæ¨ï �à¨««îí­ . �â  äã­ªæ¨ï á¢ï§ë¢ ¥â ­ ¬ £­¨ç¥­­®áâì
á¨áâ¥¬ë á¯¨­®¢ ¯ à ¬ £­¥â¨ª  á ¢¥«¨ç¨­®© ¯à¨«®¦¥­­®£® ¯®«ï, ®­  ¯®ª § ­  ­ 
�¨á. 9-1. � ç áâ­®¬ á«ãç ¥ S = 1=2 äã­ªæ¨ï �à¨««îí­  à ¢­ :

B1=2

�
1

2
x

�
= 2cth(x)� cth(x=2) = th(x=2): (9.9)

�§ �¨á. 9-1 ¢¨¤­®, çâ® M = 0 ¯à¨ H = 0, ª ª ¨ ¤®«¦­® ¡ëâì ¢ ¯ à ¬ £­¥â¨ª¥.
� ä¥àà®¬ £­¥â¨ª å á¨âã æ¨ï ¨­ ï, á¯¨­ë ¢§ ¨¬®¤¥©áâ¢ãîâ ¬¥¦¤ã á®¡®©, ¨ ¯à¨
­¨§ª¨å â¥¬¯¥à âãà å ¢ á¨áâ¥¬¥ ¨¬¥¥âáï á¯®­â ­­ ï ­ ¬ £­¨ç¥­­®áâì, áãé¥áâ¢ãî-
é ï ¨ ¢ ®âáãâáâ¢¨¥ ¢­¥è­¥£® ¯®«ï, â.¥. ¯à¨ H = 0. �á­®¢­®¥ ¯à¥¤¯®«®¦¥­¨¥ â¥®à¨¨
¬®«¥ªã«ïà­®£® (áà¥¤­¥£®) ¯®«ï á®áâ®¨â ¢ â®¬, çâ® ¢§ ¨¬®¤¥©áâ¢¨¥ á¯¨­®¢ ¯à¨¢®-
¤¨â ª ¢®§­¨ª­®¢¥­¨î ­¥ª®â®à®£® \¬®«¥ªã«ïà­®£®" ¬ £­¨â­®£® ¯®«ï Hm, ª®â®à®¥
¤®¡ ¢«ï¥âáï ª ¢­¥è­¥¬ã ¯®«î H. �à¥¤¯®« £ ¥âáï, çâ® íâ® ¯®«¥ ¯à®¯®àæ¨®­ «ì­®
­ ¬ £­¨ç¥­­®áâ¨ á¨áâ¥¬ë:

Hm = �M (T;H) (9.10)
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�¨á. 9-1 � ¢¨á¨¬®áâì ®â­®á¨â¥«ì­®© ­ ¬ £­¨ç¥­­®áâ¨ ¯ à ¬ £­¥â¨ª  � = M=M0 ®â
®â ¯ à ¬¥âà  ~�HS=T , ®¯¨áë¢ ¥¬ ï äã­ªæ¨¥© �à¨««îí­  ¤«ï à §«¨ç­ëå §­ ç¥­¨©
á¯¨­  S.

â ª çâ® íää¥ªâ¨¢­®¥ ¯®«¥, ¤¥©áâ¢ãîé¥¥ ­  ª ¦¤ë© á¯¨­ à ¢­®:

Heff = H + �M (T;H) (9.11)

� à ¬¥âà � > 0 ­ §ë¢ ¥âáï ¯ à ¬¥âà®¬ ¬®«¥ªã«ïà­®£® ¯®«ï. �á¥ ¯®«ãç¥­­ë¥
¢ëè¥ á®®â­®è¥­¨ï ®áâ îâáï â®£¤  ¢ á¨«¥, ­ã¦­® â®«ìª® ®áãé¥áâ¢¨âì § ¬¥­ã
H ! Heff . � ç áâ­®áâ¨, ¯à¨ â ª®© § ¬¥­¥ ¨§ (9.7) ¯®«ãç ¥¬:

M =M0BS

�
~�S

T
(H + �M )

�
(9.12)

�à¨ H = 0 ¢®§­¨ª ¥â ãà ¢­¥­¨¥ ¤«ï ­ ¬ £­¨ç¥­­®áâ¨ M :

M =M0BS

�
~��M

T
S

�
(9.13)

�à ä¨ç¥áª®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¨§®¡à ¦¥­® ­  �¨á. 9-2. �à ¢­¥­¨¥ (9.13)
¨¬¥¥â âà¨¢¨ «ì­®¥ à¥è¥­¨¥ M = 0 ¤«ï ¢á¥å §­ ç¥­¨© T . �¤­ ª® áãé¥áâ¢ã¥â ¥é¥
¨ ¢â®à®¥ à¥è¥­¨¥ M 6= 0, ª®£¤  ­ ç «ì­ë© ãç áâ®ª £à ä¨ª  ¯à ¢®© ç áâ¨ (9.13)
¨¤¥â ¡®«¥¥ ªàãâ®, ç¥¬ «¥¢ ï ç áâì. �â®¡ë ¨áá«¥¤®¢ âì íâ®â ¢®¯à®á  ­ «¨â¨ç¥áª¨,
¯à®¢¥¤¥¬ à §«®¦¥­¨¥ äã­ªæ¨¨ �à¨««îí­  ¢ àï¤:

BS(x) =
S + 1

3S
x� S + 1

3S

2S2 + 2S + 1

30S2
x3 + ::: (9.14)

�®£¤  ­ ç «ì­ë© ­ ª«®­ ªà¨¢®©, ¨§®¡à ¦ îé¨© § ¢¨á¨¬®áâì ¯à ¢®© ç áâ¨ (9.13),
®¯à¥¤¥«¨âáï ¢ëà ¦¥­¨¥¬:

M0

�
S + 1

3S

�
~�S�

T
= C

�

T
(9.15)
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�¨á. 9-2 �à ä¨ç¥áª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï ¤«ï ­ ¬ £­¨ç¥­­®áâ¨ ¢ â¥®à¨¨ ¬®«¥ªã«ïà-
­®£® ¯®«ï (� = 1=T ).

£¤¥ ¢¢¥«¨ ¯®áâ®ï­­ãî �îà¨:

C � N ~�2S(S + 1)

3
(9.16)

¢ëà §¨¢ M0 ç¥à¥§ ¬¨ªà®¯ à ¬¥âàë, á®£« á­® ä®à¬ã«¥, ¯à¨¢¥¤¥­­®© ¯®á«¥ (9.7).
�¥¯¥àì ¨§ (9.15) ¢¨¤­®, çâ® ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â ¯à¨ T < �C, ®âªã¤ 
ïá­®, çâ® ªà¨â¨ç¥áª ï â¥¬¯¥à âãà  ä §®¢®£® ¯¥à¥å®¤  ¢ ä¥àà®¬ £­¨â­®¥ á®áâ®ï­¨¥
¢ â¥®à¨¨ ¬®«¥ªã«ïà­®£® ¯®«ï à ¢­ :

Tc = �C (9.17)

�à¨ â ª¨å â¥¬¯¥à âãà å M 6= 0 ¤ ¦¥ ¢ ®âáãâáâ¢¨¥ ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï.
�¥¬¯¥à âãà  ¯¥à¥å®¤  Tc, ®ç¥¢¨¤­®, áâà¥¬¨âáï ª ­ã«î ¯à¨ �! 0, ª®£¤  ¬ë ¢®§¢à -
é ¥¬áï ª á«ãç î ¯ à ¬ £­¥â¨ª .

� áá¬®âà¨¬ ¢®¯à®á ® ¯à®¨áå®¦¤¥­¨¨ ¬®«¥ªã«ïà­®£® ¯®«ï á ¬¨ªà®áª®¯¨ç¥áª®©
â®çª¨ §à¥­¨ï. � ®á­®¢¥ ¡®«ìè¨­áâ¢  ¬®¤¥«¥© ¬ £­¨â­®£® ã¯®àï¤®ç¥­¨ï «¥¦¨â ¯à¥¤-
áâ ¢«¥­¨¥ ®¡ ®¡¬¥­­®© ¯à¨à®¤¥ ¢§ ¨¬®¤¥©áâ¢¨ï á¯¨­®¢, ª®â®à®¥ ¢ ¯à®áâ¥©è¥¬ á«ã-
ç ¥ ®¯¨áë¢ ¥âáï ¬®¤¥«ìî �¥©§¥­¡¥à£ , £ ¬¨«ìâ®­¨ ­ ª®â®à®© ¨¬¥¥â ¢¨¤:

H = �1
2

X
i6=j

JijSiSj � ~�
X
i

SiH (9.18)

£¤¥ Jij { â ª ­ §ë¢ ¥¬ë© ®¡¬¥­­ë© ¨­â¥£à «, ª®â®àë© ¢ë¡¨à ¥¬ ¯®«®¦¨â¥«ì­ë¬
(á«ãç © ä¥àà®¬ £­¨â­®£® ã¯®àï¤®ç¥­¨ï).

� áâ® à áá¬ âà¨¢ ¥âáï ¨ ¡®«¥¥ ¯à®áâ®© ¢ à¨ ­â â ª ­ §ë¢ ¥¬®© ¬®¤¥«¨ �§¨­£ ,
íª¢¨¢ «¥­â­ë© (9.18), ¢ ª®â®à®© ®áâ ¢«¥­ë â®«ìª® Sz ª®¬¯®­¥­âë á¯¨­ . �¥ £ -
¬¨«ìâ®­¨ ­ ®¡ëç­® § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

H = �1
2

X
i6=j

Jijsisj � ~�
X
i

siH (9.19)
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£¤¥ ¯¥à¥¬¥­­ë¥ si = �1. � ¬¥â¨¬, çâ® ¬®¤¥«ì �§¨­£  ¬®¦¥â ¡ëâì à¥è¥­  â®ç­®
­  ¤¢ã¬¥à­®© à¥è¥âª¥ [1, 2]. �â® à¥è¥­¨¥ �­á £¥à  ¨£à ¥â ®ç¥­ì ¡®«ìèãî à®«ì ¢
â¥®à¨¨ ä §®¢ëå ¯¥à¥å®¤®¢, ­® ¬ë ¥£® à áá¬ âà¨¢ âì ­¥ ¡ã¤¥¬.

�®¤¥«ì ¬®«¥ªã«ïà­®£® ¯®«ï á¢®¤¨âáï ª ¯à¨¡«¨¦¥­­®© § ¬¥­¥ (9.18) ­  íää¥ª-
â¨¢­ë© £ ¬¨«ìâ®­¨ ­ ¢¨¤ :

H = �
X
i6=j

Jij < Sz > Siz � ~�
X
i

SizH (9.20)

£¤¥ ¬ £­¨â­®¥ ¯®«¥ áç¨â ¥âáï ­ ¯à ¢«¥­­ë¬ ¯® ®á¨ z,   < Sz > ®¡®§­ ç ¥â áà¥¤-
­¥¥ §­ ç¥­¨¥ z-ª®¬¯®­¥­âë á¯¨­  ­  «î¡®¬ ã§«¥ à¥è¥âª¨. �á­®, çâ® ¯à¨ (9.20)
íª¢¨¢ «¥­â­® à áá¬®âà¥­­®© ¢ëè¥ ¬®¤¥«¨ á¢®¡®¤­ëå á¯¨­®¢, ­ å®¤ïé¨åáï ¢ íä-
ä¥ªâ¨¢­®¬ (¬®«¥ªã«ïà­®¬) ¯®«¥, ­ ¯à ¢«¥­­®¬ ¢¤®«ì ®á¨ z, á«¥¤ãîé¥£® ¢¨¤ :

Heff = H +
J0
~�
< Sz >= H +

J0
N ~�2

M (9.21)

£¤¥
J0 =

X
j

Jij Jii = 0 (9.22)

�®¦­® áª § âì, çâ® ¬®«¥ªã«ïà­®¥ ¯®«¥ ­  ¤ ­­®¬ ã§«¥ á®§¤ ¥âáï á ¬®á®£« á®¢ ­-
­ë¬ ®¡à §®¬ ¢á¥¬¨ ®áâ «ì­ë¬¨ á¯¨­ ¬¨ á¨áâ¥¬ë. �à ¢­¨¢ ï (9.21) á (9.11), ¢¨¤¨¬,
çâ® ª®­áâ ­â  ¬®«¥ªã«ïà­®£® ¯®«ï � ®¯à¥¤¥«ï¥âáï ¢ íâ®© ¬®¤¥«¨ ¢ëà ¦¥­¨¥¬:

� =
J0
N ~�2

(9.23)

�®£¤  ¨§ (9.17) á«¥¤ã¥â, çâ® ªà¨â¨ç¥áª ï â¥¬¯¥à âãà  ä §®¢®£® ¯¥à¥å®¤  ¢ ä¥àà®-
¬ £­¨â­®¥ á®áâ®ï­¨¥ à ¢­ :

Tc =
1

3
J0S(S + 1) (9.24)

� á«ãç ¥, ¥á«¨ ¢§ ¨¬®¤¥©áâ¢ãîâ á¯¨­ë â®«ìª® ­  ¡«¨¦ ©è¨å á®á¥¤ïå ¢ à¥è¥âª¥,
â.¥. Jij = J â®«ìª® ª®£¤  ã§¥« j ï¢«ï¥âáï ®¤­¨¬ ¨§ z ¡«¨¦ ©è¨å á®á¥¤¥© ã§«  i,  
¢ ®áâ «ì­ëå á«ãç ïå Jij = 0, ¨¬¥¥¬:

Tc =
1

3
zJS(S + 1) (9.25)

�¥à­¥¬áï ª à áá¬®âà¥­¨î ¯à®áâ¥©è¥£® á«ãç ï S = 1=2. �®£« á­® (9.9) ¨ (9.12)
¬®¦­® § ¯¨á âì:

M =M0th

�
1

2T
~�(H + �M )

�
(9.26)

�¢®¤ï ®â­®á¨â¥«ì­ë¥ ¯¥à¥¬¥­­ë¥ � =M=M0 ¨ t = T=Tc, ­ ¯¨è¥¬ (9.26) ª ª:

� = th

�
1

2

~�H

T
+
�

t

�
(9.27)

�®«ì§ãïáì th(x+ y) = thx+thy
1+(thx)(thy) , ¯¥à¥¯¨è¥¬ (9.27) ¢ ¢¨¤¥:

h � th

�
~�H

2T

�
=

1� th(�=t)

1� �th(�=t) (9.28)
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�¡«¨§¨ ªà¨â¨ç¥áª®© â®çª¨ (H = 0; M = 0; T = Tc)  à£ã¬¥­âë ¢á¥å £¨¯¥à¡®-
«¨ç¥áª¨å â ­£¥­á®¢ ¢ (9.28) ¬ «ë, ¨ ¬ë ¬®¦¥¬ ¯à®¨§¢¥áâ¨ ¨å à §«®¦¥­¨¥ ¢ àï¤:
thx = x� 1

3x
3 + 2

15x
5 + :::. �®£¤ :

h = �

�
1� 1

t

�
+ �3

�
1

3t3
+
1� 1=t

t

�
(9.29)

�§ íâ®£®, â ª ­ §ë¢ ¥¬®£® ãà ¢­¥­¨ï á®áâ®ï­¨ï ¬ £­¥â¨ª , ¬®¦­® ¯®«ãç¨âì ¯®¢¥-
¤¥­¨¥ ¡®«ìè¨­áâ¢  ¥£® ä¨§¨ç¥áª¨å å à ªâ¥à¨áâ¨ª ¢¡«¨§¨ ªà¨â¨ç¥áª®© â®çª¨.

� ª ç¥áâ¢¥ ¯à¨¬¥à  ¬ë à áá¬®âà¨¬ ­ ¬ £­¨ç¥­­®áâì ¨ ¬ £­¨â­ãî ¢®á¯à¨¨¬ç¨-
¢®áâì. �§ ãà ¢­¥­¨ï (9.28) ¢¨¤­®, çâ® ¢ ­ã«¥¢®¬ ¯®«¥ h = 0 ¨ ¤«ï T < Tc ãà ¢­¥­¨¥
(9.29) ¯à¨­¨¬ ¥â ¢¨¤:

�2 =
T=Tc � 1

T3c
3T3 +

Tc
T

�
1� Tc

T

� + ::: � 3

�
T

Tc

�2
Tc � T
Tc

(9.30)

� ª¨¬ ®¡à §®¬, ­ ¬ £­¨ç¥­­®áâì ¢ ­ã«¥¢®¬ ¯®«¥ ¢¡«¨§¨ Tc (¯à¨ T < Tc) ¢¥¤¥â á¥¡ï
ª ª:

� � j� j� � =
T � Tc
Tc

(9.31)

£¤¥ ªà¨â¨ç¥áª¨© ¨­¤¥ªá ­ ¬ £­¨ç¥­­®áâ¨ � = 1=2.
�§®â¥à¬¨ç¥áª ï ¢®á¯à¨¨¬ç¨¢®áâì ¢ ­ã«¥¢®¬ ¯®«¥ �T =

�
@M
@H

�
T
ã¤®¢«¥â¢®àï¥â

á®®â­®è¥­¨î:

�T =

�
@M

@�

�
T

�
@�

@h

�
T

�
@h

@H

�
T

=

�
1

2
N ~�

��
~�

2T

��
@�

@h

�
T

=
C

T

�
@�

@h

�
T

(9.32)

£¤¥ ¤«ï ¯®áâ®ï­­®© �îà¨ ¨á¯®«ì§®¢ «¨ (9.16) ¤«ï S = 1=2. �¨ää¥à¥­æ¨àãï ®¡¥
ç áâ¨ (9.29) ¯® h ¯à¨ T � Tc, ¯®«ãç ¥¬:

1 =
@�

@h

��
1� 1

t

�
+ 3�2

�
1

3t3

��
(9.33)

¨«¨, ¨á¯®«ì§ãï (9.32),

�T =
C

T

�
�

t
+
�3

t3

��1
: (9.34)

� «¥¥, ¤«ï T > Tc ¨¬¥¥¬ � = 0 ¯à¨ H = 0 ¨ (9.34) á¢®¤¨âáï ª:

�T =
C

T

�
Tc
T

T � Tc
Tc

��1
=

C

T � Tc � ��
 (9.35)

£¤¥ ªà¨â¨ç¥áª¨© ¨­¤¥ªá ¢®á¯à¨¨¬ç¨¢®áâ¨ 
 = 1. �à¨ T < Tc, á®£« á­® (9.30) ¨¬¥¥¬
�2 � �3� , â ª çâ® ¨§ (9.34):

�T � 1

2

C

T

1

(�� ) � j� j
�1 (9.36)

â ª çâ® ªà¨â¨ç¥áª¨© ¨­¤¥ªá ¢®á¯à¨¨¬ç¨¢®áâ¨ ¯à¨ T < Tc â ª¦¥ 
0 = 1.
�àï¬ë¬¨ à áç¥â ¬¨ ¢ à ¬ª å ¬®¤¥«¨ ¬®«¥ªã«ïà­®£® ¯®«ï ¬®¦­® ¯®ª § âì, çâ®

â¥¯«®¥¬ª®áâì á¨áâ¥¬ë ¯à¨ T = Tc ¨á¯ëâë¢ ¥â ª®­¥ç­ë© áª ç®ª �CH = 3=2N .
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�®¦­® ¨§ãç¨âì ªà¨â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ ¨ àï¤  ¤àã£¨å å à ªâ¥à¨áâ¨ª, å à ªâ¥à¨-
§ãîé¥¥áï á¢®¨¬¨ ªà¨â¨ç¥áª¨¬¨ ¨­¤¥ªá ¬¨.

� æ¥«®¬, ¬®¤¥«ì ¬®«¥ªã«ïà­®£® ¯®«ï ¤ ¥â ­¥¯«®å®¥ ª ç¥áâ¢¥­­®¥ ®¯¨á ­¨¥ ä¥à-
à®¬ £­¨â­®£® ¯¥à¥å®¤ . �­  «¥£ª® ®¡®¡é ¥âáï ­  á«ãç ©  ­â¨ä¥àà®¬ £­¨â­®£® ¯¥-
à¥å®¤ . � ªâ¨ç¥áª¨, íâ  ¬®¤¥«ì á«ã¦¨â ¯à®®¡à §®¬ ¡®«ìè®£® ç¨á«  ¯®¤®¡­ëå ¬®-
¤¥«¥© áà¥¤­¥£® ¯®«ï, ï¢«ïîé¨åáï ¨áå®¤­ë¬¨ ¯à¨ ¬¨ªà®áª®¯¨ç¥áª®¬ ®¯¨á ­¨¨ à §-
«¨ç­ëå ä §®¢ëå ¯¥à¥å®¤®¢ ¢ á ¬ëå à §­ëå â¨¯ å ä¨§¨ç¥áª¨å á¨áâ¥¬. � ¯à¨¬¥à,
à áá¬®âà¥­­ ï ¢ëè¥ ¬®¤¥«ì ��� â¥®à¨¨ á¢¥àå¯à®¢®¤¨¬®áâ¨, ï¢«ï¥âáï â¨¯¨ç­ë¬
¯à¨¬¥à®¬ â ª®© ¬®¤¥«¨ áà¥¤­¥£® ¯®«ï, ¢ ª®â®à®© à®«ì íâ®£® ¯®«ï ¨£à îâ  ­®¬ «ì-
­ë¥ áà¥¤­¨¥ (7.16), (7.17),   £ ¬¨«ìâ®­¨ ­ (7.14) ¨«¨ (7.15) ï¢«ï¥âáï ¯àï¬ë¬  ­ «®-
£®¬ (9.20) 1. � â¥®à¨¨ á¢¥àå¯à®¢®¤¨¬®áâ¨ â ª®© ¯®¤å®¤ ¤ ¥â ®ç¥­ì â®ç­®¥ ®¯¨á ­¨¥
¯®¢¥¤¥­¨ï á¨áâ¥¬ë ¢¡«¨§¨ Tc. � ¡®«ìè¨­áâ¢¥ ¤àã£¨å á«ãç ¥¢, ¢ ç áâ­®áâ¨ ¢ à¥ «ì-
­ëå ¬ £­¨â­ëå á¨áâ¥¬ å, íâ® ®¯¨á ­¨¥ ï¢«ï¥âáï áã£ã¡® ª ç¥áâ¢¥­­ë¬. � ç áâ­®áâ¨,
¢¥«¨ç¨­  ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢ ¤®áâ â®ç­® á¨«ì­® ®â«¨ç ¥âáï ®â ¯à¥¤áª § ­¨© â¥-
®à¨¨ áà¥¤­¥£® ¯®«ï. �¨§¨ç¥áª ï ¯à¨ç¨­  íâ¨å ®â«¨ç¨© á®áâ®¨â ¢ ¢®§à áâ îé¥©
à®«¨ ä«ãªâã æ¨© ¢ ªà¨â¨ç¥áª®© ®¡« áâ¨ ¢¡«¨§¨ Tc.

�¢ §¨áà¥¤­¨¥�.

� ¬¨ªà®áª®¯¨ç¥áª®© â¥®à¨¨ ä §®¢ëå ¯¥à¥å®¤®¢ ¢®§­¨ª ¥â ¢¥áì¬  ¢ ¦­ë© ¢®¯à®á ®
¢ëà®¦¤¥­¨¨ ®á­®¢­®£® á®áâ®ï­¨ï á¨áâ¥¬ë ¨ â¥á­® á¢ï§ ­­ë© á ­¨¬ ¢®¯à®á ® ¯à -
¢¨«ì­®¬ ®¯à¥¤¥«¥­¨¨ áâ â¨áâ¨ç¥áª¨å áà¥¤­¨å. � áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à 
ä¥àà®¬ £­¥â¨ª �¥©§¥­¡¥à£ , ®¯¨áë¢ ¥¬ë© £ ¬¨«ìâ®­¨ ­®¬ (9.18). � ®âáãâáâ¢¨¥
¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï (¯à¨ H = 0) íâ®â £ ¬¨«ìâ®­¨ ­ ®ç¥¢¨¤­ë¬ ®¡à §®¬
¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® £àã¯¯ë âà¥å¬¥à­ëå ¢à é¥­¨©. �â® ïá­® ¨§ â®£®, çâ® ¢
(9.18) ¢å®¤ïâ â®«ìª® áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï á¯¨­®¢ ­  à §­ëå ã§« å à¥è¥âª¨. �
â®¦¥ ¢à¥¬ï, ä¥àà®¬ £­¨â­®¥ ®á­®¢­®¥ á®áâ®ï­¨¥ ­¥ ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® íâ®©
£àã¯¯ë { ¢¥ªâ®à á¯®­â ­­®© ­ ¬ £­¨ç¥­­®áâ¨ ¨¬¥¥â ¢¯®«­¥ ®¯à¥¤¥«¥­­®¥ ­ ¯à ¢«¥-
­¨¥ ¨ ®áâ ¥âáï ¨­¢ à¨ ­â­®áâì â®«ìª® ®â­®á¨â¥«ì­® ¢à é¥­¨© ¢®ªàã£ íâ®£® ­ ¯à -
¢«¥­¨ï. �ç¥¢¨¤­®, ®¤­ ª®, çâ® «î¡®¥ ¤àã£®¥ ®á­®¢­®¥ á®áâ®ï­¨¥ â®© ¦¥ á¨áâ¥¬ë,
á®®â¢¥âáâ¢ãîé¥¥ ¤àã£®¬ã ­ ¯à ¢«¥­¨î ¢¥ªâ®à  ­ ¬ £­¨ç¥­­®áâ¨ ®â¢¥ç ¥â â®© ¦¥
á ¬®© í­¥à£¨¨. �®®â¢¥âáâ¢¥­­®, ¢ § ¤ ç¥ ¢®§­¨ª ¥â ¡¥áª®­¥ç­ë© ­ ¡®à ®á­®¢­ëå
á®áâ®ï­¨©, ®â«¨ç îé¨åáï â®«ìª® ­ ¯à ¢«¥­¨¥¬ ¢¥ªâ®à  ­ ¬ £­¨ç¥­­®áâ¨. �­¥è-
­¥¥ ¬ £­¨â­®¥ ¯®«¥ (¤ ¦¥ ¡¥áª®­¥ç­® á« ¡®¥) á­¨¬ ¥â íâ® ¢ëà®¦¤¥­¨¥ ¨ ¯®§¢®«ï¥â
®¤­®§­ ç­® à ááç¨â âì ¢á¥ áâ â¨áâ¨ç¥áª¨¥ áà¥¤­¨¥. � ä®à¬ «ì­®¬  ¯¯ à â¥ â¥®à¨¨
íâ® ®âà ¦ ¥âáï ¢ ­¥®¡å®¤¨¬®áâ¨ ¢¢¥¤¥­¨ï ª®­æ¥¯æ¨¨ ª¢ §¨áà¥¤­¨å [25] { ®¤­®£® ¨§
æ¥­âà «ì­ëå ¯®­ïâ¨© â¥®à¨¨ ä §®¢ëå ¯¥à¥å®¤®¢.

�â ª, à áá¬®âà¨¬ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¬®¤¥«ì �¥©§¥­¡¥à£  ¢ ®âáãâáâ¢¨¥ ¢­¥è-
­¥£® ¬ £­¨â­®£® ¯®«ï:

H = �1
2

X
i6=j

JijSiSj (9.37)

1� ¬¨«ìâ®­¨ ­ ��� ¤ ¦¥ ¬®¦­® ¯¥à¥¯¨á âì ç¥à¥§ ­¥ª®â®àë¥ \¯á¥¢¤®á¯¨­®¢ë¥" ®¯¥à â®àë
(�­¤¥àá®­), ª®£¤  ®­ ¯®çâ¨ ¢ â®ç­®áâ¨ á¢®¤¨âáï ª ¢¨¤ã (9.20)
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�«ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ª ¦¤ ï ¨§ ª®¬¯®­¥­â ¢¥ªâ®à  áã¬¬ à­®£® á¯¨­ 

S =
X
j

Sj (9.38)

ï¢«ï¥âáï ¨­â¥£à «®¬ ¤¢¨¦¥­¨ï.
�®á¯®«ì§ã¥¬áï ª®¬¬ãâ æ¨®­­ë¬¨ á®®â­®è¥­¨ï¬¨:

SxSy � SySx = iSz

SySz � SzSy = iSx

SzSx � SxSz = iSy (9.39)

�âáî¤  á«¥¤ã¥â, çâ®

iSp(Sze
�H

T ) = Sp[(SxSy � SySx)e�H
T ] (9.40)

�® ¯®áª®«ìªã Sx ª®¬¬ãâ¨àã¥â á H, ¯®«ãç¨¬:

Sp(SySxe
�H

T ) = Sp(Sye
�H

T Sx) = Sp(SxSye
�H

T ); (9.41)

¨ ¯®íâ®¬ã

Sp(Sze
�H

T ) = 0: (9.42)

�®¢¥àè¥­­®  ­ «®£¨ç­® ­ å®¤¨¬:

Sp(Sxe
�H

T ) = 0 Sp(Sye
�H

T ) = 0 (9.43)

�¢¥¤¥¬ ¢¥ªâ®à ­ ¬ £­¨ç¥­­®áâ¨, ®â­¥á¥­­®© ª ¥¤¨­¨æ¥ ®¡ê¥¬ :

M =
~�

V

X
j

Sj =
~�

V
S: (9.44)

�®£¤  ¨¬¥¥¬:
Sp(Me�

H
T ) = 0 (9.45)

¨ áà¥¤­ïï ­ ¬ £­¨ç¥­­®áâì:

<M >= lim
V!1

Sp(Me�
H
T )

Sp(e�H
T )

= 0: (9.46)

�â ª, ®¡ëç­®¥ áâ â¨áâ¨ç¥áª®¥ (£¨¡¡á®¢áª®¥) áà¥¤­¥¥ §­ ç¥­¨¥ ­ ¬ £­¨ç¥­­®áâ¨
á¨áâ¥¬ë ¢á¥£¤  à ¢­® ­ã«î, çâ® á®®â¢¥âáâ¢ã¥â ¨§®âà®¯¨¨ á¨áâ¥¬ë ®â­®á¨â¥«ì­®
£àã¯¯ë âà¥å¬¥à­ëå ¢à é¥­¨©.

�®¤ç¥àª­¥¬, çâ® íâ®â à¥§ã«ìâ â á¯à ¢¥¤«¨¢ ¤«ï «î¡ëå â¥¬¯¥à âãà, ¢ â®¬ ç¨á«¥
¨ ¤«ï â¥¬¯¥à âãà ­¨¦¥ â¥¬¯¥à âãàë �îà¨. � § «®áì ¡ë ¢®§­¨ª ¥â ­¥ª®â®àë© ¯ -
à ¤®ªá, ¯®áª®«ìªã ¯à¨ T < Tc ¢ á¨áâ¥¬¥ áãé¥áâ¢ã¥â á¯®­â ­­ ï ­ ¬ £­¨ç¥­­®áâì.
�¤­ ª®, ­ ¯à ¢«¥­¨¥ ¢¥ªâ®à  ­ ¬ £­¨ç¥­­®áâ¨ ¢ ®âáãâáâ¢¨¥ ¢­¥è­¥£® ¬ £­¨â­®£®
¯®«ï ¯à®¨§¢®«ì­® ¨ ¢ íâ®¬ á¬ëá«¥ á®áâ®ï­¨¥ áâ â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï ¢ à áá¬ -
âà¨¢ ¥¬®© á¨áâ¥¬¥ ï¢«ï¥âáï ¡¥áª®­¥ç­® ¢ëà®¦¤¥­­ë¬.

�ª«îç¨¬ â¥¯¥àì ¢­¥è­¥¥ ¬ £­¨â­®¥ ¯®«¥ �e(� > 0; e2 = 1), § ¬¥­¨¢ £ ¬¨«ìâ®-
­¨ ­ (9.37) ­ 

H�e = H + �V eM: (9.47)
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�®£¤ , ¯à¨ â¥¬¯¥à âãà å ­¨¦¥ â®çª¨ �îà¨

<M >= eM� (9.48)

£¤¥ M� ¡ã¤¥â áâà¥¬¨âìáï ª ª®­¥ç­®¬ã, ®â«¨ç­®¬ã ®â ­ã«ï ¯à¥¤¥«ã, ª®£¤  ¨­â¥­-
á¨¢­®áâì � ¢­¥è­¥£® ¯®«ï áâà¥¬¨âáï ª ­ã«î. � ä®à¬ «ì­®© â®çª¨ §à¥­¨ï §¤¥áì
¢®§­¨ª ¥â \­¥áâ ¡¨«ì­®áâì" ®¡ëç­ëå áà¥¤­¨å { ¯à¨ ¤®¡ ¢«¥­¨¨ ª £ ¬¨«ìâ®­¨ ­ã
ç«¥­  á ¡¥áª®­¥ç­® ¬ «ë¬ ¢­¥è­¨¬ ¯®«¥¬2 áà¥¤­¥¥ §­ ç¥­¨¥ <M > ¯à¥â¥à¯¥¢ ¥â
ª®­¥ç­®¥, ®â«¨ç­®¥ ®â ­ã«ï ¯à¨à é¥­¨¥:

em £¤¥ m = lim
�!0

M� : (9.49)

� á¢ï§¨ á íâ¨¬ ã¤®¡­® ¢¢¥áâ¨ ¯®­ïâ¨¥ ª¢ §¨áà¥¤­¥£®. � áá¬®âà¨¬ ª ªãî { «¨¡® ¤¨­ -
¬¨ç¥áªãî ¢¥«¨ç¨­ã A, á®áâ ¢«¥­­ãî ¨§ á¯¨­®¢ëå ®¯¥à â®à®¢. �®£¤  ª¢ §¨áà¥¤­¥¥
®â ­¥¥ ®¯à¥¤¥«ï¥âáï ª ª:

� A �= lim
�!0

< A >�e (9.50)

£¤¥ < A >�e { ®¡ëç­®¥ áâ â¨áâ¨ç¥áª®¥ áà¥¤­¥¥ ®â A ¯à¨ £ ¬¨«ìâ®­¨ ­¥ H�e.
� ª¨¬ ®¡à §®¬, ­ «¨ç¨¥ ¢ëà®¦¤¥­¨ï ­¥¯®áà¥¤áâ¢¥­­® ®âà ¦ ¥âáï ­  ª¢ §¨áà¥¤-

­¨å ¨å § ¢¨á¨¬®áâìî ®â ¯à®¨§¢®«ì­®£® ®àâ  e. �¥âàã¤­® ¯®­ïâì, çâ® ®¡ëç­®¥ áà¥¤-
­¥¥:

< A >=

Z
� A � de (9.51)

â.¥. ¯®«ãç ¥âáï ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ¢á¥¬ ­ ¯à ¢«¥­¨ï¬ ¢¥ªâ®à  e. �®­ïâ­®, çâ® ¤«ï
®¯¨á ­¨ï ¢ëà®¦¤¥­­®£® á®áâ®ï­¨ï áâ â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï ª¢ §¨áà¥¤­¨¥ ¡®«¥¥
ã¤®¡­ë ¨ \ä¨§¨ç­ë", ç¥¬ ®¡ëç­ë¥ áà¥¤­¨¥. � ªâ¨ç¥áª¨, ®­¨ ¨ ¨á¯®«ì§ãîâáï ¢
¯à ªâ¨ç¥áª¨å à áç¥â å.

� ª ç¥áâ¢¥ ¤àã£®£® ¯à¨¬¥à  ¬®¦­® ã¯®¬ï­ãâì ¬®¤¥«ì á¢¥àå¯à®¢®¤¨¬®áâ¨ ���.
� ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, á¢¥àå¯à®¢®¤ïé¥¥ á®áâ®ï­¨¥ ­ àãè ¥â ª «¨¡à®¢®ç­ãî
á¨¬¬¥âà¨î, á¢ï§ ­­ãî á § ª®­®¬ á®åà ­¥­¨ï ç áâ¨æ, çâ® ¯à®ï¢«ï¥âáï ¢ ¯®ï¢«¥-
­¨¨  ­®¬ «ì­ëå áà¥¤­¨å â¨¯  (7.16), (7.17). � íâ®¬ á«ãç ¥ ®âáãâáâ¢ã¥â à¥ «ì­®¥
ä¨§¨ç¥áª®¥ ¯®«¥, ­ àãè îé¥¥ íâã á¨¬¬¥âà¨î, ¯®¤®¡­® â®¬ã ª ª ¢­¥è­¥¥ ¬ £­¨â-
­®¥ ¯®«¥ ­ àãè ¥â ¯®«­ãî ¢à é â¥«ì­ãî á¨¬¬¥âà¨î £¥©§¥­¡¥à£®¢áª®£® ¬ £­¥â¨ª .
�¤­ ª®, ¬®¦­® ¢¢¥áâ¨ ä¨ªâ¨¢­ë© ¡¥áª®­¥ç­® á« ¡ë© \¨áâ®ç­¨ª" ªã¯¥à®¢áª¨å ¯ à,
¤®¡ ¢¨¢ ¥£® ª £ ¬¨«ìâ®­¨ ­ã ��� (7.12), § ¯¨á ¢:

H� = H � �
X
p
[a�p#ap" + a+p"a

+
�p#] (9.52)

çâ® á­¨¬ ¥â ¢ëà®¦¤¥­¨¥ ¯® ®â­®è¥­¨î ª ª «¨¡à®¢®ç­®© á¨¬¬¥âà¨¨, ¨«¨, çâ® â®¦¥
á ¬®¥, ­ àãè ¥â § ª®­ á®åà ­¥­¨ï ç¨á«  ç áâ¨æ. �®®â¢¥âáâ¢¥­­®, ¢á¥ áà¥¤­¨¥, ¢ë-
ç¨á«¥­­ë¥ ¢ á¢¥àå¯à®¢®¤ïé¥¬ á®áâ®ï­¨¨ á«¥¤ã¥â ¯®­¨¬ âì ª ª ª¢ §¨áà¥¤­¨¥, ¯®-
«ãç¥­­ë¥ á ¯®¬®éìî £ ¬¨«ìâ®­¨ ­  (9.52), á ¯®á«¥¤ãîé¨¬ ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬
� ! 0. �áâ¥áâ¢¥­­®, çâ® ¢á¥ â ª¨¥ áà¥¤­¨¥ § ¢¨áïâ ®â ¯à®¨§¢®«ì­®£® ä §®¢®£® ã£« 
�. �®«®¦¨¢ ¢ëè¥, ¯à¨ ®¡áã¦¤¥­¨¨ á¢¥àå¯à®¢®¤ïé¥£® á®áâ®ï­¨ï, íâã ä §ã � = 0,
¬ë, ä ªâ¨ç¥áª¨, ¯®áâã¯¨«¨ á®¢¥àè¥­­®  ­ «®£¨ç­® â®¬ã, ª ª ¯à¨ à áá¬®âà¥­¨¨
ä¥àà®¬ £­¥â¨ª  ä¨ªá¨àã¥âáï ¯à®¨§¢®«ì­® ­ ¯à ¢«¥­­ ï ¢ ®¡ëç­®¬ ¯à®áâà ­áâ¢¥

2�®¤à §ã¬¥¢ ¥âáï, çâ® á­ ç «  ¯à®¢®¤¨âáï ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ V !
1,   § â¥¬ � ãáâà¥¬«ï¥âáï ª ­ã«î.
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®áì z, ¢¤®«ì ª®â®à®© ®à¨¥­â¨à®¢ ­® ¢­¥è­¥¥ ¬ £­¨â­®¥ ¯®«¥. �­ «®£¨ç­ë¬ ®¡à -
§®¬, ¬®¦­® à áá¬®âà¥âì ¨ ï¢«¥­¨¥ ¡®§¥-ª®­¤¥­á æ¨¨ [25]. � ªâ¨ç¥áª¨, ¯à¨ à áá¬®-
âà¥­¨¨ «î¡®£® ä §®¢®£® ¯¥à¥å®¤ , ¯®¤à §ã¬¥¢ ¥âáï ¢¢¥¤¥­¨¥ ¡¥áª®­¥ç­® ¬ «®£®
¡®£®«î¡®¢áª®£® ¯®«ï ¨«¨ \¨áâ®ç­¨ª ", á­¨¬ îé¥£®, á®®â¢¥âáâ¢ãîéãî á¨¬¬¥âà¨î
§ ¤ ç¨. �®£¤ , ¯à¨ ¢ëç¨á«¥­¨ïå ¯à¨å®¤¨âáï ãç¨âë¢ âì ­¥¨§¡¥¦­® ¢®§­¨ª îé¨¥
 ­®¬ «ì­ë¥ áà¥¤­¨¥, ª®â®àë¥ â ª¦¥ ­ àãè îâ á¨¬¬¥âà¨î ¨áå®¤­®£® £ ¬¨«ìâ®-
­¨ ­ . � §®¢ë© ¯¥à¥å®¤ ¯à®ï¢«ï¥âáï ¢ â®¬, çâ® ¢ \ª®­¤¥­á¨à®¢ ­­®©" ä §¥ (¯à¨
T < Tc) íâ¨  ­®¬ «ì­ë¥ áà¥¤­¨¥, ¢ëç¨á«¥­­ë¥ á ¬®á®£« á®¢ ­­ë¬ ®¡à §®¬, ®áâ -
îâáï ®â«¨ç­ë¬¨ ®â ­ã«ï ¤ ¦¥ ¯®á«¥ ¢ëª«îç¥­¨ï ¢­¥è­¥£® ¯®«ï (¨áâ®ç­¨ª ), â.¥.
¯à¨ � ! 0. � \­®à¬ «ì­®©" ä §¥ (¯à¨ T > Tc)  ­®¬ «ì­ë¥ áà¥¤­¨¥ ¯à¨ � ! 0
áâà¥¬ïâáï ª ­ã«î, ¨ á¨¬¬¥âà¨ï ­¥ ­ àãè ¥âáï.

�«ãªâã æ¨¨ ¯ à ¬¥âà  ¯®àï¤ª .

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ¢®¯à®á  ® ä«ãªâã æ¨ïå ¯ à ¬¥âà  ¯®àï¤ª . �ëè¥ ã¦¥
®â¬¥ç «®áì, çâ® íâ¨ ä«ãªâã æ¨¨ ®ª §ë¢ îâáï áãé¥áâ¢¥­­ë¬¨ ¢¡«¨§¨ â¥¬¯¥à âãàë
¯¥à¥å®¤ , áãé¥áâ¢¥­­® ¬¥­ïï ª àâ¨­ã, ¯à¥¤áª §ë¢ ¥¬ãî â¥®à¨ï¬¨ áà¥¤­¥£® ¯®«ï.
� áá¬®âà¥­¨¥ ¡ã¤¥â ¢¥áâ¨áì ¢ à ¬ª å â¥®à¨¨ � ­¤ ã, ª ª â¨¯¨ç­®© â¥®à¨¨ áà¥¤­¥£®
¯®«ï.

� ¡®«ìè¨­áâ¢¥ á«ãç ¥¢, ¯ à ¬¥âà ¯®àï¤ª  ¢ â¥®à¨¨ � ­¤ ã ¯à¥¤áâ ¢«ï¥â á®¡®©
n { ª®¬¯®­¥­â­ë© ¢¥ªâ®à ¢ à¥ «ì­®¬ ¨«¨ ­¥ª®â®à®¬ ¢á¯®¬®£ â¥«ì­®¬ ¯à®áâà ­-
áâ¢¥, ¢ á®®â¢¥âáâ¢¨¨ á å à ªâ¥à®¬ ­ àãè¥­¨ï á¨¬¬¥âà¨¨ ¯à¨ ä §®¢®¬ ¯¥à¥å®¤¥.
� ¯à¨¬¥à, ¢ ¬®¤¥«¨ ä¥àà®¬ £­¥â¨ª  �¥©§¥­¡¥à£  { íâ® ®¡ëç­ë© âà¥åª®¬¯®­¥­â-
­ë© ¢¥ªâ®à (­ ¬ £­¨ç¥­­®áâì), ¢ â¥®à¨¨ á¢¥àå¯à®¢®¤¨¬®áâ¨ �¨­§¡ãà£  { � ­¤ ã
{ íâ® ª®¬¯«¥ªá­ ï (â.¥. ¤¢ãåª®¬¯®­¥­â­ ï) ¢®«­®¢ ï äã­ªæ¨ï ª®­¤¥­á â  ªã¯¥-
à®¢áª¨å ¯ à ¨ â.¯. �¤¥áì ¬ë à áá¬®âà¨¬ ¯à®áâ¥©è¨© ¢ à¨ ­â ä §®¢®£® ¯¥à¥å®¤ ,
®¯¨áë¢ ¥¬®£® ®¤­®ª®¬¯®­¥­â­ë¬ ¯ à ¬¥âà®¬ ¯®àï¤ª  �, çâ® á®®â¢¥âáâ¢ã¥â, ­ ¯à¨-
¬¥à, ã¯®¬ï­ãâ®© ¢ëè¥ ¬®¤¥«¨ �§¨­£ 3.

�¨­¨¬ «ì­ ï à ¡®â , âà¥¡ã¥¬ ï ¤«ï ¢ë¢®¤  á¨áâ¥¬ë ¨§ à ¢­®¢¥á­®£® á®áâ®ï-
­¨ï ¯à¨ § ¤ ­­ëå ¯®áâ®ï­­ëå §­ ç¥­¨ïå ¤ ¢«¥­¨ï ¨ â¥¬¯¥à âãàë, à ¢­  ¨§¬¥­¥-
­¨î �� ¥¥ â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ « . �®íâ®¬ã, á®£« á­® (8.32), ¢¥à®ïâ­®áâì
ä«ãªâã æ¨¨ ¯à¨ ¯®áâ®ï­­ëå P ¨ T :

w � exp

�
���

T

�
(9.53)

�¡®§­ ç¨¬ à ¢­®¢¥á­®¥ §­ ç¥­¨¥ � ª ª ��. �à¨ ¬ «®¬ ®âª«®­¥­¨¨ ®â à ¢­®¢¥á¨ï:

�� =
1

2
(� � ��)2

�
@2�

@�2

�
P;T

(9.54)

� ¢­®¢¥á­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  ¯®àï¤ª  ®¯à¥¤¥«ï¥âáï à §«®¦¥­¨¥¬ � ­¤ ã:

�(T; P; �) = �0(P; T ) + at�2 + B�4 � �hV (9.55)

3�ë á®¢¥àè¥­­® ®â¢«¥ª ¥¬áï ®â ®ç¥­ì ¢ ¦­ëå  á¯¥ªâ®¢ â¥®à¨¨ � ­¤ ã, á¢ï§ ­­ëå á à®«ìî
á¨¬¬¥âà¨¨ ªà¨áâ ««¨ç¥áª®© à¥è¥âª¨ [1, 2], áç¨â ï á¨áâ¥¬ã ®¤­®à®¤­®© ¨ ¨§®âà®¯­®©.
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£¤¥ t = T � Tc(P ), h { ¢­¥è­¥¥ ¯®«¥, á®¯àï¦¥­­®¥ ¯ à ¬¥âàã ¯®àï¤ª  (­ ¯à¨¬¥à
¬ £­¨â­®¥ ¯®«¥ ¢ ¬®¤¥«¨ �§¨­£ ). �§ (9.55) ®¯à¥¤¥«ï¥¬ à ¢­®¢¥á­®¥ §­ ç¥­¨¥ ¯ -
à ¬¥âà  ¯®àï¤ª  �� ãá«®¢¨¥¬: �

@�

@�

�
T;h

= 0 (9.56)

çâ® á¢®¤¨âáï ª:
2at�� + 4B��3 = hV (9.57)

ä ªâ¨ç¥áª¨ íª¢¨¢ «¥­â­ë¬ ¯®«ãç¥­­®¬ã ¢ëè¥ ¢ â¥®à¨¨ ¬®«¥ªã«ïà­®£® ¯®«ï
(9.29). �¥è¥­¨¥ (9.57) ¯à¨ h! 0 ¨¬¥¥â ¢¨¤:

��2 = 0 ¯à¨ t > 0

��2 = � at

2B
¯à¨ t < 0 (9.58)

â ª çâ® ªà¨â¨ç¥áª¨© ¨­¤¥ªá ¯ à ¬¥âà  ¯®àï¤ª  à ¢¥­ 1=2,  ­ «®£¨ç­® (9.31).
�®á¯à¨¨¬ç¨¢®áâì â¥«  à ¢­ :

� =

�
@��

@h

�
T ;h!0

(9.59)

�¨ää¥à¥­æ¨àãï (9.57), ­ å®¤¨¬ ¯à¨ h! 0:

@��

@h
=

V

2at+ 12B��2
(9.60)

�®¤áâ ¢«ïï áî¤  (9.58), ¯®«ãç ¥¬:

� =
V

2at
¯à¨ t > 0

� =
V

�4at ¯à¨ t < 0 (9.61)

çâ®  ­ «®£¨ç­® (9.35), (9.36) ¨ ¤¥¬®­áâà¨àã¥â à áå®¤¨¬®áâì � � jT �Tcj�1, â.¥. ªà¨-
â¨ç¥áª¨© ¨­¤¥ªá ¢®á¯à¨¨¬ç¨¢®áâ¨ 
 = 
0 = 1, ª ª ¨ ¢ëè¥. �¥®à¨ï � ­¤ ã ¯à¥¤-
áâ ¢«ï¥â á®¡®© â¨¯¨ç­ãî â¥®à¨î áà¥¤­¥£® ¯®«ï, á®®â¢¥âáâ¢¥­­® ¢á¥ ªà¨â¨ç¥áª¨¥
¨­¤¥ªáë ¯®«ãç îâáï â¥¬¨ ¦¥, çâ® ¨ ¢  ­ «®£¨ç­ëå ¬¨ªà®áª®¯¨ç¥áª¨å ¬®¤¥«ïå.

�á¯®«ì§ãï (9.60) ¬®¦­® ­ ¯¨á âì ¨ â ª:

� = V

��
@2�

@�2

�
h=0

��1
(9.62)

�®íâ®¬ã, ¢¥à®ïâ­®áâì ä«ãªâã æ¨¨ ®¯à¥¤¥«ï¥âáï ¨§ (9.53), (9.54) á«¥¤ãîé¨¬ ®¡à -
§®¬:

�� =
1

2
(� � ��)2

V

�
(9.63)

w � exp

�
� (� � ��)2V

2�Tc

�
(9.64)

�âáî¤ , ¢ á®®â¢¥âáâ¢¨¨ á ®¡é¨¬ ¢¨¤®¬ à á¯à¥¤¥«¥­¨ï � ãáá  (8.17), ­ å®¤¨¬ áà¥¤-
­¨© ª¢ ¤à â ä«ãªâã æ¨¨ ¯ à ¬¥âà  ¯®àï¤ª  ¢ ¢¨¤¥:

< (��)2 >=
Tc�

V
� 1

jtj ¯à¨ T ! Tc (9.65)
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� ª¨¬ ®¡à §®¬, ¢¥«¨ç¨­  ä«ãªâã æ¨© ¢¡«¨§¨ Tc ¢®§à áâ ¥â ¨ à áå®¤¨âáï � jT �
Tcj�1.

�«ï ¡®«¥¥ £«ã¡®ª®£® ¯®­¨¬ ­¨ï íâ®£® ï¢«¥­¨ï ­ã¦­® ­ ©â¨ ¯à®áâà ­áâ¢¥­­ãî
ª®àà¥«ïæ¨®­­ãî äã­ªæ¨î ä«ãªâã æ¨© ¯ à ¬¥âà  ¯®àï¤ª . �«ï ­¥®¤­®à®¤­®£®
â¥«  (  ¯à¨ ãç¥â¥ ä«ãªâã æ¨© ¢ ­¥¬ ¢®§­¨ª îâ ­¥®¤­®à®¤­®áâ¨) â¥à¬®¤¨­ ¬¨ç¥-
áª¨© ¯®â¥­æ¨ « ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ � =

R
dV�, £¤¥ � { ¯«®â­®áâì ¯®â¥­æ¨ « 

(äã­ªæ¨ï ª®®à¤¨­ â). �¥«¥á®®¡à §­® ¯¥à¥©â¨ ª ®¯¨á ­¨î á ¯®¬®éìî ¯®â¥­æ¨ « 

(T; �), ®â­®áïé¥¬ãáï ª ­¥ª®â®à®¬ã ¢ë¤¥«¥­­®¬ã ¢ áà¥¤¥ ®¡ê¥¬ã V , á®¤¥à¦ é¥¬ã
¯¥à¥¬¥­­®¥ ç¨á«® ç áâ¨æ N . �«ï ¯®â¥­æ¨ «  
(T; �; �), ®â­¥á¥­­®£® ª ¥¤¨­¨æ¥ ®¡ê-
¥¬ , ¬®¦­® ­ ¯¨á âì à §«®¦¥­¨¥,  ­ «®£¨ç­®¥ (9.55):


(T; �; �) = 
0(T; �) + �t�2 + b�4 � �h (9.66)

£¤¥ � = a=V; b = B=V; t = T �Tc(�). �â® à §«®¦¥­¨¥ ®â­®á¨âáï ª ®¤­®à®¤­®© áà¥¤¥.
� ­¥®¤­®à®¤­®¬ á«ãç ¥ ®­® ¤®«¦­® á®¤¥à¦ âì ¯à®áâà ­áâ¢¥­­ë¥ ¯à®¨§¢®¤­ë¥ �.
�à¨ íâ®¬ ¤«ï ¤«¨­­®¢®«­®¢ëå ä«ãªâã æ¨© ¬®¦­® ®£à ­¨ç¨âìáï ç«¥­ ¬¨ á ¯à®¨§-
¢®¤­ë¬¨ ­¨§è¥£® ¯®àï¤ª  ¨ ­ ¨¡®«¥¥ ­¨§ª¨å áâ¥¯¥­¥© ¯® ­¨¬. �«¥­ë, «¨­¥©­ë¥ ¯®
¯à®¨§¢®¤­ë¬ ¢¨¤  f(�) @�

@xi
¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯® ®¡ê¥¬ã ¯à¥®¡à §ãîâáï ¢ ¨­â¥-

£à «ë ¯® ¯®¢¥àå­®áâ¨ â¥« , ¯à¥¤áâ ¢«ïîé¨¥ ­¥ ¨­â¥à¥á­ë¥ ¤«ï ­ á ¯®¢¥àå­®áâ­ë¥
íää¥ªâë. �£à ­¨ç¨¬áï ¯à®áâ¥©è¨¬ á«ãç ¥¬ (á¯à ¢¥¤«¨¢ë¬ ¤«ï ªà¨áâ ««®¢ ªã¡¨-
ç¥áª®© á¨¬¬¥âà¨¨), ª®£¤  ¯«®â­®áâì â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ «  § ¯¨áë¢ ¥âáï
¢ ¢¨¤¥:


 = 
0 + �t�2 + b�4 + g(r�)2 � �h (9.67)

�«ï ãáâ®©ç¨¢®áâ¨ ®¤­®à®¤­®£® â¥«  ­ ¤® ¯®âà¥¡®¢ âì g > 0, ¢ ¯à®â¨¢­®¬ á«ãç ¥ 

­¥ ¨¬¥¥â ¬¨­¨¬ã¬  ¯à¨ � = const.

� áá¬ âà¨¢ ï ä«ãªâã æ¨¨ ¯à¨ § ¤ ­­ëå � ¨ T , ­ ¤® ¯¨á âì ¨å ¢¥à®ïâ­®áâì ¢
¢¨¤¥:

w � exp

�
��


T

�
(9.68)

¯®áª®«ìªã ¬¨­¨¬ «ì­ ï à ¡®â , âà¥¡ã¥¬ ï ¢ íâ¨å ãá«®¢¨ïå ¤«ï ¢ë¢®¤  á¨áâ¥¬ë ¨§
à ¢­®¢¥á¨ï ¥áâì Rmin = �
.

� áá¬®âà¨¬ ä«ãªâã æ¨¨ ¢ á¨¬¬¥âà¨ç­®© ä §¥ (¯à¨ h = 0), ª®£¤  �� = 0, â ª
çâ® �� = �. �£à ­¨ç¨¢ ïáì ç«¥­ ¬¨ ¢â®à®£® ¯®àï¤ª  ¯® ä«ãªâã æ¨ï¬, § ¯¨è¥¬
¨§¬¥­¥­¨¥ 
 ¢ ¢¨¤¥4:

�
 =

Z
dV f�t(�)2 + g(r�)2g (9.70)

� §«®¦¨¬ ä«ãªâã¨àãîéãî ¢¥«¨ç¨­ã �(r) ¢ àï¤ �ãàì¥:

�(r) =
X
k

�ke
ikr ��k = ��k (9.71)

4� ¬¥â¨¬, çâ®  ­ «®£¨ç­ë¥ à¥§ã«ìâ âë ¯®«ãç îâáï ¨ ¯® ¤àã£ãî áâ®à®­ã â®çª¨ ¯¥à¥å®¤  {
¢ ­¥á¨¬¬¥âà¨ç­®© ä §¥. �¤¥áì �� = (��t=2b)1=2 ¨ ¤«ï ¨§¬¥­¥­¨ï 
, á â®ç­®áâìî ¤® � (��)2

¯®«ãç ¥âáï

�
 =

Z
dV f�2�t(��)2 + g(r�)2g (9.69)

�®íâ®¬ã ¤«ï ¢á¥å å à ªâ¥à¨áâ¨ª á¨áâ¥¬ë ¯®«ãç âáï ¢ëà ¦¥­¨ï, ®â«¨ç îé¨¥áï ®â á«ãç ï á¨¬-
¬¥âà¨ç­®© ä §ë «¨èì § ¬¥­®© �t ­  2�jtj.
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�«ï £à ¤¨¥­â  ¨¬¥¥¬:

r�(r) =
X
k

ik�ke
ikr (9.72)

�à¨ ¯®¤áâ ­®¢ª¥ íâ¨å ¢ëà ¦¥­¨© ¢ (9.70) ¨­â¥£à¨à®¢ ­¨¥ ¯® ®¡ê¥¬ã ®¡à é ¥â ¢
­ã«ì ¢á¥ ç«¥­ë, §  ¨áª«îç¥­¨¥¬ â¥å, ª®â®àë¥ á®¤¥à¦ â ¯à®¨§¢¥¤¥­¨ï �k��k =

j�kj2. �®£¤  ¯®«ãç¨¬:
�
 = V

X
k
(gk2 + �t)j�kj2 (9.73)

¨ ®âáî¤ :

< j�kj2 >=
T

2V (gk2 + �t)
(9.74)

{ ª®àà¥«ïâ®à �à­èâ¥©­  { �¥à­¨ª¥. �âáî¤  ¢¨¤­®, çâ® ¯à¨ t ! 0 ¤¥©áâ¢¨â¥«ì­®
¢®§à áâ îâ ¨¬¥­­® ¤«¨­­®¢®«­®¢ë¥ ä«ãªâã æ¨¨ á k �

p
�t=g. � ¬  ä®à¬ã«  (9.74)

¯à¨¬¥­¨¬  «¨èì ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å ¤«¨­ å ¢®«­ k�1, ¡®«ìè¨å ¯® áà ¢­¥­¨î
á ¬¥¦ â®¬­ë¬ à ááâ®ï­¨¥¬ a.

�¯à¥¤¥«¨¬ ª®àà¥«ïæ¨®­­ãî äã­ªæ¨î:

G(r1 � r2) =< �(r1)�(r2) > (9.75)

�­  ¢ëç¨á«ï¥âáï ª ª:

G(r) =
X
k

< j�kj2 > eikr = V

Z
d3k

(2�)3
eikr < j�kj2 > (9.76)

�®£¤  ¨§ (9.74) ¯®«ãç ¥¬5:

G(r) =
Tc
8�gr

exp

�
�r
�

�
(9.78)

£¤¥

� =

r
g

�t
� (T � Tc)�1=2 (9.79)

�¥«¨ç¨­  � ­ §ë¢ ¥âáï ª®àà¥«ïæ¨®­­ë¬ à ¤¨ãá®¬ ä«ãªâã æ¨©, ¨¬ ®¯à¥¤¥«ï¥âáï
¯®àï¤®ª ¢¥«¨ç¨­ë à ááâ®ï­¨© ­  ª®â®àëå íâ¨ ª®àà¥«ïæ¨¨ áãé¥áâ¢¥­­® ã¡ë¢ îâ.
�ë ã¦¥ áâ «ª¨¢ «¨áì á íâ®© ¢¥«¨ç¨­®© ¢ â¥®à¨¨ �¨­§¡ãà£  { � ­¤ ã, £¤¥ ®­  ­ -
§ë¢ « áì ¤«¨­®© ª®£¥à¥­â­®áâ¨. � áå®¤¨¬®áâì � ¯à¨ T ! Tc(T > Tc) á®®â¢¥âáâ¢ã¥â
¢®§­¨ª­®¢¥­¨î ¯à¨ T = Tc ¤ «ì­¥£® ¯®àï¤ª . �à¨â¨ç¥áª¨© ¨­¤¥ªá ª®àà¥«ïæ¨®­­®£®

5�¤¥áì ¨á¯®«ì§®¢ ­ë ä®à¬ã«ë ¯à¥®¡à §®¢ ­¨ï �ãàì¥:Z
dV

e��r

r
eikr =

4�

k2 + �2Z
d3k

(2�)3
eikr

k2 + �2
=
e��r

4�r
(9.77)

�å ¯à®é¥ ¢á¥£® ¯®«ãç¨âì, § ¬¥â¨¢, çâ® äã­ªæ¨ï '(r) = e��r

4�r ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥­æ¨ «ì­®¬ã

ãà ¢­¥­¨î: r2' � �2' = �4��(r). �¬­®¦ ï íâ® ãà ¢­¥­¨¥ á ®¡¥¨å áâ®à®­ ­  e�ikr ¨ ¨­â¥£à¨-

àãï ¯® ¢á¥¬ã ¯à®áâà ­áâ¢ã (¯à¨ç¥¬ ¨­â¥£à « ®â e�ikrr2' ¡¥à¥âáï ¤¢ ¦¤ë ¯® ç áâï¬) ¯®«ãç ¥¬
âà¥¡ã¥¬ë© à¥§ã«ìâ â.
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à ¤¨ãá  � = 1=2, çâ® â ª¦¥ ï¢«ï¥âáï áâ ­¤ àâ­ë¬ à¥§ã«ìâ â®¬ â¥®à¨¨ áà¥¤­¥£®
¯®«ï.

�à¨ r = 0 ¨­â¥£à « ¢ (9.78) ®¯à¥¤¥«ï¥â áà¥¤­¨© ª¢ ¤à â ä«ãªâã æ¨¨ ¯ à ¬¥âà 
¯®àï¤ª  �(r) ¢ ¤ ­­®© â®çª¥. �£® à áå®¤¨¬®áâì ¯à®áâ® á¢ï§ ­  á ­¥¯à¨¬¥­¨¬®-
áâìî ¢ëà ¦¥­¨ï (9.74) ¢ ®¡« áâ¨ ¡®«ìè¨å k � a�1. �¥ «¥£ª® «¨ª¢¨¤¨à®¢ âì ¢¢¥¤ï
®¡à¥§ ­¨¥ ¨­â¥£à « :

G(0) =
T

4�2

Z k0

0

dkk2
1

gk2 + �t
(9.80)

£¤¥ k0 � 1=a. �¤¥áì ¢®§­¨ª ¥â áãé¥áâ¢¥­­ ï § ¢¨á¨¬®áâì ®â à §¬¥à­®áâ¨ ¯à®áâà ­-
áâ¢  ¢ ª®â®à®¬ à áá¬ âà¨¢ ¥âáï ä §®¢ë© ¯¥à¥å®¤. �«ï d-¬¥à­®£® ¯à®áâà ­áâ¢  ¢¬¥-
áâ® (9.80) ­ã¦­® ­ ¯¨á âì:

G(0) �
Z k0

0
dkkd�1

1

k2 + ��2
(9.81)

�â®â ¨­â¥£à « «¥£ª® ®æ¥­¨âì:

G(0) �
Z k0

��1
dkkd�3 �

8<:
k0 � ��1 d = 3
ln(k0�) d = 2
� � 1

k0
d = 1

(9.82)

�âáî¤  ¢¨¤­®, çâ® ¯à¨ T ! Tc, ª®£¤  � ! 1, áà¥¤­¨© ª¢ ¤à â ä«ãªâã æ¨¨ ¯ -
à ¬¥âà  ¯®àï¤ª  ¢ ¤ ­­®© â®çª¥ ª®­¥ç¥­ ¯à¨ d = 3 ¨ à áå®¤¨âáï ¤«ï d = 1; 2.
�â® ®§­ ç ¥â ­¥¢®§¬®¦­®áâì áãé¥áâ¢®¢ ­¨ï ¤ «ì­¥£® ¯®àï¤ª  ¤«ï ®¤­®¬¥à­ëå
¨ ¤¢ã¬¥à­ëå á¨áâ¥¬ [1, 2]. �®¤ç¥àª­¥¬, çâ® §¤¥áì áãé¥áâ¢¥­­  à áå®¤¨¬®áâì ¨­-
â¥£à «  ¢ (9.82) ­  ­¨¦­¥¬,   ­¥ ­  ¢¥àå­¥¬ ¯à¥¤¥«¥. � §¬¥à­®áâì ¯à®áâà ­áâ¢ 
d = 2 ¢ â¥®à¨¨ ªà¨â¨ç¥áª¨å ï¢«¥­¨© ­ §ë¢ ¥âáï ­¨¦­¥© ªà¨â¨ç¥áª®© à §¬¥à­®-

áâìî. �à¨¢¥¤¥­­ ï  à£ã¬¥­â æ¨ï ­¥ ¢¯®«­¥ ª®àà¥ªâ­ , ­® ª ç¥áâ¢¥­­® ¯à ¢¨«ì­ .
�®«¥¥ á¥àì¥§­®¥ ¤®ª § â¥«ìáâ¢® ­¥¢®§¬®¦­®áâ¨ ¤ «ì­¥£® ¯®àï¤ª  ¢ ­¨§ª®à §¬¥à-
­ëå á¨áâ¥¬ å âà¥¡ã¥â  ªªãà â­®£®  ­ «¨§  á¨âã æ¨¨ ¯à¨ T < Tc [28]. � ç áâ­®áâ¨,
­¨¦­ïï ªà¨â¨ç¥áª ï à §¬¥à­®áâì d = 2 «¨èì ¤«ï ¯¥à¥å®¤®¢, ­ àãè îé¨å ­¥¯à¥-
àë¢­ãî £àã¯¯ã á¨¬¬¥âà¨¨, â®£¤  ª ª ¤«ï ®¤­®ª®¬¯®­¥­â­®£® ¯ à ¬¥âà  ¯®àï¤ª 
¨§¨­£®¢áª®£® â¨¯  ­¨¦­ïï ªà¨â¨ç¥áª ï à §¬¥à­®áâì d = 1. �â® ïá­®, ­ ¯à¨¬¥à,
¨§ â®ç­®£® à¥è¥­¨ï �­á £¥à  ¤«ï ¤¢ã¬¥à­®© ¬®¤¥«¨ �§¨­£ , ¤¥¬®­áâà¨àãîé¥£®
áãé¥áâ¢®¢ ­¨¥ ä §®¢®£® ¯¥à¥å®¤  ¤«ï d = 2 [1, 2].

�® ¨§¡¥¦ ­¨¥ ­¥¤®à §ã¬¥­¨© § ¬¥â¨¬, çâ® ¢ëà ¦¥­¨¥ (9.65) ®¯à¥¤¥«ï¥â ä«ãª-
âã æ¨¨ ¯ à ¬¥âà  �, ãáà¥¤­¥­­®£® ¯® ®¡ê¥¬ã V , «¨­¥©­ë¥ à §¬¥àë ª®â®à®£® L� �,
®¡®§­ ç¨¬ ¥¥ < �2 >V . �à¥¤­¥¥ §­ ç¥­¨¥ �(r) ¯® ®¡ê¥¬ã V ¥áâì �k=0. �®íâ®¬ã, ¥áâ¥-
áâ¢¥­­®, çâ® ¯à¨ k = 0 (9.74) á®¢¯ ¤ ¥â á (9.65) ¨, á®®â¢¥âáâ¢¥­­®:

� =
V

Tc

Z
drG(r) (9.83)

�¥«¨ç¨­ã < �2 >V ¬®¦­® ­¥¯®áà¥¤áâ¢¥­­® ¯®«ãç¨âì ¨ ¨§ ª®àà¥«ïæ¨®­­®© äã­ªæ¨¨
¯® ®ç¥¢¨¤­®© ä®à¬ã«¥:

< �2 >V=
1

V 2

Z
dr1dr2 < �(r1)�(r2) >=

1

V

Z
dV G(r) (9.84)

�¥¯¥àì ¬ë ¬®¦¥¬ áä®à¬ã«¨à®¢ âì ªà¨â¥à¨© ¯à¨¬¥­¨¬®áâ¨ à §¢¨â®© §¤¥áì â¥®-
à¨¨ ä«ãªâã æ¨©, ®á­®¢ ­­®© ­  à §«®¦¥­¨¨ � ­¤ ã (9.67). � ª ç¥áâ¢¥ â ª®£® ãá«®-
¢¨ï á«¥¤ã¥â ¯®âà¥¡®¢ âì, çâ®¡ë ¡ë« ¬ «, ¯® áà ¢­¥­¨î á à ¢­®¢¥á­ë¬ ��2 � �jtj=b,
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áà¥¤­¨© ª¢ ¤à â ä«ãªâã æ¨¨ ¯ à ¬¥âà  ¯®àï¤ª  �, ãáà¥¤­¥­­ë© ¯® ª®àà¥«ïæ¨®­-
­®¬ã ®¡ê¥¬ã � �3. �â  ¢¥«¨ç¨­  ¯®«ãç ¥âáï ¨§ (9.65) ¯à¨ V � �3, ¨ ¬ë ¯à¨å®¤¨¬
ª ãá«®¢¨î:

Tc�

�3
� �jtj

b
(9.85)

¨«¨, ¢§ï¢ � ¨ � ¨§ (9.61) ¨ (9.79):

�jtj � T 2
c b

2

g3
(9.86)

çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© ªà¨â¥à¨© �¨­§¡ãà£  ¯à¨¬¥­¨¬®áâ¨ â¥®à¨¨ ä §®¢ëå ¯¥à¥-
å®¤®¢ � ­¤ ã6. �â® ­¥à ¢¥­áâ¢® ®¯à¥¤¥«ï¥â à §¬¥à ªà¨â¨ç¥áª®© ®¡« áâ¨ ¢¡«¨§¨
Tc, ¢­ãâà¨ ª®â®à®© à §¢¨âë¥ ä«ãªâã æ¨¨ áãé¥áâ¢¥­­® ¬¥­ïîâ ª àâ¨­ã ä §®¢®£®
¯¥à¥å®¤ , ¢ ç áâ­®áâ¨, ­ ©¤¥­­ë¥ ¢ëè¥ ªà¨â¨ç¥áª¨¥ ¨­¤¥ªáë7. �¯¨á ­¨¥ á¨áâ¥¬ë
¢ ªà¨â¨ç¥áª®© ®¡« áâ¨ ï¢«ï¥âáï ¯à¥¤¬¥â®¬ â¥®à¨¨ ªà¨â¨ç¥áª¨å ï¢«¥­¨© [28]. �
á«¥¤ãîé¥¬ à §¤¥«¥ ¬ë à áá¬®âà¨¬ â®«ìª® ®â¤¥«ì­ë¥ ª ç¥áâ¢¥­­ë¥  á¯¥ªâë íâ®©
â¥®à¨¨.

�ª¥©«¨­£.

� â¥®à¨¨ ªà¨â¨ç¥áª¨å ï¢«¥­¨© ¢¢®¤¨âáï á«¥¤ãîé¨© áâ ­¤ àâ­ë© ­ ¡®à å à ªâ¥-
à¨áâ¨ª á¨áâ¥¬ë ¨ ¨å ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢, ®¯à¥¤¥«ïîé¨å á¨­£ã«ïà­®áâ¨ íâ¨å
¢¥«¨ç¨­ ¢ â®çª¥ ä §®¢®£® ¯¥à¥å®¤  ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà  � = T�Tc

Tc
! 0.

� à ¬¥âà ¯®àï¤ª :

�� � j� j� T ! Tc � 0 (9.87)

�� � h
1
� T = Tc (9.88)

�®á¯à¨¨¬ç¨¢®áâì:

� �
�
��
 T ! Tc + 0

j� j�
0 T ! Tc � 0
(9.89)

�®àà¥«ïæ¨®­­ ï äã­ªæ¨ï (d { à §¬¥à­®áâì ¯à®áâà ­áâ¢ ):

G(r) � exp (�r=�)
rd�(2��)

(9.90)

£¤¥ ª®àà¥«ïæ¨®­­ ï ¤«¨­ :

� �
�
��� T ! Tc + 0

j� j��0 T ! Tc � 0
(9.91)

6� §«®¦¥­¨¥ ¯® áâ¥¯¥­ï¬ t = T � Tc ¢ ª®íää¨æ¨¥­â å à §«®¦¥­¨ï � ­¤ ã âà¥¡ã¥â â ª¦¥
¢ë¯®«­¥­¨ï ãá«®¢¨ï t � Tc,   ¤«ï ¥£® á®¢¬¥áâ¨¬®áâ¨ á (9.86) âà¥¡ã¥âáï, çâ®¡ë ã¤®¢«¥â¢®àï«®áì

â ª¦¥ ­¥à ¢¥­áâ¢® ¢¨¤ : Tcb
2

�g3
� 1.

7�ëè¥ ¬ë ã¦¥ áâ «ª¨¢ «¨áì á ªà¨â¥à¨¥¬ �¨­§¡ãà£  ¯à¨ ®¡áã¦¤¥­¨¨ ãá«®¢¨© ¯à¨¬¥­¨¬®áâ¨
â¥®à¨¨ �¨­§¡ãà£  { � ­¤ ã, £¤¥ ®ª § «®áì, çâ® ¢ á¢¥àå¯à®¢®¤­¨ª å è¨à¨­  ªà¨â¨ç¥áª®© ®¡« áâ¨
¯à¥­¥¡à¥¦¨¬® ¬ « .
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� á ¬®© ªà¨â¨ç¥áª®© â®çª¥:

G(r) � 1

rd�(2��)
(9.92)

G(k) � 1

k2��
(9.93)

�­ «®£¨ç­ë¬ ®¡à §®¬ ¢¢®¤¨âáï ªà¨â¨ç¥áª¨© ¨­¤¥ªá â¥¯«®¥¬ª®áâ¨ �:

C(�; h = 0) =
A+

�
[��� � 1] + B+ T ! Tc + 0 (9.94)

C(�; h = 0) =
A�

�0
[j� j��0 � 1] +B� T ! Tc � 0 (9.95)

¯à¨ íâ®¬ � = 0 á®®â¢¥âáâ¢ã¥â «®£ à¨ä¬¨ç¥áª®© ®á®¡¥­­®áâ¨.
� ¤ ç  â¥®à¥â¨ç¥áª®£® ®¯¨á ­¨ï ªà¨â¨ç¥áª®© ®¡« áâ¨ á®áâ®¨â, ¢ ª®­¥ç­®¬

áç¥â¥, ¢ ¯®¤â¢¥à¦¤¥­¨¨ íâ¨å ¢ëà ¦¥­¨© ¨ ¢ ¢ëç¨á«¥­¨¨ ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢
�; �0; �; 
; 
0; �; �; �; �0.

�ãé¥áâ¢¥­­ë© ¯à®£à¥áá ¢ ¨§ãç¥­¨¨ ªà¨â¨ç¥áª¨å ï¢«¥­¨© á¢ï§ ­ á ¨¤¥¥© áª¥©-

«¨­£  ¨«¨ ¬ áèâ ¡­®© ¨­¢ à¨ ­â­®áâ¨. � ®á­®¢¥ íâ®£® ¯®¤å®¤  «¥¦¨â ¯à¥¤áâ ¢«¥-
­¨¥ ® â®¬, çâ® à®áâ ª®àà¥«ïæ¨®­­®© ¤«¨­ë ¢¡«¨§¨ Tc ¯à¨¢®¤¨â ª áãé¥áâ¢¥­­®¬ã
¢§ ¨¬®¤¥©áâ¢¨î ä«ãªâã æ¨©, çâ® ¨ ®¯à¥¤¥«ï¥â ®á®¡¥­­®áâ¨ ªà¨â¨ç¥áª®£® ¯®¢¥¤¥-
­¨ï. �®áª®«ìªã à ¤¨ãá ª®àà¥«ïæ¨© áâ ­®¢¨âáï ¡®«ìè¨¬ ¯® áà ¢­¥­¨î á  â®¬­ë¬¨
à §¬¥à ¬¨, ¬­®£®ç áâ¨ç­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï áâ ­®¢ïâáï áâ®«ì ¦¥ áãé¥áâ¢¥­­ë¬¨
áª®«ì ¨ ®¤­®ç áâ¨ç­ë¥, ¤¢ãåç áâ¨ç­ë¥ ¨ â.¯. �¬¥áâ¥ á â¥¬, ¨§ ãá«®¢¨ï � � a ª -
§ «®áì ¡ë á«¥¤ã¥â, çâ® ¤¥â «¨ ¢§ ¨¬®¤¥©áâ¢¨ï ­¥ áâ®«ì áãé¥áâ¢¥­­ë. �¨¯®â¥§ 
¬ áèâ ¡­®© ¨­¢ à¨ ­â­®áâ¨ (¯®¤®¡¨ï, áª¥©«¨­£ ) ãâ¢¥à¦¤ ¥â, çâ® á¨­£ã«ïà­ ï § -
¢¨á¨¬®áâì ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ ®â T � Tc ¥áâì á«¥¤áâ¢¨¥ à áå®¤¨¬®áâ¨ �, ¨ çâ®, ¤®
â¥å ¯®à ¯®ª  à¥çì ¨¤¥â ®¡ íâ®© á¨­£ã«ïà­®© § ¢¨á¨¬®áâ¨, ¥¤¨­áâ¢¥­­ë© áãé¥áâ¢¥­-
­ë© ¯ à ¬¥âà à §¬¥à­®áâ¨ ¤«¨­ë { íâ® �.

�à®¢¥¤¥¬ ª ç¥áâ¢¥­­®¥ à áá¬®âà¥­¨¥ ­  ®á­®¢¥ â ª ­ §ë¢ ¥¬®£® ¯®áâà®¥­¨ï � -
¤ ­®¢ . �«ï ¯à®áâ®âë ¡ã¤¥¬ à áá¬ âà¨¢ âì á¨áâ¥¬ã ¨§ N ¨§¨­£®¢áª¨å á¯¨­®¢ (á¬.
(9.19)) ¢ d-¬¥à­®© à¥è¥âª¥ á ¯ à ¬¥âà®¬ ¢§ ¨¬®¤¥©áâ¢¨ï J , ®â«¨ç­ë¬ ®â ­ã«ï
â®«ìª® ¤«ï ¡«¨¦ ©è¨å á®á¥¤¥©. �ãáâì á¨áâ¥¬  ­ å®¤¨âáï ¢ ¬ £­¨â­®¬ ¯®«¥ H.
�®£¤  £ ¬¨«ìâ®­¨ ­ (9.19) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¥¤¨­¨æ å T ª ª:

H

T
= �K

X
<ij>

sisj � h
NX
i=1

si (9.96)

£¤¥ ¢¢¥«¨ ¡¥§à §¬¥à­ë¥ ¯ à ¬¥âàë K = J=2T ¨ h = ~�H=T .
� §®¡ì¥¬ à¥è¥âªã ­  ïç¥©ª¨ á «¨­¥©­ë¬¨ à §¬¥à ¬¨ La, £¤¥ a { ¯®áâ®ï­­ ï

à¥è¥âª¨,   L { ¯à®¨§¢®«ì­®¥ ç¨á«®, £®à §¤® ¡®«ìè¥¥ ¥¤¨­¨æë (á¬. �¨á. 9-3). � ª¨¬
®¡à §®¬, ¨¬¥¥¬ N = N=Ld ïç¥¥ª, ª ¦¤ ï ¨§ ª®â®àëå á®¤¥à¦¨â Ld á¯¨­®¢. � ¤ «ì-
­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ®¡« áâì â¥¬¯¥à âãà, ¤®áâ â®ç­® ¡«¨§ª¨å ª Tc, çâ®¡ë
ª®àà¥«ïæ¨®­­ ï ¤«¨­  � ¡ë«  £®à §¤® ¡®«ìè¥ à §¬¥à  ïç¥©ª¨, â.¥. � � La. �á¥ íâ®
¤¥« ¥âáï ¤«ï â®£®, çâ®¡ë ª ¦¤ ï ïç¥©ª , á®¤¥à¦ é ï Ld á¯¨­®¢, £¤¥ 1� L� �=a,
á®¤¥à¦ «  ¡ë á¯¨­ë, ®à¨¥­â¨à®¢ ­­ë¥ «¨¡® â®«ìª® \¢¢¥àå", «¨¡® â®«ìª® \¢­¨§".
�®£¤ , áã¬¬ à­ë© ¬ £­¨â­ë© ¬®¬¥­â ª ¦¤®© ïç¥©ª¨ s� (� = 1; 2; :::;N ) ¢¥¤¥â á¥¡ï
­¥ª®â®àë¬ ®¡à §®¬ ¯®¤®¡­® ¬®¬¥­âã ­  ®¤­®¬ ã§«¥ si. �â® ¯à¥¤¯®«®¦¥­¨¥ ª ç¥-
áâ¢¥­­® á¯à ¢¥¤«¨¢®, ¥á«¨ ïç¥©ª  æ¥«¨ª®¬ à á¯®«®¦¥­  ¢­ãâà¨ £àã¯¯ë ª®àà¥«¨àã-
îé¨å á¯¨­®¢. �¥§ã«ìâ¨àãîé¨© ¬®¬¥­â ïç¥©ª¨ à ¢¥­ Ld á® §­ ª®¬ ¯«îá ¨«¨ ¬¨­ãá.
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�¨á. 9-3 �®áâà®¥­¨¥ � ¤ ­®¢  ¤«ï à¥è¥âª¨ �§¨­£ .

�¤®¡­® ¢¢¥áâ¨ ~s� = s�=L
d, â.¥. ­®à¬¨à®¢ âì á¯¨­ ïç¥©ª¨ ­  ¥¤¨­¨æã. �®íâ®¬ã, ¥á«¨

§ ¯¨á âì £ ¬¨«ìâ®­¨ ­ ª ª äã­ªæ¨î ¬®¬¥­â®¢ ïç¥¥ª s� (  ­¥ ¬®¬¥­â®¢ ã§«®¢ si),
â® ¬®¦­® ®¦¨¤ âì, çâ® ¥£® ä®à¬  ¡ã¤¥â ¯®¤®¡­  (9.96) ¤«ï ¬®¤¥«¨ ã§«®¢, ­® ¯ à -
¬¥âàë K ¨ h ¡ã¤ãâ, ª®­¥ç­®, ¤àã£¨¬¨, â.¥. § ¬¥­ïâáï ­  KL ¨ hL:

H

T
= �KL

X
<�;�0>

~s�~s�0 � hL
X
�

~s� (9.97)

£¤¥ áã¬¬¨à®¢ ­¨¥ ¨¤¥â ¯® ïç¥©ª ¬ �.
�®£¤  ¬ £­¨â­®¥ ¯®«¥ h ! 0, íää¥ªâ¨¢­®¥ ¯®«¥ hL ¢ ïç¥¥ç­®© ä®à¬ã«¨à®¢ª¥

â ª¦¥ áâà¥¬¨âáï ª ­ã«î. �­ «®£¨ç­® ¯à¨ T ! Tc ¨¬¥¥¬ K ! Kc ¢ ¨§­ ç «ì-
­®© ä®à¬ã«¨à®¢ª¥, £¤¥ Kc =

J
2Tc

, â ª çâ® ¨ KL ! Kc. �®íâ®¬ã ¬®¦­® § ¯¨á âì
áª¥©«¨­£®¢ë¥ ãá«®¢¨ï ¯à®¯®àæ¨®­ «ì­®áâ¨:

�L = �Ly â.¥. KL = Kc � �Ly (9.98)

hL = hLx (9.99)

£¤¥ � = Kc � K, �L = Kc � KL. �à¨â¨ç¥áª¨¥ §­ ç¥­¨ï ¯ à ¬¥âà®¢ ¢§ ¨¬®¤¥©-
áâ¢¨ï ®¤­¨ ¨ â¥ ¦¥ ¢ ®¡®¨å ä®à¬ã«¨à®¢ª å, ¯®áª®«ìªã ¬ë ¯®áâã«¨à®¢ «¨ ¨å
íª¢¨¢ «¥­â­®áâì8. �à¨â¨ç¥áª¨¥ ¨­¤¥ªáë x ¨ y ®áâ îâáï ­¥®¯à¥¤¥«¥­­ë¬¨, ­® ç¥à¥§
­¨å ã¤ ¥âáï ¢ëà §¨âì ¢á¥ ®áâ «ì­ë¥ ªà¨â¨ç¥áª¨¥ ¨­¤¥ªáë á¨áâ¥¬ë.

� áá¬®âà¨¬ ¨§¬¥­¥­¨¥ á¢®¡®¤­®© í­¥à£¨¨ á¨áâ¥¬ë ¯à¨ ¬ «®¬ ¨§¬¥­¥­¨¨ h.
�à¥¤¯®«®¦¨¬, çâ® ¯®«¥ ­  à §­ëå ã§« å à¥è¥âª¨ à §­®¥, ­® ¬¥­ï¥âáï ¢ ¯à®áâà ­-
áâ¢¥ ¤®áâ â®ç­® ¬¥¤«¥­­®, â ª çâ® ®­® íää¥ªâ¨¢­® ¯®áâ®ï­­® ¢ ¯à¥¤¥« å ¤ ­­®©
ïç¥©ª¨ � ¤ ­®¢ . �®£¤  ¨§¬¥­¥­¨¥ á¢®¡®¤­®© í­¥à£¨¨ á¨áâ¥¬ë:

�

�
F

T

�
= �

X
i

< si > �hi =
X
�

< s� > �hL� (9.100)

8� à ¬¥âà � , ®¯à¥¤¥«¥­­ë© §¤¥áì, ¨¬¥¥â â®â ¦¥ á¬ëá«, çâ® ¨ ¢ëè¥ ¢ á«ãç ¥ J = const. �® ¢
¯à¨­æ¨¯¥, ¯®á«¥¤­¥¥ ®¯à¥¤¥«¥­¨¥ ¨¬¥¥â ¡®«¥¥ ®¡é¨© å à ªâ¥à, â ª ª ª ä §®¢ë© ¯¥à¥å®¤ ¬®¦¥â
¯à®¨áå®¤¨âì ¨ ¯à¨ ¨§¬¥­¥­¨¨ J ¯à¨ § ¤ ­­®© â¥¬¯¥à âãà¥.
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£¤¥ < si > { áà¥¤­¨© á¯¨­ ­  ã§«¥,   < s� > { áà¥¤­¨© á¯¨­ ïç¥©ª¨. �¡  ¢ëà ¦¥­¨ï
¤®«¦­ë ¡ëâì íª¢¨¢ «¥­â­ë. �®áª®«ìªã ¨§¬¥­¥­¨¥ ¯®«ï ¢ ¯à®áâà ­áâ¢¥ áç¨â ¥âáï
¬¥¤«¥­­ë¬, ¢ ¯à¥¤¥« å ¤ ­­®© ïç¥©ª¨ ¬®¦­® § ¯¨á âì:

Ld < si > �hi =< s� > �hL� (9.101)

�á¯®«ì§ãï §¤¥áì (9.99), ¯®«ãç ¥¬:

< si >= Lx�d < s� > (9.102)

�ãáâì â¥¯¥àì ¯®«¥ ®¤­®à®¤­® ¨ ­¥ § ¢¨á¨â ®â ­®¬¥à  ã§«  i. �®£¤  ­ ¬ £­¨ç¥­­®áâì
­  ã§«¥ (íª¢¨¢ «¥­â ¯ à ¬¥âà  ¯®àï¤ª  ��) ¥áâì äã­ªæ¨ï â®«ìª® � ¨ h:

< si >= F (�; h) (9.103)

�®áª®«ìªã, ¯® ­ è¥¬ã ®á­®¢­®¬ã ¯à¥¤¯®«®¦¥­¨î, ¢ â¥à¬¨­ å s� ®¯¨áë¢ ¥âáï â 
¦¥ á ¬ ï á¨áâ¥¬ , â®«ìª® á ­®¢ë¬¨ §­ ç¥­¨ï¬¨ �L ¨ hL, ¢¥«¨ç¨­  < s� > ¯à¥¤áâ -
¢«ï¥âáï â®© ¦¥ á ¬®© äã­ªæ¨¥©, ­® ®â ­®¢ëå ¯¥à¥¬¥­­ëå:

< s� >= F (�L; hL) (9.104)

�®£¤  ¨§ (9.100), (9.102), (9.103), (9.104) ¯®«ãç ¥¬, çâ® ¯ à ¬¥âà ¯®àï¤ª  ¬®¦¥â
¡ëâì § ¯¨á ­ ª ª:

�� =< s >= F (�; h) = Lx�dF (Ly�; Lxh) (9.105)

�¤­ ª® ¤«¨­  L ï¢«ï¥âáï «¨èì ¬ â¥¬ â¨ç¥áª®© (¬ëá«¥­­®©) ª®­áâàãªæ¨¥© ¨
¤®«¦­  á®ªà é âìáï! �â® ¢®§¬®¦­® «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  äã­ªæ¨ï F (�; h)
¨¬¥¥â ¢¨¤:

�� =

�
h

jhj
�
j� j d�xy f

�
�

jhj yx
�

(9.106)

�¤¥áì ä ªâ®à h=jhj ¤®¡ ¢«¥­ ¯à®áâ®, çâ®¡ë ®¡¥á¯¥ç¨âì á¬¥­ã §­ ª  ­ ¬ £­¨ç¥­­®-
áâ¨ ¯à¨ á¬¥­¥ §­ ª  ¢­¥è­¥£® ¯®«ï.

�¢­ë© ¢¨¤ äã­ªæ¨¨ f(z), áâ®ïé¥© ¢ (9.106), ­ ¬ ­¥ ¨§¢¥áâ¥­. �¤­ ª®, ­ ¬ ã¤ -
«®áì ¯¥à¥©â¨ ®â ­¥¨§¢¥áâ­®© äã­ªæ¨¨ ¤¢ãå ¯¥à¥¬¥­­ëå � ¨ h ª äã­ªæ¨¨ ®¤­®©
¯¥à¥¬¥­­®© z = �=jhj yx . �â®£® ®ª §ë¢ ¥âáï ¤®áâ â®ç­ë¬, çâ®¡ë ¢ëà §¨âì ¢á¥ ªà¨-
â¨ç¥áª¨¥ ¨­¤¥ªáë á¨áâ¥¬ë ç¥à¥§ ¨­¤¥ªáë x ¨ y, ¨«¨, ¨­ ç¥ £®¢®àï, ¢ëà §¨âì ¢á¥
¨­¤¥ªáë ç¥à¥§ «î¡ë¥ ¤¢  ¨§ ­¨å, ¯®¤«¥¦ é¨¥ ®¯à¥¤¥«¥­¨î ­  íªá¯¥à¨¬¥­â¥.

� ¯à¨¬¥à, ¢á¯®¬¨­ ï (9.87), â.¥. �� � j� j�, çâ® á¯à ¢¥¤«¨¢® ¯à¨ ¬ «ëå ®âà¨æ -
â¥«ì­ëå � ¨ h! 0, § ¬¥ç ¥¬, çâ® f(�1) = const ¨

� =
d� x

y
(9.107)

�¨ää¥à¥­æ¨àãï (9.106) ¯® h ¯à¨ h ! 0, ¯®«ãç¨¬ ¢®á¯à¨¨¬ç¨¢®áâì: � �
j� j d�xy @

@hf(�=jhj
y
x ) � j� j d�xy +1jhj�y

x�1f 0(z). �® § ¢¨á¨¬®áâì ®â h ¢ � ¤®«¦­  á®-

ªà â¨âìáï ¯à¨ h ! 0. �®£¤  ïá­®, çâ® f 0(z) � z�
x
y�1 ¨ � � j� j�
 � j� j d�2xy . �®-

®â¢¥âáâ¢¥­­®, ¨¬¥¥¬:


 = 
0 =
2x� d

y
(9.108)
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�­ «®£¨ç­®, ¤«ï � = 0 á®£« á­® (9.88) ¤®«¦­® ¡ëâì �� � h
1
� . �®®â¢¥âáâ¢¥­­® ¨§

(9.106), ¯à¨ � = 0, ¤®«¦­  ¢ë¯ ¤ âì § ¢¨á¨¬®áâì ®â � , çâ® ¢®§¬®¦­® «¨èì ¯à¨

f(z ! 0) � z
x�d
y . �®£¤  ¨§ (9.106) áà §ã ¯®«ãç ¥¬ �� � jhj d�xx , â ª çâ®

� =
x

d� x
(9.109)

�§ íâ¨å á®®â­®è¥­¨© ­¥¬¥¤«¥­­® ¯®«ãç ¥¬:

d=y = 
 + 2� = �(� + 1) (9.110)

{ áª¥©«¨­£®¢®¥ á®®â­®è¥­¨¥ ¬¥¦¤ã íªá¯¥à¨¬¥­â «ì­® ¨§¬¥àï¥¬ë¬¨ ¨­¤¥ªá ¬¨
�; 
; �.

�­â¥£à¨àãï á®®â­®è¥­¨¥ �� � @F
@h � j� j d�xy f(�=jhjy=x) ­¥âàã¤­® ¯®«ãç¨âì F �

j� j d�xy R
dhf(�=jhjy=x) � j� j dy R dz ~f(z). �®£¤  ¤«ï â¥¯«®¥¬ª®áâ¨ ¨¬¥¥¬:

C � �T @
2F

@T 2
� j� j dy�2 (9.111)

�à ¢­¨¢ ï á (9.95), ¯®«ãç ¥¬:

� = �0 = 2� d

y
¨«¨

d

y
= 2� � (9.112)

â ª çâ® áà ¢­¨¢ ï á (9.110) ¨¬¥¥¬ ¥é¥:


 + 2� = �(� + 1) = 2� � (9.113)

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ª®àà¥«ïæ¨®­­®© äã­ªæ¨¨, ª®â®à ï, ¢ ®¡é¥¬ á«ãç ¥,
®¯à¥¤¥«ï¥âáï ¤«ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ª ª:

G(ri � rj) = G(R; �; h) =< [si� < s >][sj� < s >] > (9.114)

£¤¥ R { à ááâ®ï­¨¥ ¬¥¦¤ã ¤¢ã¬ï ¢ë¡à ­­ë¬¨ ã§« ¬¨ à¥è¥âª¨: R = jri � rjj=a.
�­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® ¢ë¯¨á âì ª®àà¥«ïæ¨®­­ãî äã­ªæ¨î ¢ â¥à¬¨­ å ïç¥-
¥ç­ëå ¯¥à¥¬¥­­ëå s�, ®¯à¥¤¥«¥­­ëå ¢ (9.102). �®®â¢¥âáâ¢ãîé¥¥ ¢ëà ¦¥­¨¥ ¤®«¦­®
®¡« ¤ âì áâàãªâãà®© ¨¤¥­â¨ç­®© á G(R; �; h), ­® á ¨§¬¥­¥­¨¥¬ ¬ áèâ ¡®¢ ¤«¨­ë, �
¨ h:

R! R=L

� ! �L = �Ly

h! hL = hLx (9.115)

�âáî¤  á«¥¤ã¥â:

G(R; �; h) = L2(x�d) < [s�� < s� >][s
0
�� < s� >] >= L2(x�d)G(R=L; �Ly; hLx)

(9.116)
â ª çâ® G(R; �; h) ­¥ § ¢¨á¨â ®â ¯à®¨§¢®«ì­® ¢ë¡à ­­®© L â®«ìª® ¢ â®¬ á«ãç ¥,
ª®£¤  ®­  ¨¬¥¥â ¢¨¤:

G(R; �; h) = j� j2(d�x)=y ~G(Rj� j 1y ; �=jhjy=x) (9.117)
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¯à¨ R� 1, j� j � 1 ¨ h� 1.
�®®â­®è¥­¨¥ (9.117) ®¯à¥¤¥«ï¥â ªà¨â¨ç¥áª¨¥ ¨­¤¥ªáë �; �0; �. �à §ã ¢¨¤¨¬ (áà.

(9.90), (9.91)), çâ® ¯à¨ h = 0 ª®àà¥«ïæ¨®­­ ï ¤«¨­  � � j� j�1=y. �®®â¢¥âáâ¢¥­­®, ¥¥
ªà¨â¨ç¥áª¨© ¨­¤¥ªá:

1

y
= � = �0 =

2� �
d

(9.118)

� ª®­¥æ, ¯®á«¥¤­¨© ªà¨â¨ç¥áª¨© ¨­¤¥ªá �, ®¯à¥¤¥«ï¥âáï ¨§ (á¬. (9.93)):

G(R; � = 0; h = 0) � 1

Rd�2+�
(9.119)

�®£¤ , âà¥¡ãï á®ªà é¥­¨ï �{§ ¢¨á¨¬®áâ¨ ¢ (9.117) ¯à¨ � ! 0, ¯®«ãç¨¬ G(R) �
R2(x�d) � R2�d��, â ª çâ®:

� (d� 2 + �) = 2(x� d): (9.120)

�§ (9.109) ¨¬¥¥¬ x = d�
�+1 , â®£¤  ¨§ (9.120) ¯®«ãç ¥¬ á ¯®¬®éìî (9.113):

d� 2 + � =
2d

� + 1
=

2d�

2� � =
2�

�
(9.121)

¨«¨

� =
1

2
(d� 2 + �)� (9.122)

�§ (9.110) ¨ (9.118) ¨¬¥¥¬ 
 = d
y � 2� = d� � 2�, çâ® á ãç¥â®¬ (9.122) ¤ ¥â ¥é¥ ®¤­®

áª¥©«¨­£®¢®¥ á®®â­®è¥­¨¥:
(2� �)� = 
: (9.123)

�¥ ¯à¥¤áâ ¢«ï¥â ¡®«ìè®£® âàã¤  ¢ë¢¥áâ¨ ¨ â ª¨¥ á®®â­®è¥­¨ï:

d


2� �
= 2� �;

� =
d+ 2� �
d� 2 + �

: (9.124)

� § ª«îç¥­¨¥ ­ è¥£®  ­ «¨§  ¯à¨¢¥¤¥¬ á¢®¤ªã áª¥©«¨­£®¢ëå á®®â­®è¥­¨©
¬¥¦¤ã ªà¨â¨ç¥áª¨¬¨ ¨­¤¥ªá ¬¨ ­ ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ã¥¬ëå ¢ «¨â¥à âãà¥:

� = �0 =



2� �
(9.125)

� = �0 = 2� �d (9.126)

� =
1

2
�(d� 2 + �) (9.127)

�ª §ë¢ ¥âáï, çâ® ¢á¥ íªá¯¥à¨¬¥­â «ì­ë¥ ¤ ­­ë¥ ¢ ªà¨â¨ç¥áª®© ®¡« áâ¨ á ¬ëå
à §«¨ç­ëå ä¨§¨ç¥áª¨å á¨áâ¥¬ ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ ¬¥¦¤ã ªà¨â¨ç¥áª¨¬¨
¨­¤¥ªá ¬¨, ¯®«ãç¥­­ë¬ ¢ëè¥.

�¥®à¥â¨ç¥áª ï ¯à®¡«¥¬  à áç¥â  ª®­ªà¥â­ëå §­ ç¥­¨© ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢
¢ â¥ç¥­¨¥ ¤®«£®£® ¢à¥¬¥­¨ ¡ë«  ®¤­®© ¨§ á ¬ëå âàã¤­ëå ¯à®¡«¥¬ áâ â¨áâ¨ç¥áª®©
ä¨§¨ª¨. �¨§¨ç¥áª®© ¯à¨ç¨­®© íâ¨å âàã¤­®áâ¥© ï¢«ï¥âáï á¨«ì­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥
ä«ãªâã æ¨© ¢ ªà¨â¨ç¥áª®© ®¡« áâ¨, ¨ ®âáãâáâ¢¨¥ ¥áâ¥áâ¢¥­­®£® ¬ «®£® ¯ à ¬¥âà ,
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¯® ª®â®à®¬ã ¬®¦­® ¡ë«® ¡ë ¯ëâ âìáï áâà®¨âì ª ª®©-«¨¡® ¢ à¨ ­â â¥®à¨¨ ¢®§¬ã-
é¥­¨©. �¥¬ ­¥ ¬¥­¥¥ § ¤ ç  ¡ë«  ãá¯¥è­® à¥è¥­  �¨«ìá®­®¬ á ¨á¯®«ì§®¢ ­¨¥¬
§ ¨¬áâ¢®¢ ­­®£® ¨§ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï ¬¥â®¤  à¥­®à¬ «¨§ æ¨®­­®© £àã¯¯ë,
¯à¥¤áâ ¢«ïîé¥£® á®¡®©, ä ªâ¨ç¥áª¨, ¡®«¥¥ áâà®£ãî, á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥-
­¨ï, à¥ «¨§ æ¨î ¨¤¥¨ ¬ áèâ ¡­ëå ¯à¥®¡à §®¢ ­¨© ¯® � ¤ ­®¢ã. � á®¦ «¥­¨î,
¬ë «¨è¥­ë ¢®§¬®¦­®áâ¨ ¨§« £ âì íâ®â á®¢à¥¬¥­­ë© ¢ à¨ ­â â¥®à¨¨ ªà¨â¨ç¥áª¨å
ï¢«¥­¨© [28] ¢ à ¬ª å ¤ ­­®£® ªãàá . �£à ­¨ç¨¬áï «¨èì ­  ­¥ª®â®àë¬¨ ª ç¥áâ¢¥­-
­ë¬¨ § ¬¥ç ­¨ï¬¨.

�à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¯®«ãç¥­­ë¥ ¢ëè¥ ¢ à ¬ª å â¥®à¨¨ � ­¤ ã ¨«¨ ¬¥-
â®¤  ¬®«¥ªã«ïà­®£® ¯®«ï §­ ç¥­¨ï ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢:

� =
1

2

 = 1 � = 0

� = 0 � =
1

2
� = 3 (9.128)

­¥ ã¤®¢«¥â¢®àïîâ áª¥©«¨­£®¢ë¬ á®®â­®è¥­¨ï¬ (9.127) ¨ íªá¯¥à¨¬¥­âã ¢ à¥ «ì-
­ëå âà¥å¬¥à­ëå á¨áâ¥¬ å. � â®¦¥ ¢à¥¬ï, ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¨­¤¥ªáë â¥®à¨¨
� ­¤ ã (9.128) ã¤®¢«¥â¢®àïîâ áª¥©«¨­£®¢ë¬ á®®â­®è¥­¨ï¬, ¥á«¨ ¢ ­¨å ä®à¬ «ì­®
¯®«®¦¨âì d = 4. � íâ®¬ á¬ëá«¥ ¬®¦­® áª § âì, çâ® â¥®à¨ï � ­¤ ã ¤ ¥â ¯à ¢¨«ì­®¥
®¯¨á ­¨¥ ªà¨â¨ç¥áª¨å ï¢«¥­¨© ¤«ï à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢  d = 4 ¨, ª ª ¯®ª §ë-
¢ ¥âáï ¢ á®¢à¥¬¥­­®© â¥®à¨¨ [28], ¤«ï ¢á¥å d > 4. � §¬¥à­®áâì ¯à®áâà ­áâ¢  d = 4
­ §ë¢ ¥âáï ¢¥àå­¥© ªà¨â¨ç¥áª®© à §¬¥à­®áâìî â¥®à¨¨. � ¬¥ç â¥«ì­ë¬ à¥§ã«ìâ -
â®¬ á®¢à¥¬¥­­®© â¥®à¨¨ ï¢«ï¥âáï ãâ¢¥à¦¤¥­¨¥ ®¡ ã­¨¢¥àá «ì­®áâ¨ ªà¨â¨ç¥áª®£®
¯®¢¥¤¥­¨ï { ¢¥«¨ç¨­  ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢ ¢ á ¬ëå à §«¨ç­ëå ä¨§¨ç¥áª¨å á¨áâ¥-
¬ å ®¯à¥¤¥«ï¥âáï â®«ìª® à §¬¥à­®áâìî ¯à®áâà ­áâ¢  (á¨áâ¥¬ë), ¢ ª®â®à®¬ ¨§ãç -
¥âáï ä §®¢ë© ¯¥à¥å®¤, ¨ ç¨á«®¬ ª®¬¯®­¥­â n ¯ à ¬¥âà  ¯®àï¤ª  (â.¥., ä ªâ¨ç¥áª¨,
â¨¯®¬ á¨¬¬¥âà¨¨, ­ àãè ¥¬®© ¯à¨ ä §®¢®¬ ¯¥à¥å®¤¥).

�¨«ìá®­ ¯à¥¤«®¦¨« ®à¨£¨­ «ì­ë© ¬¥â®¤ à áç¥â  ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢, ®á­®-
¢ ­­ë© ­  â¥®à¨¨ ¢®§¬ãé¥­¨ï ¯® ¨áªãááâ¢¥­­® ®¯à¥¤¥«¥­­®¬ã ¬ «®¬ã ¯ à ¬¥âàã
" = 4 � d { ®âª«®­¥­¨î ®â ¢¥àå­¥© ªà¨â¨ç¥áª®© à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢  d = 4,
¯à¨ ª®â®à®© ¨­¤¥ªáë á®¢¯ ¤ îâ á ¯à¥¤áª §ë¢ ¥¬ë¬¨ â¥®à¨¥© áà¥¤­¥£® ¯®«ï (" {
à §«®¦¥­¨¥). �¨¦¥ ¬ë ¯à¨¢®¤¨¬ §­ ç¥­¨ï ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢ á â®ç­®áâìî ¤®
ç«¥­®¢ � "2 ¤«ï â¥®à¨¨ á n { ª®¬¯®­¥­â­ë¬ ¯ à ¬¥âà®¬ ¯®àï¤ª  [28]:


 = 1 +
n+ 2

n+ 8

"

2
+
n + 2

n + 8

n2 + 22n+ 52

(n+ 8)2
"2

4
+ ::: (9.129)

2� = 1 +
n+ 2

n+ 8

"

2
+
n + 2

n + 8

n2 + 23n+ 60

(n+ 8)2
"2

4
+ ::: (9.130)

� =
n+ 2

2(n+ 8)2
"2 +

n + 2

2(n+ 8)2

�
6(3n+ 14)

(n + 8)2
� 1

4

�
"3 + ::: (9.131)

� = 3 + " +

�
1

2
� n+ 2

(n+ 8)2

�
"2 + ::: (9.132)

� =
1

2
� 3

n+ 8

"

2
+
(n+ 2)(2n+ 1)

2(n+ 8)
"2 + ::: (9.133)

� =
4� n
n+ 8

"

2
+ ::: (9.134)
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� ¡«¨æ  9.1 �à¨â¨ç¥áª¨¥ ¨­¤¥ªáë ¤«ï ¬®¤¥«¨ á n = 1 (�§¨­£).
�­¤¥ªá �¨«ìá®­ �¨á«¥­­ë© áç¥â � ­¤ ã

� 0:626 0:642 0:5
� 0:037 0:055 0

 1:244 1:250 1
� 0:077 0:125 0
� 0:340 0:312 0:5
� 4:460 5:15 3

� � ¡«¨æ¥ 9.1 ¯à¨¢¥¤¥­ë §­ ç¥­¨ï ¨­¤¥ªá®¢, ¯®«ãç¥­­ë¥ ¯® íâ¨¬ ä®à¬ã« ¬ ¤«ï
d = 3 (" = 1) ¨ n = 1 (¨§¨­£®¢áª¨© á«ãç ©), ¢ áà ¢­¥­¨¨ á à¥§ã«ìâ â ¬¨ ç¨á«¥­-
­ëå à áç¥â®¢ (¢ëá®ª®â¥¬¯¥à âãà­ë¥ à §«®¦¥­¨ï) ¤«ï âà¥å¬¥à­®© ¬®¤¥«¨ �§¨­£ .
�à¨¢¥¤¥­ë â ª¦¥ ¨ §­ ç¥­¨ï ¨­¤¥ªá®¢ â¥®à¨¨ áà¥¤­¥£® ¯®«ï (� ­¤ ã). �¨¤­®, çâ®
" { à §«®¦¥­¨¥ ®¡¥á¯¥ç¨¢ ¥â ­¥¯«®å®¥ á®£« á¨¥ á à¥§ã«ìâ â ¬¨ ç¨á«¥­­®£®  ­ «¨§ 
9.

�®¢à¥¬¥­­ë¥ ¬¥â®¤ë à áç¥â , áãé¥áâ¢¥­­® ã«ãçè îé¨¥ à¥§ã«ìâ âë ¯à®áâ¥©-
è¥£® " { à §«®¦¥­¨ï §  áç¥â ãç¥â  ¢ª« ¤®¢ ¢ëáè¨å ¯®àï¤ª®¢, ¤ îâ §­ ç¥­¨ï
¨­¤¥ªá®¢, ¯à ªâ¨ç¥áª¨ á®¢¯ ¤ îé¨¥ á à¥§ã«ìâ â ¬¨ ç¨á«¥­­ëå à áç¥â®¢ ¨ íªá-
¯¥à¨¬¥­â .

9�àã£®© ¤®áâ â®ç­® íää¥ªâ¨¢­ë© ¬¥â®¤ à áç¥â  ªà¨â¨ç¥áª¨å ¨­¤¥ªá®¢ ¬®¦¥â ¡ëâì ®á­®¢ ­
­  ¨å à §«®¦¥­¨¨ ¢ àï¤ ¯® ®¡à â­ë¬ áâ¥¯¥­ï¬ ç¨á«  ª®¬¯®­¥­â ¯ à ¬¥âà  ¯®àï¤ª  1=n [28],
¯®áª®«ìªã ¯à¨ n ! 1, ª ª ¬®¦­® ¯®ª § âì, ªà¨â¨ç¥áª¨¥ ¨­¤¥ªáë â ª¦¥ ®¯à¥¤¥«ïîâáï ¯à¨¡«¨-
¦¥­¨¥¬ á ¬®á®£« á®¢ ­­®£® ¯®«ï (â¥®à¨¥© � ­¤ ã).
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�¨­¥©­ ï à¥ ªæ¨ï á¨áâ¥¬ë ­  ¬¥å ­¨ç¥-
áª®¥ ¢®§¬ãé¥­¨¥.

�á­®¢­ ï ç áâì ªãàá  ¯®á¢ïé¥­  § ¤ ç ¬ à ¢­®¢¥á­®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨.
�ãé¥áâ¢ã¥â, ®¤­ ª®, è¨à®ª¨© ª« áá § ¤ ç, á¢ï§ ­­ëå á ­¥à ¢­®¢¥á­ë¬¨ ¯à®æ¥á-
á ¬¨, ª®â®àë¥, ä ªâ¨ç¥áª¨, ¬®£ãâ ¡ëâì ª®àà¥ªâ­® áä®à¬ã«¨à®¢ ­ë ¨ à¥è¥­ë ¢
à ¬ª å ®¡é¥£® ä®à¬ «¨§¬  à ¢­®¢¥á­®© â¥®à¨¨. �¥çì ¨¤¥â ® à á¯à®áâà ­¥­­®© á¨-
âã æ¨¨, ª®£¤  á¨áâ¥¬ , ¨áå®¤­® ­ å®¤ïé ïáï ¢ á®áâ®ï­¨¨ à ¢­®¢¥á¨ï, ¢ë¢®¤¨âáï
¨§ ­¥£® ¤®áâ â®ç­® á« ¡ë¬ ¢­¥è­¨¬ ¢®§¤¥©áâ¢¨¥¬. �¬¥­­® á â ª¨¬ ª« áá®¬ § ¤ ç
¨¬¥¥â ¤¥«® â¥®à¨ï «¨­¥©­®£® ®âª«¨ª , ¯à¨ç¥¬ ¤«ï ¨å à¥è¥­¨ï áãé¥áâ¢ã¥â å®à®è®
à §à ¡®â ­­ë© ®¡é¨© ¯®¤å®¤1.

�®¦­® ¢ë¤¥«¨âì ¤¢  è¨à®ª¨å ª« áá  ¢­¥è­¨å ¢®§¬ãé¥­¨©, ª®â®àë¥ ¬®£ãâ
¤¥©áâ¢®¢ âì ­  ¯à®¨§¢®«ì­ãî á¨áâ¥¬ã. �¥å ­¨ç¥áª¨¬¨ ¢®§¬ãé¥­¨ï¬¨ ¢ áâ â¨áâ¨-
ç¥áª®© â¥à¬®¤¨­ ¬¨ª¥ ­¥à ¢­®¢¥á­ëå ¯à®æ¥áá®¢ ­ §ë¢ îâáï ¢®§¬ãé¥­¨ï, ¯à¥¤áâ -
¢«ïîé¨¥ ¤¥©áâ¢¨¥ ¢­¥è­¨å ¯®«¥©, ª®â®àë¥ ¬®¦­® ¯®«­®áâìî ®¯¨á âì ¤®¡ ¢«¥­¨¥¬
ª £ ¬¨«ìâ®­¨ ­ã á®®â¢¥âáâ¢ãîé¥© í­¥à£¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï á¨áâ¥¬ë á ¯®«¥¬. �®§-
¬ãé¥­¨ï, ª®â®àë¥ ­¥ ¤®¯ãáª îâ â ª®£® ¯à¥¤áâ ¢«¥­¨ï ­ §ë¢ îâ â¥à¬¨ç¥áª¨¬¨.
�à¨¬¥à®¬ ¨å ¬®¦¥â ¡ëâì ¤¥©áâ¢¨¥ â¥¬¯¥à âãà­ëå ¨«¨ ª®­æ¥­âà æ¨®­­ëå £à -
¤¨¥­â®¢ ¨ â.¯. �¨¦¥, ¨§ á®®¡à ¦¥­¨© ¯à®áâ®âë, ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª®

1� «ì­¥©è¥¥ ¨§«®¦¥­¨¥ ¢ íâ®© £« ¢¥ á«¥¤ã¥â, ¢ ®á­®¢­®¬, ª­¨£¥ [4].

189
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¬¥å ­¨ç¥áª¨¥ ¢®§¬ãé¥­¨ï. �«¥¤ã¥â, ¢¯à®ç¥¬, ¨¬¥âì ¢¢¨¤ã, çâ®  ¯¯ à â,  ­ «®£¨ç-
­ë© ¨§« £ ¥¬®¬ã ­¨¦¥, áãé¥áâ¢ã¥â ¨ ¤«ï â¥à¬¨ç¥áª¨å ¢®§¬ãé¥­¨©.

� áá¬®âà¨¬ à¥ ªæ¨î ª¢ ­â®¢®£® áâ â¨áâ¨ç¥áª®£®  ­á ¬¡«ï á¨áâ¥¬ á £ ¬¨«ìâ®-
­¨ ­®¬ H, ­¥ § ¢¨áïé¨¬ ®â ¢à¥¬¥­¨, ­  ¢­¥è­¥¥ ¢®§¬ãé¥­¨¥ H1

t , § ¢¨áïé¥¥ ®â
¢à¥¬¥­¨. �®«­ë© £ ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë à ¢¥­:

H = H +H1
t (10.1)

�à¥¤¯®«®¦¨¬, çâ® ¯à¨ t = �1 ¢­¥è­¥¥ ¢®§¬ãé¥­¨¥ ®âáãâáâ¢®¢ «®, â® ¥áâì:

H1
t jt=�1 = 0 (10.2)

� ¡®«ìè¨­áâ¢¥ ¯à ªâ¨ç¥áª¨å á«ãç ¥¢ ¢®§¬ãé¥­¨¥ H1
t ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥:

H1
t = �

X
j

BjFj(t) (10.3)

£¤¥ Fj(t) { äã­ªæ¨¨ ®â ¢à¥¬¥­¨, ï¢«ïîé¨¥áï c-ç¨á« ¬¨ (¢­¥è­¨¥ ¯®«ï),   Bj {
®¯¥à â®àë, ­¥ § ¢¨áïé¨¥ ï¢­® ®â ¢à¥¬¥­¨, á®¯àï¦¥­­ë¥ ¯®«ï¬ Fj(t).

�«ï ®¯à¥¤¥«¥­­®áâ¨ à áá¬®âà¨¬  ¤¨ ¡ â¨ç¥áª¨ ¢ª«îç îé¥¥áï ¯¥à¨®¤¨ç¥áª®¥
¢®§¬ãé¥­¨¥ ¢¨¤ :

H1
t = �

X
!

e"t�i!tB! ("! +0) (10.4)

£¤¥, ¢ á¨«ã íà¬¨â®¢®áâ¨, B+
! = B�!.

� ª ¨§¢¥áâ­®, áâ â¨áâ¨ç¥áª¨© ®¯¥à â®à � ã¤®¢«¥â¢®àï¥â ª¢ ­â®¢®¬ã ãà ¢­¥­¨î
�¨ã¢¨««ï:

i�h
@�

@t
= [H +H1

t ; �] (10.5)

  ­ ç «ì­®¥ ãá«®¢¨¥ ¤«ï ­¥£®, ®ç¥¢¨¤­®, ­ã¦­® ¢§ïâì ¢ ¢¨¤¥:

�jt=�1 = �0 =
1

Z
e�

H
T (10.6)

ª®â®àë© ®§­ ç ¥â, çâ® ¯à¨ t = �1 á¨áâ¥¬  ­ å®¤¨« áì ¢ á®áâ®ï­¨¨ áâ â¨áâ¨ç¥áª®£®
à ¢­®¢¥á¨ï ¨ ®¯¨áë¢ « áì ª ­®­¨ç¥áª¨¬  ­á ¬¡«¥¬ �¨¡¡á . � ª ç¥áâ¢¥ ­ ç «ì­®£®
¬®¦­®, à §ã¬¥¥âáï, ¢§ïâì ¨ ¡®«ìè®© ª ­®­¨ç¥áª¨©  ­á ¬¡«ì.

�®¢¥àè¨¬ ª ­®­¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ á«¥¤ãîé¥£® ¢¨¤ :

�1 = e
iHt
�h �e�

iHt
�h (10.7)

�®£¤  ãà ¢­¥­¨¥ �¨ã¢¨««ï ¯à¨¢®¤¨âáï ª ¢¨¤ã (¯à¥¤áâ ¢«¥­¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï):

i�h
@�1
@t

= [H1
t (t); �1] (10.8)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬:
�1jt=�1 = �0 (10.9)

¨ £¤¥ ¢¢¥«¨
H1
t (t) = e

iHt
�h H1

t e
� iHt

�h (10.10)

{ ®¯¥à â®à ¢®§¬ãé¥­¨ï ¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨ á £ ¬¨«ìâ®­¨ ­®¬H, çâ®
¯® ®â­®è¥­¨î ª ¯®«­®¬ã £ ¬¨«ìâ®­¨ ­ã (10.1) ¤ ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï.
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�à ¢­¥­¨¥ (10.8) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (10.9) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ ®¤­®£®
¨­â¥£à «ì­®£® ãà ¢­¥­¨ï:

�1(t) = �0 +

Z t

�1
dt0

1

i�h
[H1

t0(t
0); �1(t0)] (10.11)

¨«¨, ¯¥à¥å®¤ï ª ¨áå®¤­®© ¬ âà¨æ¥ ¯«®â­®áâ¨ �(t) á ¯®¬®éìî (10.7):

�(t) = �0 +

Z t

�1
dt0e�

iH(t�t0)
�h

1

i�h
[H1

t0; �]e
iH(t�t0)

�h (10.12)

£¤¥ ¨á¯®«ì§®¢ «¨ (10.10).
�á«¨ ¢®§¬ãé¥­¨¥ H1

t ¬ «®, â® à¥è¥­¨¥ ãà ¢­¥­¨ï (10.12) ¬®¦­® ¯®«ãç¨âì ¨â¥-
à æ¨ï¬¨, ¯à¨­¨¬ ï �0 ¢ ª ç¥áâ¢¥ ­ã«¥¢®£® ¯à¨¡«¨¦¥­¨ï. � ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨
¡ã¤¥¬ ¨¬¥âì:

� = �0 +

Z t

�1
dt0

1

i�h
[H1

t0(t
0 � t); �0]: (10.13)

�â®à®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨, ä ªâ¨ç¥áª¨, ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥à ¢­®¢¥á­ãî

¤®¡ ¢ªã ª ¬ âà¨æ¥ ¯«®â­®áâ¨, ¢ëç¨á«¥­­ãî ¢ «¨­¥©­®¬ ¯à¨¡«¨¦¥­¨¨ ¯® ¢­¥è­¥¬ã
¢®§¤¥©áâ¢¨î. �®ª  ¬ë ¥é¥ ­¥ ¨á¯®«ì§®¢ «¨ ï¢­ë© ¢¨¤ �0. �¥¯¥àì ¯®à  íâ® á¤¥« âì,
ãç¨âë¢ ï ï¢­ë© ¢¨¤ ª ­®­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï (10.6).

�®á¯®«ì§ã¥¬áï â ª ­ §ë¢ ¥¬ë¬ â®¦¤¥áâ¢®¬ �ã¡®, á¯à ¢¥¤«¨¢ë¬ ¤«ï «î¡®£®
®¯¥à â®à  A:

[A; e��H ] = �e��H
Z �

0

d�e�H [A;H]e��H (10.14)

¤®ª § â¥«ìáâ¢® ª®â®à®£® ¡ã¤¥â ¤ ­® çãâì ­¨¦¥. �®£¤  (10.13) ¬®¦­® ¯¥à¥¯¨á âì ¢
¢¨¤¥:

� = �0

(
1�

Z �

0

d�

Z t

�1
dt0e�H _H1

t0(t
0 � t)e��H

)
(10.15)

£¤¥

_H1
t0(t

0 � t) = 1

i�h
[H1

t0(t
0 � t);H] (10.16)

� â®¬ á«ãç ¥, ¥á«¨ �0 { ¡®«ìè®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ä®à¬ã«  (10.15) ®áâ -
¥âáï á¯à ¢¥¤«¨¢®©, ­® ¢ ­¥© ­ ¤® § ¬¥­¨âì H ! H � �N .

�ë¢¥¤¥¬ â¥¯¥àì â®¦¤¥áâ¢® �ã¡®. �®«®¦¨¬

[A; e��H ] = e��HS(�) (10.17)

£¤¥ S(�) { ®¯¥à â®à, ª®â®àë© ­ ¤® ­ ©â¨. �¨ää¥à¥­æ¨àãï (10.17) ¯® �, ¯®«ãç ¥¬
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï S(�):

@S

@�
= �e�H [A;H]e��H (10.18)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ Sj�=0 = 0. �­â¥£à¨àãï ¥£® á ãç¥â®¬ ­ ç «ì­®£® ãá«®¢¨ï,
¯®«ãç ¥¬ (10.14).
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�®à¬ã«ë (10.13) ¨ (10.15) ¯®§¢®«ïîâ ¢ëç¨á«¨âì ¢ «¨­¥©­®¬ ¯à¨¡«¨¦¥­¨¨ ¯®
H1
t áà¥¤­¥¥ §­ ç¥­¨¥ «î¡®© ­ ¡«î¤ ¥¬®© ä¨§¨ç¥áª®© ¢¥«¨ç¨­ë, ¯à¥¤áâ ¢«ï¥¬®©

á®®â¢¥âáâ¢ãîé¨¬ ®¯¥à â®à®¬ A:

< A >= Sp�A

< A >=< A >0 +

Z t

�1
dt0

1

i�h
< [A(t);H1

t0(t
0)] >0 (10.19)

£¤¥ ¢®á¯®«ì§®¢ «¨áì (10.13) ¨ ãç«¨ ¨­¢ à¨ ­â­®áâì ®¯¥à æ¨¨ Sp ®â­®á¨â¥«ì­® æ¨-
ª«¨ç¥áª®© ¯¥à¥áâ ­®¢ª¨ ®¯¥à â®à®¢ 2, ¯à¨ç¥¬

A(t) = e
iHt
�h Ae�

iHt
�h (10.20)

{ ®¯¥à â®à A ¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨,   < ::: >0= Sp�0::: { ãáà¥¤­¥­¨¥ á
à ¢­®¢¥á­®© ¬ âà¨æ¥© ¯«®â­®áâ¨. �®á«¥¤­¥¥ ®¡áâ®ïâ¥«ìáâ¢® ®§­ ç ¥â, ¯® áãâ¨ ¤¥« ,
çâ® ­¥à ¢­®¢¥á­ ï § ¤ ç  «¨­¥©­®£® ®âª«¨ª  á¨áâ¥¬ë á¢®¤¨âáï ª § ¤ ç¥ à ¢­®¢¥á-
­®© â¥®à¨¨, ¯®áª®«ìªã ¢á¥ áà¥¤­¨¥, ª®â®àë¥ ­ã¦­® â¥¯¥àì ¢ëç¨á«ïâì, ï¢«ïîâáï
à ¢­®¢¥á­ë¬¨. �â®â § ¬¥ç â¥«ì­ë© à¥§ã«ìâ â ¯®§¢®«ï¥â ¯à¨¬¥­¨âì ¬®é­ë©  ¯¯ -
à â à ¢­®¢¥á­®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨ ¤«ï à¥è¥­¨ï â ª¨å, á« ¡® ­¥à ¢­®¢¥á-
­ëå, § ¤ ç.

�ëà ¦¥­¨¥ (10.20) ®¯¨áë¢ ¥â à¥ ªæ¨î (®âª«¨ª) áà¥¤­¥£® §­ ç¥­¨ï ®¯¥à â®à  A
­  ¢ª«îç¥­¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï H1

t0. � ¬¥â¨¬, çâ® §¤¥áì ¬ë ¨¬¥¥¬ ¤¥«® á § ¯ §¤ë¢ -
îé¥© à¥ ªæ¨¥© { ®âª«¨ª ¢®§­¨ª ¥â ¢ ¬®¬¥­âë ¢à¥¬¥­¨, á«¥¤ãîé¨¥ §  ¢ª«îç¥­¨¥¬
¢§ ¨¬®¤¥©áâ¢¨ï, çâ® ï¢«ï¥âáï ¢ëà ¦¥­¨¥¬ ¯à¨­æ¨¯  ¯à¨ç¨­­®áâ¨. � á¯à®áâà ­ïï
ä®à¬ «ì­® ¨­â¥£à¨à®¢ ­¨¥ ¯® ¢à¥¬¥­¨ ¢ (10.20) ¤® +1, çâ® ¬®¦­® á¤¥« âì ¢¢¥¤¥-
­¨¥¬ à §àë¢­®© äã­ªæ¨¨ �(t � t0), ã¤®¡­® ¯¥à¥¯¨á âì (10.20) ¢ ¢¨¤¥:

< A >=< A >0 +

Z 1

�1
dt0 << A(t)H1

t0(t
0) >> (10.21)

£¤¥ ¢¢¥«¨ § ¯ §¤ë¢ îéãî ¤¢ãå¢à¥¬¥­­ãî (ª®¬¬ãâ â®à­ãî) äã­ªæ¨î �à¨­  (�®-
£®«î¡®¢, �ï¡«¨ª®¢), ®¯à¥¤¥«ï¥¬ãî ¤«ï ¤¢ãå ¯à®¨§¢®«ì­ëå ®¯¥à â®à®¢ A ¨ B ª ª
[29]:

<< A(t); B(t0) >>= �(t � t0) 1
i�h

< [A(t); B(t0)] >0 (10.22)

£¤¥

�(t � t0) =
�

1 ¯à¨ t � t0

0 ¯à¨ t < t0 (10.23)

� à¥§ã«ìâ â¥ § ¤ ç  á¢®¤¨âáï ª ¢ëç¨á«¥­¨î á®®â¢¥âáâ¢ãîé¨å ¤¢ãå¢à¥¬¥­­ëå
äã­ªæ¨© �à¨­ , ¤«ï ç¥£® áãé¥áâ¢ã¥â å®à®è® à §à ¡®â ­­ë© ¬ â¥¬ â¨ç¥áª¨©  ¯-
¯ à â [29].

�«¨ï­¨¥ ¢­¥è­¥£® ¢®§¬ãé¥­¨ï ¬®¦­® ¢ëà §¨âì ¨ ¢ ¤àã£®© ä®à¬¥, ç¥à¥§ â ª ­ -
§ë¢ ¥¬ë¥ ¢à¥¬¥­­ë¥ ª®àà¥«ïæ¨®­­ë¥ äã­ªæ¨¨. �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï â®¦¤¥-
áâ¢®¬ �ã¡® (10.14). �®£¤ :

< A >=< A >0 �
Z �

0

d�

Z t

�1
dt0 < e�H _H1

t0(t
0)e��HA(t) >0=

=< A0 > +

Z �

0

d�

Z t

�1
dt0 < e�HH1

t0(t
0)e��H _A(t) >0 (10.24)

2�¬¥¥¬ Sp[H1
t0
(t0 � t); �0]A = Sp�0[A;H1

t0
(t0 � t)] ¨ â.¤. �ëà ¦¥­¨¥ ¤«ï A(t) ¢®§­¨ª ¥â §¤¥áì á

ãç¥â®¬ (10.10) ¨ ¯®á«¥¤ãîé¨å ¯¥à¥áâ ­®¢®ª ®¯¥à â®à®¢ ¯®¤ §­ ª®¬ Sp.



������ ��������� ������� 193

£¤¥ ¨á¯®«ì§®¢ «¨ â ª ­ §ë¢ ¥¬®¥ ãá«®¢¨¥ áâ æ¨®­ à­®áâ¨:

< A _H1
t0(t

0 � t) >0= � < _A(t� t0)H1
t0 >0 : (10.25)

�â® à ¢¥­áâ¢® á«¥¤ã¥â ¨§ â®£®, çâ® à ¢­®¢¥á­®¥ áà¥¤­¥¥ §­ ç¥­¨¥ ¯à®¨§¢¥¤¥­¨ï ¤¨-
­ ¬¨ç¥áª¨å ¯¥à¥¬¥­­ëå § ¢¨á¨â «¨èì ®â à §­®áâ¨ ¢à¥¬¥­:

< AH1
t0(t

0 � t) >0=< A(t� t0)H1
t0 >0 (10.26)

çâ® ¯®«ãç ¥âáï æ¨ª«¨ç¥áª¨¬¨ ¯¥à¥áâ ­®¢ª ¬¨ ®¯¥à â®à®¢ â¨¯  e
iHt
�h ¯®¤ §­ ª®¬

ãáà¥¤­¥­¨ï. �¨ää¥à¥­æ¨àãï (10.26) ¯® t ¯®«ãç¨¬ (10.25).
�ëà ¦¥­¨¥ (10.24) ¬®¦­® â ª¦¥ ¯¥à¥¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

< A >=< A >0 �
Z �

0

d�

Z t

�1
dt0 < _H1

t0(t
0 � i�h�)A(t) >0=

=< A >0 +

Z �

0

d�

Z t

�1
dt0 < H1

t0(t
0 � i�h�) _A(t) > : (10.27)

�®à¬ã«ë (10.21) ¨ (10.27) ¤ îâ ®¡é¨¥ ¢ëà ¦¥­¨ï ¤«ï «¨­¥©­®© à¥ ªæ¨¨ á¨áâ¥¬ë
­  ¬¥å ­¨ç¥áª®¥ ¢®§¬ãé¥­¨¥. �«ï ¢­¥è­¥£® ¢®§¤¥©áâ¢¨ï ¢¨¤  (10.3) ¨å ¬®¦­® § -
¯¨á âì ¢ ¢¨¤¥:

< A >=< A >0 �
X
j

Z 1

�1
dt0 << A(t)Bj(t

0) >> Fj(t
0) (10.28)

< A >=< A >0 +
X
j

Z t

�1
dt0
Z �

0
d� < e�HBj(t

0)e��HA(t) >0 Fj(t
0) (10.29)

�â® â ª ­ §ë¢ ¥¬ë¥ ä®à¬ã«ë �ã¡® ¤«ï «¨­¥©­®© à¥ ªæ¨¨ ª¢ ­â®¢®¬¥å ­¨ç¥áª®©
á¨áâ¥¬ë, á¢®¤ïé¨¥ ­¥à ¢­®¢¥á­ãî § ¤ çã ª ¢ëç¨á«¥­¨î à ¢­®¢¥á­ëå ª®àà¥«ïâ®-
à®¢. �®á«¥¤­ïï § ¤ ç , ï¢«ï¥âáï, ª®­¥ç­®, ¢¯®«­¥ ­¥âà¨¢¨ «ì­®© ¨ âà¥¡ã¥â à §à -
¡®âª¨ á¯¥æ¨ «ì­®£® ä®à¬ «¨§¬ , ¯à¨¬¥à®¬ ª®â®à®£® ¬®¦¥â ¡ëâì  ¯¯ à â ¤¢ãå¢à¥-
¬¥­­ëå ª®¬¬ãâ â®à­ëå äã­ªæ¨© �à¨­ .

�¨§¨ç¥áª¨© á¬ëá« § ¯ §¤ë¢ îé¥© ¤¢ãå¢à¥¬¥­­®© äã­ªæ¨¨ �à¨­  «¥£ª® ¯®-
­ïâì, à áá¬®âà¥¢ à¥ ªæ¨î á¨áâ¥¬ë ­  ¬£­®¢¥­­®¥ �-®¡à §­®¥ ¢®§¬ãé¥­¨¥ ¢¨¤ :

H1
t = B�(t � t1) (10.30)

¯®¤áâ ­®¢ª  ª®â®à®£® ¢ (10.21) ¤ ¥â:

< A >=< A >0 + << A(t)B(t1) >> (10.31)

�ãé¥áâ¢ã¥â ­¥áª®«ìª® å®à®è® à §à ¡®â ­­ëå ¯®¤å®¤®¢ ª à áç¥âã â ª¨å äã­ª-
æ¨© �à¨­ . �ë ªà âª® ®¯¨è¥¬ «¨èì ¯®¤å®¤, ®á­®¢ ­­ë© ­  ¬¥â®¤¥ ãà ¢­¥­¨© ¤¢¨-
¦¥­¨ï (æ¥¯®ç¥ª) [29]. �à ¢­¥­¨¥ ¤¢¨¦¥­¨ï ¤«ï äã­ªæ¨¨ �à¨­  (10.22)

GAB(t; t
0) �<< A(t); B(t0) >>= �(t � t0) 1

i�h
< [A(t); B(t0)] >0 (10.32)

«¥£ª® ¯®«ãç¨âì ¨§ ®¡é¥£® ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¯à®¨§¢®«ì­®£® ª¢ ­â®¢®£® ®¯¥à -
â®à  ¢ ¯à¥¤áâ ¢«¥­¨¨ �¥©§¥­¡¥à£ :

i�h
dA

dt
= [A;H] = AH �HA (10.33)
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�à ¢ãî ç áâì íâ®£® ãà ¢­¥­¨ï ¬®¦­® à ááç¨â âì ¢ ª ¦¤®¬ ª®­ªà¥â­®¬ á«ãç ¥ á
¯®¬®éìî ï¢­®£® ¢ëà ¦¥­¨ï ¤«ï £ ¬¨«ìâ®­¨ ­  ¨ ¯¥à¥áâ ­®¢®ç­ëå á®®â­®è¥­¨©
¤«ï ®¯¥à â®à®¢. �¨ää¥à¥­æ¨àãï (10.22) ¯® t, ¯®«ãç¨¬ ãà ¢­¥­¨¥:

i�h
dGAB
dt

=
d�(t � t0)

dt
< [A(t); B(t0)] >0 + << i�h

dA(t)

dt
; B(t0) >> (10.34)

�ç¨âë¢ ï ®ç¥¢¨¤­ãî á¢ï§ì à §àë¢­®© äã­ªæ¨¨ �(t) á �-äã­ªæ¨¥© ®â t:

�(t) =

Z t0

�1
dt�(t0) (10.35)

¨ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¤«ï ®¯¥à â®à  A (10.33), § ¯¨è¥¬ ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï ¤«ï
äã­ªæ¨¨ �à¨­  ¢ ¢¨¤¥:

i�h
dGAB
dt

= �(t� t0) < [A(t); B(t0)] >0 + << fA(t)H(t) �H(t)A(t)g ; B(t0) >> :

(10.36)
� ¯à ¢ãî ç áâì (10.36) ¢å®¤ïâ ¤¢ãå¢à¥¬¥­­ë¥ äã­ªæ¨¨ �à¨­ , ¢®®¡é¥ £®¢®àï, ¡®«¥¥
¢ëá®ª®£® ¯®àï¤ª , ç¥¬ ¨áå®¤­ ï, çâ® á¢ï§ ­® á ­ «¨ç¨¥¬ ­¥âà¨¢¨ «ì­®£® ¢§ ¨¬®-
¤¥©áâ¢¨ï ¯à ªâ¨ç¥áª¨ ¢ «î¡®© ¬­®£®ç áâ¨ç­®© á¨áâ¥¬¥. �«ï íâ¨å äã­ªæ¨© �à¨­ 
¬®¦­® ®¯ïâì á®áâ ¢¨âì ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï â¨¯  (10.36) ¨ ¯®«ãç¨âì æ¥¯®çªã § -
æ¥¯«ïîé¨åáï ãà ¢­¥­¨© ¤«ï äã­ªæ¨© �à¨­ . �¥¯®çª  íâ , ¢®®¡é¥ £®¢®àï, ¡¥áª®-
­¥ç­  ¨ ¬ë ¨¬¥¥¬ âãâ ¤¥«® á ¡¥áª®­¥ç­®© á¨áâ¥¬®© ¨­â¥£à® { ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©, ª®â®àãî, ª®­¥ç­®, ­¥«ì§ï à¥è¨âì ¢ ®¡é¥¬ ¢¨¤¥. �¤­ ª®, ¢ ¯à ªâ¨ç¥-
áª¨å á«ãç ïå, íâã æ¥¯®çªã, ª ª ¯à ¢¨«®, ã¤ ¥âáï \à áæ¥¯¨âì", ¢ëà §¨¢, â¥¬ ¨«¨
¨­ë¬ á¯®á®¡®¬, ¢ëáè¨¥ äã­ªæ¨¨ �à¨­  ç¥à¥§ ­¨§è¨¥. �®£¤  ¢®§­¨ª ¥â ª®­¥ç­ ï
á¨áâ¥¬  ãà ¢­¥­¨© (¨«¨ ¤ ¦¥ ®¤­® ãà ¢­¥­¨¥), ª®â®àãî ã¦¥ ¬®¦­® à¥è¨âì. �¡-
é¨© à¥æ¥¯â à áæ¥¯«¥­¨ï ®âáãâáâ¢ã¥â, íâ® ¢®¯à®á ¨áªãááâ¢  â¥®à¥â¨ª , à¥è îé¥£®
âã ¨«¨ ¨­ãî ª®­ªà¥â­ãî § ¤ çã. �à¨¬¥àë ãá¯¥è­®£® à¥è¥­¨ï àï¤  ¬®¤¥«¥© â ª¨¬
¬¥â®¤®¬ ¬®¦­® ­ ©â¨ ¢ [29].

�«¥ªâà®¯à®¢®¤­®áâì ¨ ¬ £­¨â­ ï ¢®á¯à¨-
¨¬ç¨¢®áâì.

� áá¬®âà¨¬ à¥ ªæ¨î á¨áâ¥¬ë ­  ¢­¥è­¥¥ í«¥ªâà¨ç¥áª®¥ ¯®«¥. �®§¬ãé¥­¨¥ (10.3)
¨¬¥¥â ¯à¨ íâ®¬ ¢¨¤:

H1
t = �

X
j

ej(Exj) cos!te"t = �(EP) cos !te"t (10.37)

£¤¥ ej { § àï¤ j-© ç áâ¨æë, xj { à ¤¨ãá { ¢¥ªâ®à ¥¥ ¯®«®¦¥­¨ï, E { áà¥¤­¥¥ í«¥ª-
âà¨ç¥áª®¥ ¯®«¥ ¢ áà¥¤¥, ¨£à îé¥¥ à®«ì ¢­¥è­¥© (c-ç¨á«®¢®©) \á¨«ë",

P =
X
j

ejxj (10.38)
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{ ¢¥ªâ®à ¯®«ïà¨§ æ¨¨, à áá¬ âà¨¢ ¥¬ë© ª ª ª¢ ­â®¢®¬¥å ­¨ç¥áª¨© ®¯¥à â®à. �®¤
¢«¨ï­¨¥¬ íâ®£® ¢®§¬ãé¥­¨ï, ¢ á®®â¢¥âáâ¢¨¨ á (10.21), ¢ á¨áâ¥¬¥ ¢®§­¨ª ¥â í«¥ªâà¨-
ç¥áª¨© â®ª:

< J� >=

Z 1

�1
dt0 << J�(t);H

1
t0(t

0) >> (10.39)

�¤¥áì ­¥â ¯®áâ®ï­­®£® á« £ ¥¬®£®, â ª ª ª ¢ áâ â¨áâ¨ç¥áª®¬ à ¢­®¢¥á¨¨ â®ª à ¢¥­
­ã«î, < J� >= 0. � (10.39) ¨¬¥¥¬:

H1
t (t) = �(EP(t)) cos !te"t J�(t) =

X
j

ej _xj�(t) = _P�(t) (10.40)

£¤¥ J� { ®¯¥à â®à í«¥ªâà¨ç¥áª®£® â®ª , _xj� { ª®¬¯®­¥­â  áª®à®áâ¨ j-© ç áâ¨æë.
� ãç¥â®¬ (10.40) ¢ëà ¦¥­¨¥ (10.39) § ¯¨è¥âáï ¢ ¢¨¤¥:

< J� >= �
X
�

Z 1

�1
dt0 << J�(t)P�(t

0) >> E� cos !t
0e"t

0

(10.41)

�®®â¢¥âáâ¢¥­­®:
< J� >=

X
�

Ref���(!)e�i!t+"tgE� (10.42)

£¤¥

���(!) = �
Z 1

�1
dte�i!t+"t << J�P�(t) >> (10.43)

{ â¥­§®à í«¥ªâà®¯à®¢®¤­®áâ¨ ¢ ¯¥à¨®¤¨ç¥áª®¬ ¯®«¥. �à¥¤¥« " ! 0 §¤¥áì ¢ë¯®«­ï-
¥âáï ¯®á«¥ â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯à¥¤¥«  V !1; N !1 (V=N ! const).

�â ª,  ¤¨ ¡ â¨ç¥áª®¥ ¢ª«îç¥­¨¥ í«¥ªâà¨ç¥áª®£® ¯®«ï ¯à¨¢®¤¨â ª ¢®§­¨ª­®¢¥-
­¨î í«¥ªâà¨ç¥áª®£® â®ª  ¢ á¨áâ¥¬¥ á ª®­¥ç­®© í«¥ªâà®¯à®¢®¤­®áâìî, â.¥. ­¥®¡à -
â¨¬®£® ¯à®æ¥áá . �â â¨ç¥áª ï ¯à®¢®¤¨¬®áâì ¯®«ãç ¥âáï ¨§ (10.43) ¯à¥¤¥«ì­ë¬ ¯¥-
à¥å®¤®¬ ! ! 0:

��� = lim
"!0

Z 1

�1
dte"t << J�P�(t) >> (10.44)

�¥à¥¯¨è¥¬ (10.43) ¢ ¢¨¤¥ (¯¥à¥áâ ¢«ïï ®¯¥à â®àë ¯®¤ Sp):

���(!) = � 1

i�h

Z 0

�1
dte�i!t+"tSpf[P�(t); �0]J�g (10.45)

¨ ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬ �ã¡®:

[P�(t); �0] = �i�h�0
Z �

0

d�e�H _P�(t)e
��H (10.46)

�®£¤  ¯®«ãç¨¬:

��� =

Z �

0

d�

Z 1

0

dtei!t�"t < e�HJ�e
��HJ�(t) >0=

=

Z �

0

d�

Z 1

0

dtei!t�"t < J�J�(t+ i�h�) >0 (10.47)

{ ä®à¬ã«ã �ã¡® ¤«ï ¯à®¢®¤¨¬®áâ¨.
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� áâ â¨ç¥áª®¬ ¯à¥¤¥«¥ ¨¬¥¥¬:

��� = lim
"!0

Z �

0

Z 1

0

dte�"t < J�J�(t + i�h�) >0 (10.48)

� ª¨¬ ®¡à §®¬, § ¤ ç  ¢ëç¨á«¥­¨ï ¯à®¢®¤¨¬®áâ¨ á¢®¤¨âáï ª à áç¥âã ¢à¥¬¥­­ëå
ª®àà¥«ïæ¨®­­ëå äã­ªæ¨© â®ª®¢ ¢ ãá«®¢¨ïå áâ â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï. � ª®­-
ªà¥â­ëå á«ãç ïå, íâ®, ª®­¥ç­®, ¤®áâ â®ç­® á«®¦­ ï § ¤ ç , ª®â®à ï ¬®¦¥â à¥-
è âìáï à §«¨ç­ë¬¨ ¬¥â®¤ ¬¨, ¤«ï ®¡áã¦¤¥­¨ï ª®â®àëå §¤¥áì ­¥â ¬¥áâ .

� áá¬®âà¨¬ â¥¯¥àì ®âª«¨ª ­  ¢ª«îç¥­¨¥ ®¤­®à®¤­®£® ¢ ¯à®áâà ­áâ¢¥ ¯¥à¥¬¥­-
­®£® (¯¥à¨®¤¨ç¥áª®£®) ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï H(t) á ç áâ®â®© !:

H(t) = H cos !te"t = Ree�i!t+"tH (10.49)

�â®¬ã ¢®§¬ãé¥­¨î á®®â¢¥âáâ¢ã¥â ®¯¥à â®à (10.3) ¢¨¤ :

H1
t = �MH(t) = �MH cos !te"t (10.50)

£¤¥ M { ®¯¥à â®à ¯®«­®£® ¬ £­¨â­®£® ¬®¬¥­â  á¨áâ¥¬ë. �®¤ ¢«¨ï­¨¥¬ íâ®£® ¢®§-
¬ãé¥­¨ï ¬ £­¨â­ë© ¬®¬¥­â á¨áâ¥¬ë ¬¥­ï¥âáï, á®£« á­® (10.21), ª ª:

< M� >=< M� >0 +

Z 1

�1
dt0 << M�(t)H

1
t0(t

0) >> (10.51)

£¤¥ < M� >0 { áà¥¤­ïï ¯à®¥ªæ¨ï ¬ £­¨â­®£® ¬®¬¥­â  ­  ®áì � ¢ á®áâ®ï­¨¨ áâ -
â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï. �á«¨ ¢ à ¢­®¢¥á­®¬ á®áâ®ï­¨¨ ¯à¨áãâáâ¢ã¥â ¬ £­¨â­®¥
¯®«¥, â® < M� >0 6= 0. �®à¬ã«ã (10.51) § ¯¨è¥¬ ¢ ¢¨¤¥:

< M� >=< M� >0 +
X
�

Ref���(!)e�i!t+"tgH� (10.52)

£¤¥

���(!) = �
Z 1

�1
dte�i!t+"t << M�M�(t) >> (10.53)

{ â¥­§®à ¬ £­¨â­®© ¢®á¯à¨¨¬ç¨¢®áâ¨ ¢ ¯¥à¨®¤¨ç¥áª®¬ ¬ £­¨â­®¬ ¯®«¥. � ¯®¬®éìî
â®¦¤¥áâ¢  �ã¡® ¢ëà ¦¥­¨¥ (10.53) ¬®¦­® ¯¥à¥¯¨á âì â ª¦¥ ¢ ¢¨¤¥:

��� =

Z �

0

d�

Z 1

0

dtei!t�"t < _M�M�(t + i�h�) > (10.54)

�â¨ ä®à¬ã«ë è¨à®ª® ¯à¨¬¥­ïîâáï, ­ ¯à¨¬¥à, ¢ â¥®à¨¨ ¬ £­¨â­®£® à¥§®­ ­á .
� ª ç¥áâ¢¥ í«¥¬¥­â à­®£® ¯à¨¬¥à  ¨á¯®«ì§®¢ ­¨ï ä®à¬ã« �ã¡® à áá¬®âà¨¬

í«¥ªâà®¯à®¢®¤­®áâì, ¨áå®¤ï ¨§ ¯à®áâ¥©è¨å ¯à¥¤¯®«®¦¥­¨© ® ¯®¢¥¤¥­¨¨ ¢à¥¬¥­-
­ëå ª®àà¥«ïæ¨®­­ëå äã­ªæ¨©. �á¯®«ì§ãï (10.22), (10.44) ¨¬¥¥¬:

��� = � lim
"!0

1

i�h

Z 0

�1
dte"t < [J�; P�(t)] >0 (10.55)

�à¥¤¯®«®¦¨¬, çâ®

< [J�; P�(t)] >0�< [J�; P�] >0 e
� jtj

� (10.56)
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£¤¥ � { ­¥ª®â®à®¥ ¢à¥¬ï à¥« ªá æ¨¨. �®àà¥«ïâ®à ¯à¨ á®¢¯ ¤ îé¨å ¢à¥¬¥­ å ­ å®-
¤¨âáï í«¥¬¥­â à­®:

< [J�; P�] >0=< [
X
i

e

m
p�i ;
X
j

ex�j ] >0=

=
e2

m

X
i

[p�i ; x
�
i ] = �i�h���

e2

m
N (10.57)

£¤¥ N { ç¨á«® ç áâ¨æ, ¨ ¬ë ¢®á¯®«ì§®¢ «¨áì áâ ­¤ àâ­ë¬ ª®¬¬ãâ æ¨®­­ë¬ á®®â-
­®è¥­¨¥¬ [x�i ; p

�
i ] = i�h���. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬:

��� =
Ne2

m
��� lim

"!0

Z 0

�1
dte("+1=�)t =

Ne2

m
���� (10.58)

¨«¨, ¢ à áç¥â¥ ­  ¥¤¨­¨æã ®¡ê¥¬ :

��� =
ne2

m
���� (10.59)

çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ëç­ãî ä®à¬ã«ã �àã¤¥. �®¤ç¥àª­¥¬, çâ® \­ áâ®ïé¥©"
§ ¤ ç¥© ¬¨ªà®â¥®à¨¨ ï¢«ï¥âáï, ª®­¥ç­®, ¢ë¢®¤ ¯®¢¥¤¥­¨ï â¨¯  (10.56) ¨§ â®© ¨«¨
¨­®© ¬®¤¥«¨ ¨ à áç¥â á®®â¢¥âáâ¢ãîé¨å § ¢¨á¨¬®áâ¥© � ®â â¥¬¯¥à âãàë (¨«¨ ª®­-
æ¥­âà æ¨¨ ¯à¨¬¥á¥©) ¤«ï à §«¨ç­ëå ¬¥å ­¨§¬®¢ à áá¥ï­¨ï. �¬¥­­® §¤¥áì ¢®§­¨-
ª ¥â ­¥®¡å®¤¨¬®áâì ¨á¯®«ì§®¢ ­¨ï á®¢à¥¬¥­­ëå ¬¥â®¤®¢ â¥®à¨¨ á¨áâ¥¬ ¬­®£¨å ç -
áâ¨æ, â ª¨å, ª ª ¬¥â®¤ äã­ªæ¨© �à¨­ .

�¯¥ªâà «ì­ë¥ ¯à¥¤áâ ¢«¥­¨ï ¢à¥¬¥­­ëå
ª®àà¥«ïâ®à®¢ ¨ ¤¢ãå¢à¥¬¥­­ë¥ äã­ªæ¨¨
�à¨­ �.

� áá¬®âà¨¬ ­¥ª®â®àë¥ ®¡é¨¥ á¢®©áâ¢  ¢à¥¬¥­­ëå ª®àà¥«ïæ¨®­­ëå äã­ªæ¨©. �¢¥-
¤¥¬, ¯® ®¯à¥¤¥«¥­¨î:

FAB(t � t0) =< A(t)B(t0) > FBA(t
0 � t) =< B(t0)A(t) > (10.60)

�ãáâì  � ¨ E� { á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï £ ¬¨«ìâ®­¨ ­  à á-
á¬ âà¨¢ ¥¬®© á¨áâ¥¬ë:

H � = E� � (10.61)

�®£¤  ¢ ï¢­®¬ ¢¨¤¥ ¬®¦­® ­ ¯¨á âì:

< B(t0)A(t) >= Z�1
X
�

( ?�B(t
0)A(t) �)e�

E�
T (10.62)

�á¯®«ì§ãï á¢®©áâ¢® ¯®«­®âë 1 =
P
� j �)( �? j, ¯¥à¥¯¨è¥¬ (10.62) ª ª:

< B(t0)A(t) >= Z�1
X
��

( ?�B(t
0) �)( ?�A(t) �)e

�E�
T =

= Z�1
X
��

( ?�B(0) �)( 
?
�A(0) �)e

�E�
T expf i

�h
(E� �E�)(t� t0)g (10.63)
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£¤¥ ãç«¨, çâ®
e�iHt=�h � = e�iE� t=�h �  ?�e

iHt=�h =  ?�e
iE� t=�h (10.64)

�­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® ¯®«ãç¨âì:

< A(t)B(t0) >= Z�1
X
��

( ?�A(0) �)( 
?
�B(0) �)e

�E�
T expf i

�h
(E��E�)(t0� t)g (10.65)

� ¬¥­ïï §¤¥áì ¨­¤¥ªáë áã¬¬¨à®¢ ­¨ï � *) � ¨ áà ¢­¨¢ ï á (10.63), ¢¨¤¨¬, çâ® ®¡ 
ª®àà¥«ïâ®à  ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥:

< B(t0)A(t) >=
1

2�

Z 1

�1
JBA(!)e

i!(t�t0)

< A(t)B(t0) >=
1

2�

Z 1

�1
JBA(!)e

�h!
T ei!(t

0�t) (10.66)

£¤¥ ¢¢¥«¨:

JBA(!) = 2�Z�1
X
��

( ?�B(0) �)( 
?
�A(0) �)e

�E�
T �(

E� �E�
�h

� !) (10.67)

�®®â­®è¥­¨ï (10.66) ­ §ë¢ îâáï á¯¥ªâà «ì­ë¬¨ ¯à¥¤áâ ¢«¥­¨ï¬¨,   ¢¥«¨ç¨­ 
JBA(!) ¯à¥¤áâ ¢«ï¥â á®¡®© â ª ­ §ë¢ ¥¬ãî á¯¥ªâà «ì­ãî ¯«®â­®áâì ª®àà¥«ïæ¨®­-
­®© äã­ªæ¨¨ < B(t0)A(t) >. �§ áà ¢­¥­¨ï ®¡®¨å ¢ëà ¦¥­¨© ¢ (10.66) ¢¨¤¨¬ ¢ ¦­®¥
á¢®©áâ¢®:

JAB(�!) = JBA(!)e
�h!
T (10.68)

�«ï ¢á¥å à¥ «ì­ëå á¨áâ¥¬ ¨¬¥¥â ¬¥áâ® § âãå ­¨¥ ª®àà¥«ïæ¨© ¢® ¢à¥¬¥­¨, â ª çâ®

lim
jt�t0j!1

< A(t)B(t0) >=< A >< B > (10.69)

£¤¥ ¯®¤à §ã¬¥¢ ¥âáï, çâ® ¢¥«¨ç¨­ë (®¯¥à â®àë) A ¨ B ­¥ ï¢«ïîâáï ¨­â¥£à « ¬¨
¤¢¨¦¥­¨ï3. �á«¨ < A >= 0 ¨ < B >= 0, â®

lim
jt�t0j!1

< A(t)B(t0) >= 0 (10.70)

� ®¡é¥¬ á«ãç ¥ ¬®¦­® ®¯à¥¤¥«¨âì ­®¢ë¥ ®¯¥à â®àë A(t)� < A > ¨ B(t)� < B >,
¤«ï ª®â®àëå ¢á¥£¤  ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (10.70).

�à¥¤­¥¥ ¯® ¢à¥¬¥­¨ ®â ª®àà¥«ïæ¨®­­®© äã­ªæ¨¨ à ¢­® ­ã«î:

lim
T!1

1

2T

Z T

�T
dt

1

2�

Z 1

�1
d!JBA(!)e

�i!t =

= lim
T!1

1

2T

Z 1

�1
d!�(!) = lim

T!1
JBA(0)

2T
= 0 (10.71)

¥á«¨ á¯¥ªâà «ì­ ï ¯«®â­®áâì ª®­¥ç­  ¯à¨ ! = 0, çâ® å à ªâ¥à­® ¤«ï á¯¥ªâà  íà£®-
¤¨ç¥áª®£® á«ãç ©­®£® ¯à®æ¥áá . � ¤ «ì­¥©è¥¬ íâ® á¢®©áâ¢® ¯à¥¤¯®« £ ¥âáï4. �à¨
íâ®¬ ¢¥§¤¥ ¯®¤à §ã¬¥¢ ¥âáï â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯à¥¤¥« V !1 (V=N ! const).

3�á«¨ A ¨ B ¨­â¥£à «ë ¤¢¨¦¥­¨ï, â® ª®àà¥«ïæ¨®­­ ï äã­ªæ¨ï, ®ç¥¢¨¤­®, ¢®®¡é¥ ­¥ § ¢¨á¨â
®â ¢à¥¬¥­¨.

4� ç áâ­®áâ¨, íâ® ¨áª«îç ¥â ¨§ à áá¬®âà¥­¨ï ®á®¡¥­­®áâ¨ á¯¥ªâà «ì­®© ¯«®â­®áâ¨ â¨¯  �(!),
å à ªâ¥à­ë¥ ¤«ï á¨áâ¥¬ á ­¥íà£®¤¨ç¥áª¨¬ ¯®¢¥¤¥­¨¥¬ [4].
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�¯¥ªâà «ì­ ï ¯«®â­®áâì JA+A(!) ¢à¥¬¥­­®£® ª®àà¥«ïâ®à , ®¡à §®¢ ­­®£® ¨§ á®-
¯àï¦¥­­ëå ®¯¥à â®à®¢ A ¨ A+ ¯®«®¦¨â¥«ì­ :

JA+A(!) = 2�Z�1
X
��

( ?�A
+(0) �)( 

?
�A(0) �)e

�E�
T �

�
E� �E�

�h
� !

�
> 0 (10.72)

¯®áª®«ìªã ¢á¥ ç«¥­ë ¯®¤ §­ ª®¬ áã¬¬ë ¯®«®¦¨â¥«ì­ë. �á­®, çâ® ¨ JAA+(!) > 0.
�ãáâì ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¤«ï A ¨ B ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ®âà ¦¥­¨ï

¢à¥¬¥­¨, ¯à¨ ª®â®à®¬ A! "AA; B ! "BB, £¤¥ "A; "B = �1, ¢ § ¢¨á¨¬®áâ¨ ®â ç¥â-
­®áâ¨ ®¯¥à â®à®¢ ¯à¨ ®¡à é¥­¨¨ áª®à®áâ¥©. � áá¬®âà¨¬ á¯¥ªâà «ì­®¥ à §«®¦¥­¨¥:

< A(t)B(t) >=
1

2�

Z 1

�1
d!ei!(t�t

0)JAB(!) (10.73)

� ª¢ ­â®¢®© ¬¥å ­¨ª¥ ®¯¥à æ¨ï ®¡à é¥­¨ï ¢à¥¬¥­¨ á¢®¤¨âáï ª § ¬¥­¥ t!�t; t0 !
�t0; i ! �i, â ª çâ® «¥¢ ï ç áâì íâ®£® à ¢¥­áâ¢  ã¬­®¦ ¥âáï ­  "A"B ,   ¢ ¯à ¢®©
ç áâ¨ JAB(!) ¯¥à¥å®¤¨â ¢ J?AB(!) (¢á«¥¤áâ¢¨¥ § ¬¥­ë i ! �i). �«¥¤®¢ â¥«ì­®, ¢
à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥:

JAB(!) = J?AB(!)"A"B

JAB(!) = J?AB(!) ¯à¨ "A"B = 1 (10.74)

â ª çâ® á¯¥ªâà «ì­ ï ¯«®â­®áâì ¤«ï ®¯¥à â®à®¢ ®¤¨­ ª®¢®© ç¥â­®áâ¨ ¤¥©áâ¢¨-
â¥«ì­ .

�à ¢­¨¢ ï (10.73) ¨ á®¯àï¦¥­­®¥ ¥¬ã á®®â­®è¥­¨¥:

< B+(t0)A+(t) >=
1

2�

Z 1

�1
d!e�i!(t�t

0)JAB(!) (10.75)

£¤¥ ¬ë ãç«¨ ¢¥é¥áâ¢¥­­®áâì á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ã¡¥¦¤ ¥¬áï, çâ® ¤«ï ®¯¥à -
â®à®¢ ®¤¨­ ª®¢®© ç¥â­®áâ¨:

< A(t)B(t0) >=< B+(t)A+(t0) > (10.76)

�á«¨ á¨áâ¥¬  ­ å®¤¨âáï ¢® ¢­¥è­¥¬ ¬ £­¨â­®¬ ¯®«¥, á¯¥ªâà «ì­ ï ¯«®â­®áâì
ã¦¥ ­¥ ¡ã¤¥â ¢¥é¥áâ¢¥­­ . �®áª®«ìªã ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¨­¢ à¨ ­â­ë ®â­®á¨-
â¥«ì­® t ! �t á ®¤­®¢à¥¬¥­­®© § ¬¥­®© H ! �H, â® á¯¥ªâà «ì­ ï ¯«®â­®áâì
ã¤®¢«¥â¢®àï¥â á¢®©áâ¢ã á¨¬¬¥âà¨¨:

JAB;H(!) = J?
AB;�H(!)"A"B (10.77)

â ª çâ®
< B+(t)A+(t0) >H=< A(t)B(t0) >�H "A"B (10.78)

�®áª®«ìªã ¤¢ãå¢à¥¬¥­­ë¥ äã­ªæ¨¨ �à¨­  (10.22) ®¯à¥¤¥«ïîâáï ç¥à¥§ ¢à¥¬¥­-
­ë¥ ª®àà¥«ïâ®àë, ®­¨ «¥£ª® ¢ëà ¦ îâáï ç¥à¥§ á¯¥ªâà «ì­ãî ¯«®â­®áâì [4, 29].
�®®â¢¥âáâ¢¥­­®, ¤«ï ­¨å ¨ ¨å äãàì¥ { ®¡à §®¢ ¯® à §­®áâ¨ ¢à¥¬¥­ ¯®«ãç îâáï
 ­ «®£¨ç­ë¥ á®®â­®è¥­¨ï á¨¬¬¥âà¨¨:

<< A(t)B(t0) >>=<< B+(t)A+(t0) >>
<< AjB >>!=<< B+jA+ >>! (10.79)
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¢ ®âáãâáâ¢¨¥ ¬ £­¨â­®£® ¯®«ï ¨ ¤«ï ®¯¥à â®à®¢ ®¤¨­ ª®¢®© ç¥â­®áâ¨. � ¯à¨áãâáâ¢¨¥
¬ £­¨â­®£® ¯®«ï ¨¬¥¥¬:

<< B+(t)A+(t0) >>H=<< A(t)B(t0) >>�H "A"B

<< B+jA+ >>!;H=<< AjB >>!;�H "A"B (10.80)

�â¨ á¢®©áâ¢  á¨¬¬¥âà¨¨ ®ª §ë¢ îâáï ¢ ¦­ë¬¨ ¯à¨ ¢ë¢®¤¥ ¯à¨­æ¨¯  á¨¬¬¥âà¨¨
�­á £¥à  ¤«ï ®¡®¡é¥­­®© ¢®á¯à¨¨¬ç¨¢®áâ¨.

�¨á¯¥àá¨®­­ë¥ á®®â­®è¥­¨ï �à ¬¥àá {
�à®­¨£  ¨ ¯à¨­æ¨¯ á¨¬¬¥âà¨¨ �­á £¥à .

�ãáâì ­  á¨áâ¥¬ã ¤¥©áâ¢ã¥â § ¢¨áïé¥¥ ®â ¢à¥¬¥­¨ ¢®§¬ãé¥­¨¥ ¬¥å ­¨ç¥áª®£® â¨¯ ,
¢ª«îç ¥¬®¥  ¤¨ ¡ â¨ç¥áª¨ ¨ ®¯¨áë¢ ¥¬®¥ ¤®¡ ¢ª®© ª £ ¬¨«ìâ®­¨ ­ã ¢¨¤ :

H1
t = �

nX
j=1

Fj(t)Bj (10.81)

£¤¥ Fj(t) � e"t ¯à¨ t ! �1; " ! +0, Bj { ­¥ª®â®àë¥ ¤¨­ ¬¨ç¥áª¨¥ ¯¥à¥¬¥­­ë¥
(®¯¥à â®àë),   Fj(t) { c { ç¨á«®¢ë¥ \á¨«ë", á ª®â®àë¬¨ ¢­¥è­¨¥ ¯®«ï ¤¥©áâ¢ãîâ
­  ¯¥à¥¬¥­­ë¥ Bj . �«ï ¯à®áâ®âë ¯®« £ ¥¬, çâ® ¢ á®áâ®ï­¨¨ áâ â¨áâ¨ç¥áª®£® à ¢-
­®¢¥á¨ï (¯à¨ Fj = 0) ¨¬¥¥¬ < Aj >0= 0, â ª çâ® à¥ ªæ¨î á¨áâ¥¬ë ­  ¢®§¬ãé¥­¨¥
(10.81) ¬®¦­® á®£« á­® (10.21) § ¯¨á âì ¢ ¢¨¤¥:

< Ai >=

Z t

�1
dt0�ij(t� t0)Fj(t0) (10.82)

£¤¥
�ij(t � t0) = � << Ai(t)Bj (t

0) >> (10.83)

{ ®¡®¡é¥­­ ï ¬ âà¨æ  à¥ ªæ¨¨ (®âª«¨ª ). �®áª®«ìªã § ¯ §¤ë¢ îé ï äã­ªæ¨ï
�à¨­  ®â«¨ç­  ®â ­ã«ï «¨èì ¯à¨ ¯®«®¦¨â¥«ì­ëå  à£ã¬¥­â å, â®

�ij(t � t0) = 0 ¯à¨ t < t0 (10.84)

çâ® ï¢«ï¥âáï ¢ëà ¦¥­¨¥¬ ¯à¨­æ¨¯  ¯à¨ç¨­­®áâ¨: à¥ ªæ¨ï á¨áâ¥¬ë ­¥ ¬®¦¥â ¯à¥¤-
è¥áâ¢®¢ âì ¢® ¢à¥¬¥­¨ â®¬ã ¢®§¬ãé¥­¨î, ª®â®à®¥ ¥¥ ¢ë§ë¢ ¥â.

� §«®¦¨¬ Fj(t) ¨ < Ai > ¢ ¨­â¥£à «ë �ãàì¥:

< Ai >=
1

2�

Z 1

�1
d!e�i!tAi(!) (10.85)

Fj(t) =
1

2�

Z 1

�1
d!e�i!tFj(!) (10.86)

£¤¥ äãàì¥ { ª®¬¯®­¥­âë:

Ai(!) =

Z 1

�1
ei!t < Ai(t) > (10.87)
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Fj(!) =

Z 1

�1
dtei!tFj(t) (10.88)

�à®¢®¤ï äãàì¥ { ¯à¥®¡à §®¢ ­¨¥ ¢ (10.82) ¯®«ãç¨¬ ¢¬¥áâ® ¨­â¥£à «ì­®£®  «£¥¡à -
¨ç¥áª®¥ ãà ¢­¥­¨¥ «¨­¥©­®© à¥ ªæ¨¨:

Ai(!) = �ij(!)Fj(!) (10.89)

£¤¥

�ij(!) =

Z 1

�1
dtei!t�ij(t) = � << AijBj >>!=

=

Z 1

0

dte�i!t�"t
Z �

0

d� < _BjAi(t+ i�h�) > (10.90)

{ ®¡®¡é¥­­ ï ¬ âà¨æ  ¢®á¯à¨¨¬ç¨¢®áâ¨. �®á«¥¤­îî ä®à¬ã«ã ¨­®£¤  ­ §ë¢ îâ
ä«ãªâã æ¨®­­® { ¤¨áá¨¯ æ¨®­­®© â¥®à¥¬®© �ã¡®5.

�§ ¢¥é¥áâ¢¥­­®áâ¨ Ai ¨ Fj á«¥¤ã¥â, çâ®:

Ai(!) = A?i (�!) Fj(!) = F ?j (�!) (10.91)

â ª çâ®
�ij = �?ij(�!) (10.92)

®âªã¤ 

Re�ij(!) = Re�ij(�!)
Im�ij(!) = �Im�ij(�!) (10.93)

â ª çâ® ¢¥é¥áâ¢¥­­ ï ç áâì ®¡®¡é¥­­®© ¢®á¯à¨¨¬ç¨¢®áâ¨ �ij(!) ç¥â­ ,   ¬­¨¬ ï
­¥ç¥â­  ¯® !6.

�§ á¢®©áâ¢ á¨¬¬¥âà¨¨ äã­ªæ¨© �à¨­  (10.80) á«¥¤ã¥â, çâ® ¤«ï ®¡®¡é¥­­®© ¢®á-
¯à¨¨¬ç¨¢®áâ¨ ¨¬¥¥¬:

�ij(!;H) = �ij(!;�H)"i"k "i"k = �1 (10.94)

� ®âáãâáâ¢¨¥ ¬ £­¨â­®£® ¯®«ï:

�ij(!) = �ij(!)"i"k (10.95)

� §¡¨¢ ï ¢®á¯à¨¨¬ç¨¢®áâì ­  á¨¬¬¥âà¨ç­ãî ¨  ­â¨á¨¬¬¥âà¨ç­ãî ç áâ¨

�sij =
1

2
(�ij + �ji) �aij =

1

2
(�ij � �ji) (10.96)

ã¡¥¦¤ ¥¬áï, çâ® �s ç¥â­ ,   �a ­¥ç¥â­  ®â­®á¨â¥«ì­® ®¡à é¥­¨ï ¬ £­¨â­®£® ¯®«ï
H:

�sij(!;H) = �sji(!;�H) �aij(!;H) = ��aji(!;�H) (10.97)

5�«ãªâã æ¨®­­® { ¤¨áá¨¯ æ¨®­­ ï â¥®à¥¬  ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ à §­ëå ä®à¬ å ¨ ¯à¥¤áâ -
¢«ï¥â á®¡®© á¢ï§ì ¬¥¦¤ã ¢®á¯à¨¨¬ç¨¢®áâï¬¨ (ª¨­¥â¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨) ¨ á®®â¢¥âáâ¢ãî-
é¨¬¨ à ¢­®¢¥á­ë¬¨ ª®àà¥«ïâ®à ¬¨ (ä«ãªâã æ¨ï¬¨).

6�®¦­® ¯®ª § âì, çâ® Im�ij ®¯à¥¤¥«ï¥â ¤¨áá¨¯ æ¨î í­¥à£¨¨ ¢­¥è­¥£® ¯®«ï, â ª çâ® Im�ij(! >
0) > 0.
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¯à¨ "i"k = 1. �â¨ á¢®©áâ¢  á¨¬¬¥âà¨¨ ­ §ë¢ îâáï á®®â­®è¥­¨ï¬¨ á¨¬¬¥âà¨¨ �­-
á £¥à  ¤«ï ®¡®¡é¥­­®© ¢®á¯à¨¨¬ç¨¢®áâ¨ (ª¨­¥â¨ç¥áª¨å ª®íää¨æ¨¥­â®¢). �­¨ ¢ë-
â¥ª îâ ¨§ ®¡é¥© â¥®à¨¨ «¨­¥©­®£® ®âª«¨ª  ¨ ¨­¢ à¨ ­â­®áâ¨ ãà ¢­¥­¨© ¤¢¨¦¥­¨ï
®â­®á¨â¥«ì­® t ! �t; H ! �H 7. �®®â­®è¥­¨ï �­á £¥à  ®âà ¦ îâ ­  ¬ ªà®-
áª®¯¨ç¥áª®¬ ãà®¢­¥ ¨­¢ à¨ ­â­®áâì ¬¨ªà®áª®¯¨ç¥áª¨å ãà ¢­¥­¨© ¤¢¨¦¥­¨ï ®â­®-
á¨â¥«ì­® ®¡à é¥­¨ï ¢à¥¬¥­¨. �­¨ ¨£à îâ ®ç¥­ì ¡®«ìèãî à®«ì ¢ â¥à¬®¤¨­ ¬¨ª¥
­¥®¡à â¨¬ëå ¯à®æ¥áá®¢.

�¢¨¤ã ãá«®¢¨ï ¯à¨ç¨­­®áâ¨ (10.84) ¯¥à¢ë© ¨­â¥£à « ¢ (10.89) ä ªâ¨ç¥áª¨ á¢®-
¤¨âáï ª (¨­¤¥ªáë i; j ¤ «¥¥ ®¯ãáª ¥¬):

�(!) =

Z 1

0

dt�(t)ei!t (10.98)

�ª §ë¢ ¥âáï, çâ® ®âáî¤  ¬®¦­® ¯®«ãç¨âì ­¥ª®â®àë¥ ¢¥áì¬  ®¡é¨¥ á®®â­®è¥­¨ï
¤«ï �(!), ¨á¯®«ì§ãï  ¯¯ à â â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­ëå ¯¥à¥¬¥­­ëå. �¢¥¤¥¬
ª®¬¯«¥ªá­ãî ç áâ®âã ! = !0 + i!00 ¨ ¨áá«¥¤ã¥¬ á¢®©áâ¢  �(!) ¢ ¢¥àå­¥© ¯®«ã¯«®á-
ª®áâ¨ íâ®© ¯¥à¥¬¥­­®©. �§ (10.98) ¨ ¨§ ä ªâ  ª®­¥ç­®áâ¨ �(t) ¯à¨ ¢á¥å ¯®«®¦¨-
â¥«ì­ëå t á«¥¤ã¥â, çâ® �(!) ¥áâì ª®­¥ç­ ï ®¤­®§­ ç­ ï äã­ªæ¨ï ¢® ¢á¥© ¢¥àå­¥©
¯®«ã¯«®áª®áâ¨ ! ¨ ­¨£¤¥ ­¥ ®¡à é ¥âáï ¢ ­¥© ¢ ¡¥áª®­¥ç­®áâì, â.¥. ­¥ ¨¬¥¥â â ¬
®á®¡ëå â®ç¥ª. �¥©áâ¢¨â¥«ì­®, ¯à¨ !00 > 0 ¢ ¯®¤¨­â¥£à «ì­®¬ ¢ëà ¦¥­¨¨ ¢ (10.98)
¨¬¥¥âáï íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îé¨© ¬­®¦¨â¥«ì exp(�t!00),   ¯®áª®«ìªã ¨ äã­ª-
æ¨ï �(t) ª®­¥ç­  ¢® ¢á¥© ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï, â® ¨­â¥£à « ¢ (10.98) áå®¤¨âáï.
�®¤ç¥àª­¥¬, çâ® ¢ë¢®¤ ®¡ ®âáãâáâ¢¨¨ ®á®¡ëå â®ç¥ª ã �(!) ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨
ï¢«ï¥âáï, á ä¨§¨ç¥áª®© â®çª¨ §à¥­¨ï, á«¥¤áâ¢¨¥¬ ¯à¨­æ¨¯  ¯à¨ç¨­­®áâ¨. �®á«¥¤-
­¨© ¯à®ï¢«ï¥âáï ¢ â®¬, çâ® ¨­â¥£à¨à®¢ ­¨¥ ¢ (10.98) ¨¤¥â ®â 0 ¤® 1 (  ­¥ ®â �1
¤®1). �ã­ªæ¨ï �(!) ­¥ ¨¬¥¥â ®á®¡¥­­®áâ¥© ¨ ­  á ¬®© ¢¥é¥áâ¢¥­­®© ®á¨ (!00 = 0),
§  ¨áª«îç¥­¨¥¬, ¢®§¬®¦­®, «¨èì ­ ç «  ª®®à¤¨­ â (! = 0).

�ë¢¥¤¥¬ â¥¯¥àì ä®à¬ã«ë, á¢ï§ë¢ îé¨¥ ¤¥©áâ¢¨â¥«ì­ãî ¨ ¬­¨¬ãî ç áâ¨ äã­ª-
æ¨¨ �(!) ¤àã£ á ¤àã£®¬. �«ï íâ®£® ¢ë¡¥à¥¬ ª ª®¥ { «¨¡® ¯®«®¦¨â¥«ì­®¥ ¤¥©áâ¢¨-

â¥«ì­®¥ §­ ç¥­¨¥ ! = !0 ¨ ¯à®¨­â¥£à¨àã¥¬ ¢¥«¨ç¨­ã �(!)
!�!0 ¯® ª®­âãàã C, ¯®ª § ­-

­®¬ã ­  �¨á. 10-1. �  ¡¥áª®­¥ç­®áâ¨ � ! 0 ¨ ¯®íâ®¬ã äã­ªæ¨ï �(!)
!�!0 áâà¥¬¨âáï ª

­ã«î ¡ëáâà¥¥, ç¥¬ 1=!. �®íâ®¬ã ¨­â¥£à «
R
C
d! �(!)

!�!0 áå®¤¨âáï,   ¯®áª®«ìªã �(!) ­¥
¨¬¥¥â ®á®¡ëå â®ç¥ª ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨, ¨ â®çª  ! = !0 ¨áª«îç¥­  ¨§ ®¡« áâ¨

¨­â¥£à¨à®¢ ­¨ï, â® äã­ªæ¨ï �(!)
!�!0  ­ «¨â¨ç­  ¢® ¢á¥© ®¡« áâ¨ ¢­ãâà¨ ª®­âãà  C,

â ª çâ® à áá¬ âà¨¢ ¥¬ë© ¨­â¥£à « à ¢¥­ ­ã«î (â¥®à¥¬  �®è¨).

�­â¥£à « ¯® ¡¥áª®­¥ç­® ã¤ «¥­­®© ¯®«ã®ªàã¦­®áâ¨ ®¡à é ¥âáï ¢ ­ã«ì á ¬ ¯®
á¥¡¥ (¢¢¨¤ã ¤®áâ â®ç­® ¡ëáâà®£® ã¡ë¢ ­¨ï ¯®¤¨­â¥£à «ì­®£® ¢ëà ¦¥­¨ï). �®çªã
!0 ®¡å®¤¨¬ ¯® ¡¥áª®­¥ç­® ¬ «®© ¯®«ã®ªàã¦­®áâ¨ (à ¤¨ãá  �! 0). �â®â ®¡å®¤ ¯à®-
¨áå®¤¨â ¯® ç á®¢®© áâà¥«ª¥ ¨ ¤ ¥â ¢ ¨­â¥£à «¥ ¢ª« ¤, à ¢­ë© �i��(!0) (¨­â¥£à «
¯® ¯®«­®¬ã ªàã¦ªã ¤ ¥â �2i��(!0)). �á«¨ �(0) ª®­¥ç­®, â® ®¡å®¤ ­ ç «  ª®®à¤¨-
­ â ï¢«ï¥âáï ¨§«¨è­¨¬ ¨ ¨­â¥£à¨à®¢ ­¨¥ ¢¤®«ì ¢á¥© ¢¥é¥áâ¢¥­­®© ®á¨ ¤ ¥â, â ª¨¬
®¡à §®¬:

lim
�!0

�Z !0��

�1
d!

�(!)

! � !0 +
Z 1

!0+�

d!
�(!)

! � !0

�
� i��(!0) = 0 (10.99)

�¥à¢ë© ç«¥­ §¤¥áì ¥áâì ¨­â¥£à « ®â �1 ¤® 1, ¯®­¨¬ ¥¬ë© ¢ á¬ëá«¥ £« ¢­®£®

7� ª¨¥ ¦¥ á¢®©áâ¢  á¨¬¬¥âà¨¨ á¯à ¢¥¤«¨¢ë ¨ ¤«ï ®âª«¨ª  ­  â¥à¬¨ç¥áª¨¥ ¢®§¬ãé¥­¨ï.
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�¨á. 10-1 �®­âãà ¨­â¥£à¨à®¢ ­¨ï, ¨á¯®«ì§ã¥¬ë© ¯à¨ ¢ë¢®¤¥ á®®â­®è¥­¨© �à ¬¥àá 
{ �à®­¨£ .

§­ ç¥­¨ï, ¯®íâ®¬ã ¯®«ãç ¥¬:

i��(!0) = P

Z 1

�1
d!

�(!)

! � !0
(10.100)

�â® ¦¥ á®®â­®è¥­¨¥ áà §ã ¦¥ ¯®«ãç ¥âáï ¥á«¨ à áá¬®âà¥âì ¨­â¥£à « ®â �(!)
!�!0+i�

¢¤®«ì ¢¥é¥áâ¢¥­­®© ®á¨, ¢®á¯®«ì§®¢ ¢è¨áì ¨§¢¥áâ­®© ä®à¬ã«®©:

1

x+ i�
= P

1

x
� i��(x) � ! +0 (10.101)

�à¥¤ë¤ãé¨¥ à ááã¦¤¥­¨ï, ¯® áãâ¨ ¤¥« , ¯à¥¤áâ ¢«ïîâ á®¡®© ¢ë¢®¤ íâ®£® ¢¥áì¬ 
¯®«¥§­®£® á®®â­®è¥­¨ï.

�¥à¥¬¥­­ ï ¨­â¥£à¨à®¢ ­¨ï ! ¢ (10.100) ¯à®¡¥£ ¥â «¨èì ¢¥é¥áâ¢¥­­ë¥ §­ ç¥-
­¨ï. �¥à¥®¡®§­ ç¨¬ ¥¥ �,   ç¥à¥§ ! ®¡®§­ ç¨¬ § ¤ ­­®¥ ¢¥é¥áâ¢¥­­®¥ §­ ç¥­¨¥ !0.
�®£¤ , ®â¤¥«ïï ¢ (10.100) ¤¥©áâ¢¨â¥«ì­ãî ¨ ¬­¨¬ãî ç áâ¨, ­ ©¤¥¬:

Re�(!) =
1

�
P

Z 1

�1
d�
Im�(�)

� � !
(10.102)

Im�(!) = � 1

�
P

Z 1

�1
d�
Re�(�)

� � ! (10.103)

{ á®®â­®è¥­¨ï �à ¬¥àá  { �à®­¨£ . �¤¨­áâ¢¥­­ë¬ á¢®©áâ¢®¬ äã­ªæ¨¨ �(!), ¨á-
¯®«ì§®¢ ­­ë¬ ¯à¨ ¢ë¢®¤¥ íâ¨å ä®à¬ã«, ï¢«ï¥âáï ®âáãâáâ¢¨¥ ®á®¡ëå â®ç¥ª ¢ ¢¥àå-
­¥© ¯®«ã¯«®áª®áâ¨8. �®íâ®¬ã ¬®¦­® áª § âì, çâ® á®®â­®è¥­¨ï �à ¬¥àá  { �à®­¨£ 
ï¢«ïîâáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ ¯à¨­æ¨¯  ¯à¨ç¨­­®áâ¨.

�®á¯®«ì§®¢ ¢è¨áì ­¥ç¥â­®áâìî äã­ªæ¨¨ Im�(�) ¬®¦­® ¯¥à¥¯¨á âì ¯¥à¢®¥ ¨§
íâ¨å á®®â­®è¥­¨© ª ª:

Re�(!) =
1

�
P

Z 1

0

d�
Im�(�)

� � !
+ P

Z 1

0

d�
Im�(�)

� + !
(10.104)

8�â® ª á ¥âáï á¢®©áâ¢  � ! 0 ¯à¨ ! ! 1, â® ®­® ­¥ ï¢«ï¥âáï áãé¥áâ¢¥­­ë¬: ¥á«¨ ¡ë ¯à¥¤¥«
�1 ¡ë« ®â«¨ç¥­ ®â ­ã«ï, â® ­ ¤® ¡ë«® ¡ë ¯à®áâ® à áá¬ âà¨¢ âì à §­®áâì � � �1 ¢¬¥áâ® �, á
á®®â¢¥âáâ¢ãîé¨¬ ¨§¬¥­¥­¨¥¬ ¢á¥å ä®à¬ã«.
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¨«¨

Re�(!) =
2

�

Z 1

0

d�
�Im�(!)

�2 � !2 (10.105)

�á«¨ äã­ªæ¨ï �(!) ¨¬¥¥â ¯®«îá ¢ â®çª¥ ! = 0, ¢¡«¨§¨ ª®â®à®© � = iA=!, â®
®¡å®¤ íâ®£® ¯®«îá  ¯® ¯®«ã®ªàã¦­®áâ¨ ¤ ¥â ¢ ¨­â¥£à «¥ ¤®¯®«­¨â¥«ì­ë© ¢¥é¥-
áâ¢¥­­ë© ¢ª« ¤ �A=!, ª®â®àë© ¤®«¦¥­ ¡ëâì ¯à¨¡ ¢«¥­ ª «¥¢®© áâ®à®­¥ (10.100).
�®®â¢¥âáâ¢¥­­®, â ª®© ¦¥ ç«¥­ ¯®ï¢¨âáï ¨ ¢ (10.103):

Im�(!) = � 1

�
P

Z 1

�1
d�
Re�(�)

� � !
+
A

!
(10.106)

�®®â­®è¥­¨ï �à ¬¥àá  { �à®­¨£  ®â­®áïâáï ª ¢ ¦­¥©è¨¬ â®ç­ë¬ á®®â­®è¥-
­¨ï¬, ¯®§¢®«ïîé¨¬ ª®­âà®«¨à®¢ âì â¥®à¥â¨ç¥áª¨¥ ¬®¤¥«¨ ¨ à áç¥âë,   â ª¦¥ ¨¬¥-
îé¨¬ ¨ ¢ ¦­ë¥ íªá¯¥à¨¬¥­â «ì­ë¥ ¯à¨¬¥­¥­¨ï: ¯® ¨§¬¥à¥­¨ï¬ Re�(!) ¢ è¨à®ª®¬
¨­â¥à¢ «¥ ç áâ®â ¬®¦­® ¢®ááâ ­ ¢«¨¢ âì §­ ç¥­¨ï Im�(!) (¨ ­ ®¡®à®â), ¯à®¢®¤ï
ç¨á«¥­­®¥ ¨­â¥£à¨à®¢ ­¨¥ ¯® íªá¯¥à¨¬¥­â «ì­ë¬ ¤ ­­ë¬.



�« ¢  11

������ ����������� ��-
���� ������ ������ ��-
����

�¥â®¤ ª¢ §¨ç áâ¨æ ¨ äã­ªæ¨¨ �à¨­ .

�ëè¥ ¬ë ¢¨¤¥«¨ ®¯à¥¤¥«ïîéãî à®«ì, ª®â®àãî ¢ á®¢à¥¬¥­­®© â¥®à¨¨ ª®­¤¥­á¨à®-
¢ ­­®£® á®áâ®ï­¨ï ¨£à ¥â ª®­æ¥¯æ¨ï ª¢ §¨ç áâ¨æ. �®«­®¥ ä®à¬ «ì­®¥ ®¡®á­®¢ ­¨¥
íâ  ª®­æ¥¯æ¨ï ¯®«ãç ¥â ¢ à ¬ª å ä®à¬ «¨§¬  äã­ªæ¨© �à¨­ , ª®â®àë© ï¢«ï¥âáï
áâ ­¤ àâ­ë¬  ¯¯ à â®¬ á®¢à¥¬¥­­®© â¥®à¨¨ á¨áâ¥¬ ¬­®£¨å ç áâ¨æ. �¥â®¤ äã­ªæ¨©
�à¨­  ¤ ¥â ¢®§¬®¦­®áâì ç¥âª® áä®à¬ã«¨à®¢ âì ªà¨â¥à¨¨ áãé¥áâ¢®¢ ­¨ï ª¢ §¨ç -
áâ¨æ ¢ ª®­ªà¥â­ëå á¨áâ¥¬ å,   â ª¦¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ã­¨¢¥àá «ì­ë© ¬¥â®¤ ¯à®-
¢¥¤¥­¨ï à áç¥â®¢ ¯à ªâ¨ç¥áª¨ «î¡ëå ä¨§¨ç¥áª¨å å à ªâ¥à¨áâ¨ª ¬­®£®ç áâ¨ç­ëå
á¨áâ¥¬ á ãç¥â®¬ à §«¨ç­ëå â¨¯®¢ ¢§ ¨¬®¤¥©áâ¢¨©. � ­­ë© ¬¥â®¤ ¢®§­¨ª ¢ á¢ï§¨
á § ¤ ç ¬¨ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï, £¤¥ ¢¯¥à¢ë¥, ¢ ç áâ­®áâ¨, ¡ë« áä®à¬ã«¨à®¢ ­
çà¥§¢ëç ©­® íää¥ªâ¨¢­ë© ¨ ã¤®¡­ë© ¯®¤å®¤, ®á­®¢ ­­ë© ­  ¨á¯®«ì§®¢ ­¨¨ ¤¨ -

£à ¬¬ �¥©­¬ ­ . �®á«¥¤ãîé¥¥ ¯¥à¥­¥á¥­¨¥ íâ¨å ¨¤¥© ¨ ¬¥â®¤®¢ ¢ â¥®à¨î á¨áâ¥¬
¬­®£¨å ç áâ¨æ, ¯® áãâ¨ ¤¥« , ¨ ¯à¨¢¥«® ª á®§¤ ­¨î á®¢à¥¬¥­­®© â¥®à¨¨ ª®­¤¥­-
á¨à®¢ ­­®£® á®áâ®ï­¨ï [3]. �áâ¥áâ¢¥­­®, çâ® ¢ à ¬ª å ¤ ­­®£® ªãàá  ¬ë «¨è¥­ë
¢®§¬®¦­®áâ¨ ¤ âì ¯®á«¥¤®¢ â¥«ì­®¥ ¨§«®¦¥­¨¥ ¬¥â®¤  äã­ªæ¨© �à¨­ , ­ è¥© æ¥-
«ìî ï¢«ï¥âáï «¨èì ¢¢¥¤¥­¨¥ àï¤  ®á­®¢­ëå ¯®­ïâ¨© ¨ ª ç¥áâ¢¥­­ ï ¨««îáâà æ¨ï
¯à®áâëå ¯à¨¬¥­¥­¨©1.

1� ¨¡®«¥¥ ïá­®¥ ¨ ç¥âª®¥ ¨§«®¦¥­¨¥ ¬¥â®¤  äã­ªæ¨© �à¨­  ¨ ¤¨ £à ¬¬­®© â¥å­¨ª¨ ¢ ¯à¨-
¬¥­¥­¨¨ ª § ¤ ç ¬ áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥ ¤ ­® ¢ ª« áá¨ç¥áª®© ª­¨£¥ [30]. �®áâ â®ç­® ¯®«­®¥

205
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�¨¦¥, ¢ ®á­®¢­®¬, à áá¬ âà¨¢ ¥âáï á«ãç © â¥¬¯¥à âãàë T = 0. �ª §ë¢ ¥âáï,
çâ® ®¡®¡é¥­¨¥ ¯à ªâ¨ç¥áª¨ ¢á¥å ãà ¢­¥­¨© ¬¥â®¤  äã­ªæ¨© �à¨­  ­  á«ãç © ª®­¥ç-
­ëå â¥¬¯¥à âãà ¬®¦¥â ¡ëâì ¯à®¢¥¤¥­® ¤®áâ â®ç­® í«¥¬¥­â à­®, á®®â¢¥âáâ¢ãîé¨¥
¨§¬¥­¥­¨ï ¡ã¤ãâ ªà âª® áä®à¬ã«¨à®¢ ­ë ¢ ª®­æ¥ ­ è¥£® ¨§«®¦¥­¨ï. � ç­¥¬ á®
á«ãç ï ®¤­®© ª¢ ­â®¢®¬¥å ­¨ç¥áª®© ç áâ¨æë, ®¯¨áë¢ ¥¬®© ãà ¢­¥­¨¥¬ �à¥¤¨­-
£¥à  2:

i
@ (r; t)
@t

�H (r; t) = 0 (11.1)

�¬¥áâ® ­¥£® ¬®¦­® ¢¢¥áâ¨ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ �à¨­  G(r; t; r0; t0):

i
@G

@t
�HG = i�(r � r0)�(t � t0) (11.2)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ G(r; t+ 0; r0; t) = �(r� r0). �ã­ªæ¨ï �à¨­  ¨¬¥¥â á¬ëá«  ¬-

¯«¨âã¤ë ¢¥à®ïâ­®áâ¨ ¯¥à¥å®¤  ç áâ¨æë ¨§ â®çª¨ r0 ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¢ â®çªã r ¢
¬®¬¥­â ¢à¥¬¥­¨ t. �¢ ¤à â ¬®¤ã«ï  ¬¯«¨âã¤ë ¤ ¥â á®®â¢¥âáâ¢ãîéãî ¢¥à®ïâ­®áâì
¯¥à¥å®¤ . � íâ®¬ «¥£ª® ã¡¥¤¨âìáï, ¢ëà §¨¢  -äã­ªæ¨î ¢ ¬®¬¥­â ¢à¥¬¥­¨ t+� ç¥à¥§
 -äã­ªæ¨î ¢ ¬®¬¥­â t:

 (r; t+ � ) =

Z
dr0G(r; t+ � ; r0t) (r0; t) (11.3)

� á ¬®¬ ¤¥«¥, «¥£ª® ã¤®áâ®¢¥à¨âìáï, çâ® § ¯¨á ­­ ï â ª¨¬ ®¡à §®¬  (r; t+ � ) ã¤®-
¢«¥â¢®àï¥â ãà ¢­¥­¨î �à¥¤¨­£¥à  (11.1),   ¯à¨ � ! 0 ®­  ¯¥à¥å®¤¨â ¢  (r; t) ¨§-§ 
­ ç «ì­®£® ãá«®¢¨ï G(r; t+0; r0; t) = �(r� r0). �à®¬¥ â®£®, ¯®«®¦¨¬, çâ® G = 0 ¤«ï
� < 0 (¯à¨­æ¨¯ ¯à¨ç¨­­®áâ¨!).

�ãáâì ¨¬¥¥âáï á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© ãà ¢­¥­¨ï �à¥¤¨­£¥à :

H'�(r) = "�'�(r) (11.4)

� § ¢¨á¨¬®áâ¨ ®â § ¤ ç¨, ä¨§¨ç¥áª¨© á¬ëá« ª¢ ­â®¢ëå ç¨á¥« � ¬®¦¥â ¡ëâì à §-
«¨ç­ë¬. � âà ­á«ïæ¨®­­® { ¨­¢ à¨ ­â­®© á¨áâ¥¬¥ �! p, ¤«ï ç áâ¨æë ¢® ¢­¥è­¥¬
¬ £­¨â­®¬ ¯®«¥ íâ® ­ ¡®à ª¢ ­â®¢ëå ç¨á¥« � ­¤ ã ¨ â.¯. �¥©ç á ¬ë à áá¬®âà¨¬
ç áâ¨æã ¢ ¯®â¥­æ¨ «ì­®¬ ¯®«¥:

H =
p2

2m
+ V (r) (11.5)

�â® ¬®¦¥â ¡ëâì, ¢ ç áâ­®áâ¨, ¨ ¢¯®«­¥ ­¥âà¨¢¨ «ì­ ï § ¤ ç  ® ­ãª«®­ å ¢ ¯®â¥­-
æ¨ «ì­®© ï¬¥ {  â®¬­®¬ ï¤à¥ [32], â®£¤  � ¯à¥¤áâ ¢«ïîâ ª¢ ­â®¢ë¥ ç¨á«  ®¡®«®-
ç¥ç­®© ¬®¤¥«¨ ï¤à . �î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à  ¬®¦­® à §«®¦¨âì ¯®
íâ®© ¯®«­®© á¨áâ¥¬¥ äã­ªæ¨©:

 (r; t) =
X
�

c�(t)'�(r) (11.6)

¨ ¯à¥¤áâ ¢¨âì (11.3) ¢ ¢¨¤¥:

c�(t+ � ) =
X
�0

G��0(� )c�0(t) (11.7)

¨§«®¦¥­¨¥ ¤ ­® ¨ ¢ [2]. �®«¥¥ í«¥¬¥­â à­®¥ ¨§«®¦¥­¨¥ ¬®¦­® ­ ©â¨ ¢ [31, 32], ®âªã¤  ¨ ¢§ïâ
¨§« £ ¥¬ë© ­¨¦¥ ¬ â¥à¨ «.

2�¨¦¥, ª ª ¯à¨­ïâ® ¢ ¡®«ìè¨­áâ¢¥ á®¢à¥¬¥­­ëå à ¡®â, ¬ë ¨á¯®«ì§ã¥¬ á¨áâ¥¬ã ¥¤¨­¨æ, ¢ ª®-
â®à®© �h = 1. �à¨ ­¥®¡å®¤¨¬®áâ¨, �h ¢á¥£¤  «¥£ª® ¢®ááâ ­®¢¨âì ¢ ª®­¥ç­ëå ä®à¬ã« å.
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G��0(� ) =

Z
d3rd3r0G(r; r0� )'?�(r)'�0(r

0) (11.8)

{ äã­ªæ¨ï �à¨­  ¢ �-¯à¥¤áâ ¢«¥­¨¨. �®áª®«ìªã '� { á®¡áâ¢¥­­ ï äã­ªæ¨ï £ -
¬¨«ìâ®­¨ ­  H, ­¥ § ¢¨áïé¥£® ®â ¢à¥¬¥­¨, â® ¯¥à¥å®¤ë ¢ ¤àã£¨¥ á®áâ®ï­¨ï ­¥
¯à®¨áå®¤ïâ, â ª çâ® c�(t + � ) = e�i"��c�(t), â.¥.

G��0(� ) = G�(� )���0 = e�i"���(� ) (11.9)

£¤¥ �(� ) = 1 ¯à¨ � � 0 ¨ �(� ) = 0 ¯à¨ � < 0. �à®¢¥¤¥¬ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥:

G�(") =
1

i

Z 1

�1
d�ei"��G�(� ) (11.10)

G�(� ) = i

Z 1

�1

d"

2�
e�i"��G�(") (11.11)

�®£¤ , ¯®á«¥ í«¥¬¥­â à­®£® ¨­â¥£à¨à®¢ ­¨ï ¯®«ãç ¥¬:

G�(") =
1

"� "� + i�
� ! +0 (11.12)

�­ ª � ! 0 ¢ë¡à ­ §¤¥áì â ª, çâ®¡ë G�(� ) = 0 ¯à¨ � < 0. � á ¬®¬ ¤¥«¥, ¨¬¥¥¬:

G�(� ) = i

Z 1

�1

d"

2�

e�i"�

" � "� + i�
=

=

�
e�i"�� ¯à¨ � > 0
0 ¯à¨ � < 0

(11.13)

�¥©áâ¢¨â¥«ì­®, ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¨¬¥¥â ¯®«îá ¯à¨ " = "� � i�. �®£¤ ,
¯à¨ � > 0 ¬®¦­® § ¬ª­ãâì ª®­âãà ¨­â¥£à¨à®¢ ­¨ï ¯® " ¢ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨
(¯®áª®«ìªã ¬­®¦¨â¥«ì e�i"� ®¡¥á¯¥ç¨¢ ¥â â®£¤  íªá¯®­¥­æ¨ «ì­®¥ § âãå ­¨¥ ¨­â¥-
£à¨àã¥¬®£® ¢ëà ¦¥­¨ï ­  ¡¥áª®­¥ç­® ã¤ «¥­­®© ¯®«ã®ªàã¦­®áâ¨), ¯®«îá ¯®¯ ¤ ¥â
¢­ãâàì § ¬ª­ãâ®£® ª®­âãà , ¨ ¨­â¥£à « (¯® â¥®à¥¬¥ �®è¨) à ¢¥­ ¢ë¯¨á ­­®¬ã ¢ë-
à ¦¥­¨î. �à¨ � < 0, ¯® â¥¬ ¦¥ ¯à¨ç¨­ ¬, á¢ï§ ­­ë¬ á ­¥®¡å®¤¨¬®áâìî § ­ã«¨âì
¢ª« ¤ ®â ¡¥áª®­¥ç­® ã¤ «¥­­®© ¯®«ã®ªàã¦­®áâ¨, ­ã¦­® § ¬ª­ãâì ª®­âãà ¨­â¥£à¨-
à®¢ ­¨ï ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ ". �®£¤  ¢­ãâà¨ ª®­âãà  ¯®«îá  ­¥â ¨ ¨­â¥£à «
à ¢¥­ ­ã«î.

� á¬¥è ­­®¬ (r; ") ¯à¥¤áâ ¢«¥­¨¨ ¯®«ãç ¥¬:

G(r; r0; ") =
X
�;�0

G��0(")'�(r)'?�0(r
0) =

=
X
�

'�(r)'?�0 (r
0)

"� "� + i�
(11.14)

�¤¥áì ¢ áã¬¬ã ¯® � ¢å®¤¨â áã¬¬¨à®¢ ­¨¥ ¯® ¢á¥¬ á¢ï§ ­­ë¬ á®áâ®ï­¨ï¬ ç áâ¨æë ¢
¯®«¥ ¨ 0¨­â¥£à¨à®¢ ­¨¥ ¯® ¥¥ á¯«®è­®¬ã á¯¥ªâàã. �à¨ íâ®¬ ¬ë ¢¨¤¨¬, çâ® G(r; r0; ")
¨¬¥¥â ¯®«îá  ¯à¨ §­ ç¥­¨ïå " à ¢­ëå "� { í­¥à£¨ï¬ á¢ï§ ­­ëå á®áâ®ï­¨© ¨ à §-
à¥§ (ª®­â¨­ãã¬ ¯®«îá®¢) ­  â®© ç áâ¨ ®á¨ ", ª®â®à ï á®®â¢¥âáâ¢ã¥â ­¥¯à¥àë¢­®¬ã
á¯¥ªâàã.

�¥à¥©¤¥¬ â¥¯¥àì ª à áá¬®âà¥­¨î ¬­®£®ç áâ¨ç­®© á¨áâ¥¬ë. �¨¦¥ ¯®¢áî¤ã ¬ë
¯®¤à §ã¬¥¢ ¥¬ á¨áâ¥¬ã, á®áâ®ïéãî ¨§ ä¥à¬¨®­®¢. �«ï á¨áâ¥¬ë ¡®§¥ { ç áâ¨æ
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¬®¦­® ¯à®¢¥áâ¨  ­ «®£¨ç­®¥ à áá¬®âà¥­¨¥, ­® ã ­ á ­¥â ¬¥áâ  ¨ ¢à¥¬¥­¨ ¤«ï
®¡áã¦¤¥­¨ï ®á®¡¥­­®áâ¥© ¡®§¥ { á¨áâ¥¬ [2, 30]. �«ï ­ ç «  à áá¬®âà¨¬ á«ãç ©
­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ä¥à¬¨®­®¢ (ä¥à¬¨ { £ §). �ëè¥ ¬ë ¢¨¤¥«¨, çâ® í«¥¬¥­-
â à­ë¬¨ ¢®§¡ã¦¤¥­¨ï¬¨ ¢ á¨áâ¥¬¥ ä¥à¬¨®­®¢ ï¢«ïîâáï ¯®¯ à­® à®¦¤ îé¨¥áï
ç áâ¨æë (­ ¤ ¯®¢¥àå­®áâìî �¥à¬¨) ¨ ¤ëàª¨ (¯®¤ ¯®¢¥àå­®áâìî �¥à¬¨).

� ©¤¥¬ äã­ªæ¨î �à¨­  ç áâ¨æë G��0(� ), â.¥.  ¬¯«¨âã¤ã ¯¥à¥å®¤  ¨§ á®áâ®ï­¨ï
á ®¤­®© ç áâ¨æ¥© ¢ á®áâ®ï­¨¨ � ¢ á®áâ®ï­¨¥ á ç áâ¨æ¥© ¢ �0 ¢ á¨áâ¥¬¥ ­¥¢§ ¨¬®-
¤¥©áâ¢ãîé¨å ä¥à¬¨®­®¢. �à¨ íâ®¬ ­ã¦­® ãç¥áâì ¯à¨­æ¨¯ � ã«¨ { ¤®«¦­ë ¡ëâì
¨áª«îç¥­ë ¯¥à¥å®¤ë ¢ § ­ïâë¥ á®áâ®ï­¨ï. �®íâ®¬ã ¢ ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨ �à¨­ 
­ã¦­® ¢¢¥áâ¨ ¤®¯®«­¨â¥«ì­ë© ¬­®¦¨â¥«ì (1� n�), £¤¥

n� =

�
1 ¯à¨ "� � "F
0 ¯à¨ "� > "F

(11.15)

{ ç¨á«® ç áâ¨æ ¢ á®áâ®ï­¨¨ � (ä¥à¬¨¥¢áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¯à¨ T = 0).
� ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬:

G+
��0(� ) = (1� n�)���0

�
e�i"�� ¯à¨ � > 0
0 ¯à¨ � < 0

(11.16)

� ©¤¥¬ â¥¯¥àì  ­ «®£¨ç­®¥ ¢ëà ¦¥­¨¥ ¤«ï ¤ëàª¨. � ª ª ª ç¨á«® ¤ëà®ç­ëå
\á¢®¡®¤­ëå" ¬¥áâ ­  ãà®¢­¥ � ¯à®¯®àæ¨®­ «ì­® n�, ¯®«ãç ¥¬:

G���0(� ) = n����0

�
ei"�� ¯à¨ � > 0
0 ¯à¨ � < 0

(11.17)

£¤¥ ãç«¨, çâ® í­¥à£¨ï ¤ëàª¨, ®âáç¨â ­­ ï ®â ãà®¢­ï �¥à¬¨, ¯à®â¨¢®¯®«®¦­  ¯®
§­ ªã í­¥à£¨¨ ç áâ¨æë.

�¤®¡­® ¢¢¥áâ¨ äã­ªæ¨î �à¨­  G�(� ), ®¯à¥¤¥«¥­­ãî ª ª ¤«ï � > 0, â ª ¨ ¤«ï
� < 0:

G�(� ) =

�
G+
� (� ) ¯à¨ � > 0

�G�� (�� ) ¯à¨ � < 0
(11.18)

�ãàì¥ { ®¡à § íâ®© äã­ªæ¨¨ «¥£ª® ¢ëç¨á«ï¥âáï:

G�(") = �i(1� n�)

Z 1

0

d�e�i"��+i"� + in�

Z 0

�1
d�ei"��+i"� =

=
1� n�

" � "� + i�
+

n�
" � "� � i�

(11.19)

£¤¥ � ! +0 ­ã¦­® ¢¢¥áâ¨ ¤«ï ®¡¥á¯¥ç¥­¨ï áå®¤¨¬®áâ¨ ¨­â¥£à «®¢. �â® ¢ëà ¦¥­¨¥
ã¤®¡­® ¯¥à¥¯¨á âì ª ª:

G�(") =
1

" � "� + i�sign"�
=

=

(
1

"�"�+i� ¯à¨ "� > "F
1

"�"��i� ¯à¨ "� < "F
(11.20)

£¤¥ ¢¢¥«¨ §­ ª®¢ãî äã­ªæ¨î sign(x) = 1 ¤«ï x > 0 ¨ sign(x) = �1 ¯à¨ x < 0.
�¡à â¨¬ ¢­¨¬ ­¨¥, çâ® äãàì¥ { ®¡à § äã­ªæ¨¨ �à¨­  ¨¬¥¥â ¯®«îá ¯à¨ " à ¢­®©
í­¥à£¨¨ ç áâ¨æë (¤ëàª¨).
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�¥à¥©¤¥¬ ª á¨áâ¥¬¥ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ä¥à¬¨®­®¢. �ã­ªæ¨î �à¨­  ®¤­®© ç -
áâ¨æë ¢ á¨áâ¥¬¥ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ä¥à¬¨®­®¢ ®¯à¥¤¥«¨¬ ¢ëà ¦¥­¨¥¬:

G+(rt; r0t0)t>t0 =< 0j ̂(rt) ̂+(r0t0)j0 > (11.21)

£¤¥ j0 > { â®ç­ ï á®¡áâ¢¥­­ ï äã­ªæ¨ï ®á­®¢­®£® á®áâ®ï­¨ï (\¢ ªãã¬") á¨áâ¥¬ë,

á®®â¢¥âáâ¢ãîé ï § ¯®«­¥­­®© ä¥à¬¨ { áä¥à¥,  ̂(rt) { ä¥à¬¨¥¢áª¨© ®¯¥à â®à ¢â®-
à¨ç­®£® ª¢ ­â®¢ ­¨ï ¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨:

 ̂(rt) = eiHt ̂(r)e�iHt (11.22)

£¤¥H { £ ¬¨«ìâ®­¨ ­ à áá¬ âà¨¢ ¥¬®© ¬­®£®ç áâ¨ç­®© á¨áâ¥¬ë, ¢ª«îç îé¨© ¢§ -
¨¬®¤¥©áâ¢¨¥. �¯¥à â®à  ̂(r) ¬®¦¥â ¡ëâì ¢ëà ¦¥­ ç¥à¥§ ®¯¥à â®àë ã­¨çâ®¦¥­¨ï a�
ç áâ¨æ ¢ á®áâ®ï­¨ïå � ( ̂+ { ç¥à¥§ ®¯¥à â®àë à®¦¤¥­¨ï a+� ):

 ̂(r) =
X
�

a�'�(r) (11.23)

�ëà ¦¥­¨¥ (11.21), ®ç¥¢¨¤­®, ¨¬¥¥â á¬ëá«  ¬¯«¨âã¤ë ¯¥à¥å®¤  ç áâ¨æë ¨§ â®çª¨
(r0t0) ¢ â®çªã (rt).

�­ «®£¨ç­ë¬ ®¡à §®¬ ¤«ï ¤ëàª¨ ¬®¦­® ­ ¯¨á âì:

G�(rt; r0t0)t>t0 =< 0j ̂+(r0t0) ̂(rt)j0 > (11.24)

£¤¥ ãçâ¥­®, çâ® ã­¨çâ®¦¥­¨¥ ç áâ¨æë ¢ ¤ ­­®© â®çª¥ íª¢¨¢ «¥­â­® à®¦¤¥­¨î
¤ëàª¨.

�ëà ¦¥­¨ï (11.21) ¨ (11.24) ®¯à¥¤¥«¥­ë ¤«ï t > t0. �å ¬®¦­® ®¡ê¥¤¨­¨âì ¢ ®¤­ã
äã­ªæ¨î �à¨­ , ®¯¨áë¢ îéãî ¯à¨ t > t0 ç áâ¨æã,   ¯à¨ t < t0 ¤ëàªã ( ­ «®£¨ç­®
(11.18)):

G(rt; r0t0) =
�
G+(rt; r0t0) ¯à¨ t > t0

�G�(r0t0; rt) ¯à¨ t < t0 (11.25)

�­ ç¥ íâ® ®¯à¥¤¥«¥­¨¥ ¬®¦­® § ¯¨á âì ª ª:

G(x; x0) =< 0jT  ̂(x) ̂+(x0)j0 > (11.26)

£¤¥ ®¡®§­ ç¨«¨ x = (rt),   ®¯¥à â®à T -ã¯®àï¤®ç¥­¨ï ®§­ ç ¥â, çâ® ¢¥«¨ç¨­ë, áâ®-
ïé¨¥ á¯à ¢  ®â T , à á¯®« £ îâáï ¢ ¯®àï¤ª¥ ã¡ë¢ ­¨ï ¢à¥¬¥­¨ ¢  à£ã¬¥­â å, á
ãç¥â®¬ á¬¥­ë §­ ª  ¯à¨ ¯¥à¥áâ ­®¢ª¥ ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢. �®à¬ «ì­®¥ ®¯à¥-
¤¥«¥­¨¥ ®¯¥à æ¨¨ T -¯à®¨§¢¥¤¥­¨ï, ¢§ïâ®¥ ¨§ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï, ¢ë£«ï¤¨â á«¥-
¤ãîé¨¬ ®¡à §®¬:

T fF1(t1)F2(t2)g =
�
F1(t1)F2(t2) ¯à¨ t1 > t2
�F2(t2)F1(t1) ¯à¨ t1 < t2

(11.27)

{ ¤«ï ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢, ¨

T fB1(t1)B2(t2)g =
�
B1(t1)B2(t2) ¯à¨ t1 > t2
B2(t2)B1(t1) ¯à¨ t1 < t2

(11.28)
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{ ¤«ï ¡®§¥¢áª¨å ®¯¥à â®à®¢. �ã­ªæ¨ï �à¨­ , ®¯à¥¤¥«¥­­ ï á®£« á­® (11.26) ­ §ë-
¢ ¥âáï ä¥©­¬ ­®¢áª®© ¨«¨ ¯à¨ç¨­­®© (T -ã¯®àï¤®ç¥­­®©)3.

�£à ­¨ç¨¬áï á«ãç ¥¬ ¡¥áª®­¥ç­®© ®¤­®à®¤­®© (âà ­á«ïæ¨®­­® ¨­¢ à¨ ­â­®©)
á¨áâ¥¬ë, â®£¤  G(rt; r0t0) = G(r� r0; t� t0). �®®â¢¥âáâ¢¥­­® ã¤®¡­® ¯¥à¥©â¨ ª äãàì¥
{ ¯à¥¤áâ ¢«¥­¨î ¯® t� t0 ¨ ¯® r� r0:

G(p� ) =
Z
d3rG(r� )e�ipr (11.29)

£¤¥

G(p� ) =
�
< 0jape�iH�a+pj0 > eiE0� � > 0

� < 0ja+peiH� apj0 > e�iE0� � < 0
(11.30)

£¤¥ E0 { í­¥à£¨ï ®á­®¢­®£® á®áâ®ï­¨ï.
�¢ §¨ç áâ¨æë ¢ á¨áâ¥¬¥ ¬®¦­® ¢¢¥áâ¨, ¥á«¨ à áá¬ âà¨¢ ¥¬ ï (®¤­®ç áâ¨ç­ ï)

äã­ªæ¨ï �à¨­  ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ (� > 0):

G(p� ) � Ze�i"(p)�
(p)� + ::: ¯à¨ç¥¬ 
(p)� "(p) (11.31)

â.¥. äã­ªæ¨ï �à¨­  á®¤¥à¦¨â ¢ª« ¤, ­ ¯®¬¨­ îé¨© ¯® áâàãªâãà¥ äã­ªæ¨î �à¨­ 
á¢®¡®¤­®£® ä¥à¬¨ { £ § , à áá¬®âà¥­­ãî ¢ëè¥. �¥§ã«ìâ â (11.31) ®§­ ç ¥â, çâ® ¢
á®áâ®ï­¨¨ j0 > á  ¬¯«¨âã¤®© Z ¯à¨áãâáâ¢ã¥â ¯ ª¥â, ¨§®¡à ¦ îé¨© ª¢ §¨ç áâ¨æã
á í­¥à£¨¥© "(p) ¨ § âãå ­¨¥¬ 
(p), ¯à¨ç¥¬ âà¥¡®¢ ­¨¥ 
(p) � "(p) ®§­ ç ¥â á« -
¡®áâì § âãå ­¨ï (¨«¨ å®à®èãî \®¯à¥¤¥«¥­­®áâì" ª¢ §¨ç áâ¨æë) 4. �­ «®£¨ç­ë¬
®¡à §®¬, ¯à¨ � < 0 ¬®¦­® ®¯à¥¤¥«¨âì äã­ªæ¨î �à¨­  ª¢ §¨¤ëàª¨. � ª¨¬ ®¡à §®¬,
¢ á¨áâ¥¬¥ á å®à®è® ®¯à¥¤¥«¥­­ë¬¨ ª¢ §¨ç áâ¨æ ¬¨ äãàì¥ { ®¡à § äã­ªæ¨¨ �à¨­ 
(11.26) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥:

G(p") = Z

�
1� np

" � "(p) + i
(p)
+

np
"� "(p)� i
(p)

+Greg(p")

�
=

=
Z

"� "(p) + i
(p)sign(p � pF ) + Greg(p") (11.32)

�¨¤¨¬, çâ® ¯®«îá íâ®£® ¢ëà ¦¥­¨ï ®¯à¥¤¥«ï¥â á¯¥ªâà ª¢ §¨ç áâ¨æ ¨ ¨å § âãå ­¨¥.
�â® ¥áâì ®¡é¥¥ ¨ ¢ ¦­¥©è¥¥ á¢®©áâ¢® äã­ªæ¨© �à¨­ , ¯®§¢®«ïîé¥¥ ­ å®¤¨âì á ¨å
¯®¬®éìî á¯¥ªâà í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨© ¢ ¬­®£®ç áâ¨ç­®© á¨áâ¥¬¥. �¥«¨ç¨­ 
Greg ¢ (11.32) ®¯à¥¤¥«ï¥âáï ¢ª« ¤®¬ ¬­®£®ç áâ¨ç­ëå ¢®§¡ã¦¤¥­¨© ¨, ¢ ¡®«ìè¨­-
áâ¢¥ á«ãç ¥¢, ­¥ ¯à¥¤áâ ¢«ï¥â ®á®¡®£® ¨­â¥à¥á . � â®¦¥ ¢à¥¬ï, ¢ á¨áâ¥¬ å á á¨«ì-
­ë¬ ¢§ ¨¬®¤¥©áâ¢¨¥¬ (ª®àà¥«ïæ¨ï¬¨) ¡ë¢ îâ á¨âã æ¨¨, ª®£¤  ¢ äã­ªæ¨¨ �à¨­ 
­¥«ì§ï ¢ë¤¥«¨âì ¯®«îá­ë© ¢ª« ¤, á¢ï§ ­­ë© á ®¤­®ç áâ¨ç­ë¬¨ í«¥¬¥­â à­ë¬¨
¢®§¡ã¦¤¥­¨ï¬¨ (ª¢ §¨ç áâ¨æ ¬¨). �®£¤  ¢á¥ ®¯à¥¤¥«ï¥âáï ¨¬¥­­® ¢ª« ¤®¬ Greg ¨
¨áá«¥¤®¢ ­¨¥ á¢®©áâ¢ á¨áâ¥¬ë áãé¥áâ¢¥­­® ãá«®¦­ï¥âáï.

3�®¤ç¥àª­¥¬, çâ® íâ® ®¯à¥¤¥«¥­¨¥ ¢®¢á¥ ­¥ á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥­¨¥¬ ¤¢ãå¢à¥¬¥­­®© äã­ªæ¨¨
�à¨­  (10.22), ¢®§­¨ª îé¥© ¢ â¥®à¨¨ «¨­¥©­®£® ®âª«¨ª , ¤ ¦¥ ¥á«¨ ¢ ¯®á«¥¤­¥© ¯¥à¥©â¨ ª ¯à¥¤¥«ã
­ã«¥¢®© â¥¬¯¥à âãàë. �à¥¨¬ãé¥áâ¢® ¨á¯®«ì§®¢ ­¨ï ä¥©­¬ ­®¢áª¨å äã­ªæ¨© �à¨­  á®áâ®¨â ¢
â®¬, çâ® ¤«ï ¨å ¢ëç¨á«¥­¨ï ¬®¦­® ¯®áâà®¨âì ¤¨ £à ¬¬­ãî â¥å­¨ªã, â®£¤  ª ª ¤«ï äã­ªæ¨©
�à¨­  â¨¯  (10.22) íâ® ­¥¢®§¬®¦­®. �ãé¥áâ¢ã¥â àï¤ â®ç­ëå á®®â­®è¥­¨© ¨ ¬¥â®¤®¢, ¯®§¢®«ïîé¨å
¢ëà §¨âì äã­ªæ¨¨ �à¨­  â¥®à¨¨ «¨­¥©­®£® ®âª«¨ª  ç¥à¥§ ä¥©­¬ ­®¢áª¨¥ äã­ªæ¨¨ �à¨­  ¯à¨
T = 0 ¨ ¨å ®¡®¡é¥­¨¥ ¤«ï á«ãç ï ª®­¥ç­ëå â¥¬¯¥à âãà, ª®â®à®¥ ¡ã¤¥â à áá¬®âà¥­® ¢ ¤ «ì­¥©è¥¬
[2, 30]

4�â® ãá«®¢¨¥ ¢ë¯®«­¥­® ¢ â¥®à¨¨ ä¥à¬¨ { ¦¨¤ª®áâ¨ � ­¤ ã, £¤¥ ¢¡«¨§¨ ¯®¢¥àå­®áâ¨ �¥à¬¨
"(p) � vF (jp� pF j),   
(p) � (jpj � pF )2.
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� ç¥¬ ¥é¥ ­ã¦­ë äã­ªæ¨¨ �à¨­ ? �ª §ë¢ ¥âáï, çâ® á ¨å ¯®¬®éìî ¬®¦­® ¢ëç¨-
á«ïâì áà¥¤­¨¥ (¯® ®á­®¢­®¬ã á®áâ®ï­¨î) §­ ç¥­¨ï à §«¨ç­ëå ä¨§¨ç¥áª¨å å à ªâ¥-
à¨áâ¨ª ¬­®£®ç áâ¨ç­ëå á¨áâ¥¬. � áá¬®âà¨¬ ¯à®áâë¥ ¯à¨¬¥àë. � ¯®¬®éìî ¢¢¥¤¥­-
­®© ¢ëè¥ ®¤­®ç áâ¨ç­®© äã­ªæ¨¨ �à¨­  ¬®¦­® à ááç¨â âì áà¥¤­¨¥ ¯® ®á­®¢­®¬ã
á®áâ®ï­¨î ®â ®¯¥à â®à®¢ ¢¨¤  ®¤­®ªà â­®© áã¬¬ë ¯® ¢á¥¬ ç áâ¨æ ¬ (®¤­®ç áâ¨ç-
­ëå ®¯¥à â®à®¢) ¢¨¤ :

Â =
X
i

Âi(�i;pi) (11.33)

£¤¥ �i { ­ ¯à¨¬¥à, á®¢®ªã¯­®áâì ¯à®áâà ­áâ¢¥­­ëå ¨ á¯¨­®¢ëå ¯¥à¥¬¥­­ëå,   pi {
¨¬¯ã«ìáë ®â¤¥«ì­ëå ç áâ¨æ, á®áâ ¢«ïîé¨å á¨áâ¥¬ã. �à¨¬¥àë:

n(r) =
X
i

�(r� ri) (11.34)

{ ¯«®â­®áâì ç áâ¨æ ¢ â®çª¥ r,

j(r) =
e

m

X
i

pi�(r� ri) (11.35)

{ ¯«®â­®áâì â®ª  ¢ â®çª¥ r ¨ â.¤.
�¯¥à â®à Â ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï ¨¬¥¥â ¢¨¤:

Â =

Z
d� +(�)A(�;p) (�) (11.36)

� áá¬®âà¨¬ äã­ªæ¨î �à¨­  (11.25), (11.26) ¯à¨ t = t0 � 0:

G(�; �0; � )j�!�0 = � < 0j +(�0) (�)j0 > (11.37)

�®£¤  áà¥¤­¥¥ §­ ç¥­¨¥ ®¯¥à â®à  Â ¯® ®á­®¢­®¬ã á®áâ®ï­¨î ¡ã¤¥â à ¢­®:

< A >=

Z
d�A(�;p)G(�; �0; � = �0)j�=�0 = �SpAGj�=�0 (11.38)

� ª¨¬ ®¡à §®¬ ¢¥«¨ç¨­  Gj�=�0 á â®ç­®áâìî ¤® §­ ª  á®¢¯ ¤ ¥â á ®¤­®ç áâ¨ç­®©
¬ âà¨æ¥© ¯«®â­®áâ¨ (áà. (1.163)) ¯à¨ T = 0:

�(�0; �) =< 0j +(�0) (�)j0 >= �Gj�=�0 (11.39)

�«ï ®¯à¥¤¥«¥­¨ï áà¥¤­¨å ®â ¤¢ãåç áâ¨ç­ëå ®¯¥à â®à®¢ ¢¨¤ :

B̂ =
X
ik

Bik(�ipi; �kpk) (11.40)

­ã¦­® ¢ëç¨á«ïâì ¤¢ãåç áâ¨ç­ãî äã­ªæ¨î �à¨­ :

G2(1; 2; 3; 4) =< 0jT (1) (2) +(3) +(4)j0 > (11.41)

¨ â. ¤.
�§ (11.37) áà §ã ¯®«ãç ¥¬ à á¯à¥¤¥«¥­¨¥ ç áâ¨æ ¯® ¨¬¯ã«ìá ¬ ¢ ¢¨¤¥:

n(p) = �i
Z 1

�1

d"

2�
G(p")e�i"� j�!�0 (11.42)



212 ������ ����������� ������ ������ ������ ������

�¨á. 11-1 �®­âãà ¨­â¥£à¨à®¢ ­¨ï, ¨á¯®«ì§ã¥¬ë© ¯à¨ ¢ëç¨á«¥­¨¨ äã­ªæ¨¨ à á¯à¥¤¥-
«¥­¨ï.

�¤¥áì ­¥«ì§ï ¯à®áâ® ¯¥à¥©â¨ ª ¯à¥¤¥«ã � = 0, â ª ª ª G � 1
" ¨ ¯à¨ "!1 ¨­â¥£à «R

d"G(p") à áå®¤¨âáï. �à¨ ª®­¥ç­®¬ ®âà¨æ â¥«ì­®¬ � ¬®¦­® § ¬¥­¨âì ¨­â¥£à «
¯® ¢¥é¥áâ¢¥­­®© ®á¨ " ­  ¨­â¥£à « ¯® § ¬ª­ãâ®¬ã ª®­âãàã C, ¯®ª § ­­®¬ã ­  �¨á.
11-1. �®á«¥ íâ®£® ¬®¦­® ¯®«®¦¨âì � = 0, â ª çâ®:

n(p) = �i
Z
C

d"

2�
G(p") (11.43)

�ãáâì äã­ªæ¨ï �à¨­  ¨¬¥¥â ¢¨¤ â¨¯  (11.32) (ª¢ §¨ç áâ¨æë!):

G(p") =
Z

" � "(p) + i
(p)sign(p � pF )
+Greg(p") (11.44)

�¨¤¨¬, çâ® § âãå ­¨¥ (¬­¨¬®áâì ¢ §­ ¬¥­ â¥«¥ ¯¥à¢®£® á« £ ¥¬®£®) ¬¥­ï¥â §­ ª
¯à¨ p = pF : ®­® ¯®«®¦¨â¥«ì­® ¯à¨ p > pF ¨ ®âà¨æ â¥«ì­® ¯à¨ p < pF . �®íâ®¬ã
¯à¨ p < pF ¢­ãâà¨ ª®­âãà  C ¨¬¥¥âáï ¯®«îá ¨ ¨­â¥£à « à ¢¥­ Z,   ¯à¨ p > pF
¯®«îá ¯¥à¥å®¤¨â ¢ ­¨¦­îî ¯®«ã¯«®áª®áâì ¨ ¨­â¥£à « ¯® C à ¢¥­ ­ã«î. �®íâ®¬ã,
¯à¥­¥¡à¥£ ï à¥£ã«ïà­ë¬ ¬­®£®ç áâ¨ç­ë¬ ¢ª« ¤®¬ Greg, ¨¬¥¥¬:

n(pF � 0)� n(pF + 0) = Z (11.45)

�®áª®«ìªã 0 � n(p) � 1, ®âáî¤  á«¥¤ã¥â, çâ® 0 < Z < 1. �âáî¤  ¯®­ïâ­®, çâ®
ª ç¥áâ¢¥­­ë© ¢¨¤ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ä¥à¬¨¥¢áª¨å ç áâ¨æ ¯à¨ T = 0 (ä¥à¬¨
{ ¦¨¤ª®áâì!) ¨¬¥¥â ¢¨¤, ¯à¥¤áâ ¢«¥­­ë© ­  �¨á. 11-2. � ª¨¬ ®¡à §®¬, ­¥á¬®âàï
­  ¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã ç áâ¨æ ¬¨ (­¥ ®¡ï§ â¥«ì­® á« ¡®¥!), ª®â®à®¥ \à §¡à áë-
¢ ¥â" ç áâ¨æë ¯® ¨¬¯ã«ìá ¬, ®â äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï �¥à¬¨ á¢®¡®¤­ëå ç áâ¨æ
¢ ä¥à¬¨ { ¦¨¤ª®áâ¨ ®áâ ¥âáï \¢®á¯®¬¨­ ­¨¥" ¢ ¢¨¤¥ à §àë¢  (áª çª ) ¯à¨ p = pF .
�â® ãâ¢¥à¦¤¥­¨¥ á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ â ª ­ §ë¢ ¥¬®© â¥®à¥¬ë�¨£¤ « , ï¢«ïî-
é¥©áï ¬¨ªà®áª®¯¨ç¥áª¨¬ ®¯à ¢¤ ­¨¥¬ ®¤­®£® ¨§ £« ¢­ëå ¯à¥¤¯®«®¦¥­¨© ä¥­®¬¥-
­®«®£¨ç¥áª®© â¥®à¨¨ ä¥à¬¨ { ¦¨¤ª®áâ¨ � ­¤ ã. � §ã¬¥¥âáï, ¯à®¢¥¤¥­­®¥ à áá¬®-
âà¥­¨¥ ¨¬¥¥â á¬ëá« â®«ìª® ¤«ï ¨¬¯ã«ìá®¢ p ¡«¨§ª¨å ª pF , £¤¥ ¯à¨¬¥­¨¬® ¯®­ïâ¨¥
ª¢ §¨ç áâ¨æ: 
 � (p� pF )2.
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�¨á. 11-2 � ç¥áâ¢¥­­ë© ¢¨¤ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ç áâ¨æ ¢ ä¥à¬¨ { ¦¨¤ª®áâ¨ ¯à¨
T = 0.

�¨ £à ¬¬­ë© ¬¥â®¤ ¢ ¯à®¡«¥¬¥ ¬­®£¨å
â¥«.

�¥â®¤ ¤¨ £à ¬¬ �¥©­¬ ­  ¥áâì í«¥£ ­â­ ï ¨ ª®¬¯ ªâ­ ï ä®à¬ã«¨à®¢ª  ¯à ¢¨«
¢ëç¨á«¥­¨ï äã­ªæ¨© �à¨­  ¯® â¥®à¨¨ ¢®§¬ãé¥­¨©. � á®¦ «¥­¨î, ¬ë «¨è¥­ë
¢®§¬®¦­®áâ¨ ¤¥â «ì­®£® ¢ë¢®¤  íâ¨å ¯à ¢¨« ¢ à ¬ª å ¤ ­­®£® ªãàá , ¤«ï íâ®£®
á«¥¤ã¥â ®¡à â¨âìáï ª ª­¨£ ¬ [30, 3], £¤¥ ¤ ¥âáï ¤¥â «ì­®¥ ¨§«®¦¥­¨¥ ¬¥â®¤  äã­ª-
æ¨© �à¨­ . �®«¥¥ í«¥¬¥­â à­®¥, ­® ¢¥áì¬  ¯®¤à®¡­®¥ à áá¬®âà¥­¨¥ ¬®¦­® ­ ©â¨ ¢
ª­¨£¥ [31]. �ë ®£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬ ¨ ä®à¬ã«¨à®¢ª®© í«¥¬¥­â à­ëå ¯à -
¢¨« ¤¨ £à ¬¬­®© â¥å­¨ª¨ (¡¥§ ¢ë¢®¤ ), ¤®áâ â®ç­ëå ¤«ï â®£®, çâ®¡ë ¯à¨®¡à¥áâ¨
­¥ª®â®àë¥ ¯à¥¤áâ ¢«¥­¨ï ® ¬¥â®¤¥ ¨ \­¥ ¯ã£ âìáï" á ¬®£® ¢¨¤  ä¥©­¬ ­®¢áª¨å
¤¨ £à ¬¬, ª®â®àë¥ ®ç¥­ì ç áâ® ¢áâà¥ç îâáï ¢ á®¢à¥¬¥­­®© «¨â¥à âãà¥.

�«ï ª®­ªà¥â­®áâ¨ à áá¬®âà¨¬ á¨áâ¥¬ã ¢§ ¨¬®¤¥©áâ¢ãîé¨å ä¥à¬¨®­®¢, £ ¬¨«ì-
â®­¨ ­ ª®â®à®© ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï ¨¬¥¥â ¢¨¤:

H =
X
p
"(p)a+pap +

1

2

X
pqk

Vka
+

p+ka
+

q�kaqap (11.46)

�à¨ ®¯à¥¤¥«¥­¨¨G(p� ) ¬ë ¨¬¥¥¬ ¤¥«® á ¤¢¨¦¥­¨¥¬ ®¤­®© ç áâ¨æë. �à¨ ®âáãâáâ¢¨¨
¢§ ¨¬®¤¥©áâ¢¨ï (á¢®¡®¤­ ï äã­ªæ¨ï �à¨­ ) ¬ë ¬®¦¥¬ ¯à¥¤áâ ¢¨âì â ª®¥ ¤¢¨¦¥­¨¥
¯àï¬®© «¨­¨¥©, ¯à®¢¥¤¥­­®©, ­ ¯à¨¬¥à, á¯à ¢  ­ «¥¢®. �®áª®«ìªã ­¥¢®§¬ãé¥­­®¥
®á­®¢­®¥ á®áâ®ï­¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© áä¥àã �¥à¬¨, áãé¥áâ¢ã¥â â ª¦¥ ¨ ¢®§¬®¦-
­®áâì ¤¢¨¦¥­¨ï ¤ëàª¨, ª®â®à®¥ ¡ã¤¥¬ ¯à¥¤áâ ¢«ïâì «¨­¨¥©, ¯à®¢¥¤¥­­®© á«¥¢ 
­ ¯à ¢®. � ª¨¬ ®¡à §®¬, «¨­¨ï ¯à¥¤áâ ¢«ï¥â á¢®¡®¤­ãî äã­ªæ¨î �à¨­  G(p� ).
�§ ¨¬®¤¥©áâ¢¨¥ { íâ® à áá¥ï­¨¥ ®¤­®© ç áâ¨æë ­  ¤àã£®©.

� ¯¥à¢®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© ¯® Vk ¨¬¥¥âáï ¤¢  ¢¨¤  ¯à®æ¥áá®¢, ¯à¥¤-
áâ ¢«¥­­ëå ¤¨ £à ¬¬ ¬¨ �¥©­¬ ­ , ¯®ª § ­­ë¬¨ ­  �¨á. 11-3. �à®æ¥áá ( ) | ç -
áâ¨æ  ¤¢¨¦¥âáï ª ª á¢®¡®¤­ ï ¤® â¥å ¯®à, ¯®ª  ®­  ­¥ ¨á¯ëâë¢ ¥â ¯àï¬®¥ à áá¥ï­¨¥
­  ç áâ¨æ å, ­ å®¤ïé¨åáï ¢­ãâà¨ ä¥à¬¨ { áä¥àë ¢ ¬®¬¥­â ¢à¥¬¥­¨ �1, § â¥¬ ®­ 
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�¨á. 11-3 �¨ £à ¬¬ë ¯¥à¢®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ �à¨­ .

�¨á. 11-4 �¨ £à ¬¬ë ¢â®à®£® ¯®àï¤ª  ¤«ï äã­ªæ¨¨ �à¨­ .

á­®¢  ¤¢¨¦¥âáï ª ª á¢®¡®¤­ ï ®â ¬®¬¥­â  �1 ¤® � . �ªâ ¢§ ¨¬®¤¥©áâ¢¨ï ¯à¥¤áâ ¢«¥­
¢®«­¨áâ®© «¨­¨¥©, ªàã£®¢ ï «¨­¨ï ®¯¨áë¢ ¥â ¯à®æ¥áá, ¯à¨ ª®â®à®¬ ç áâ¨æ  ¡ë« 
¢ë¡¨â  ¨§ á®áâ®ï­¨ï á ¤ ­­ë¬ ¨¬¯ã«ìá®¬ ¯®¤ ä¥à¬¨ { áä¥à®©,   § â¥¬ ¢®§¢à -
â¨« áì á­®¢  ¢ íâ® ¦¥ á®áâ®ï­¨¥. �à®æ¥áá (¡) | ®¡¬¥­­®¥ à áá¥ï­¨¥ ­  ç áâ¨æ å,
­ å®¤ïé¨åáï ¯®¤ áä¥à®© �¥à¬¨.

�® ¢â®à®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© ç¨á«® ¢®§¬®¦­ëå ¯à®æ¥áá®¢ à áá¥ï­¨ï
¢®§à áâ ¥â, á®®â¢¥âáâ¢ãîé¨¥ ¤¨ £à ¬¬ë �¥©­¬ ­  ¯®ª § ­ë ­  �¨á. 11-4. �á¥ ¤¨ -
£à ¬¬ë, ªà®¬¥ ¯®á«¥¤­¥©, ¯à¥¤áâ ¢«ïîâ à §«¨ç­ë¥ ª®¬¡¨­ æ¨¨ ã¦¥ à áá¬®âà¥­-
­ëå ¯à®æ¥áá®¢ ¯¥à¢®£® ¯®àï¤ª . �®á«¥¤­ïï ¤¨ £à ¬¬  ®¯¨áë¢ ¥â ­¥çâ® ­®¢®¥ |
¢ ¬®¬¥­â �1 ç áâ¨æ  à áá¥¨¢ ¥âáï, à®¦¤ ï ¨§ ¯®¤ ä¥à¬¨ áä¥àë ¯ àã ç áâ¨æ  {
¤ëàª . � ¬®¬¥­â �2 ç áâ¨æ  à áá¥¨¢ ¥âáï ®¯ïâì ¨ ¯à¨ íâ®¬ ¯ à   ­­¨£¨«¨àã¥â,
¢®§¢à é ïáì ¢ ¯¥à¢®­ ç «ì­®¥ á®áâ®ï­¨¥. �¨§¨ç¥áª¨ íâ®â ¯à®æ¥áá á®®â¢¥âáâ¢ã¥â
¯®«ïà¨§ æ¨¨ ç áâ¨æ, ­ å®¤ïé¨åáï ¯®¤ ¯®¢¥àå­®áâìî �¥à¬¨.

� ¨¡®«¥¥ ã¤®¡­® ¯à ¢¨«  ¤¨ £à ¬¬­®© â¥å­¨ª¨ ä®à¬ã«¨àãîâáï ¤«ï äãàì¥ {
®¡à §  äã­ªæ¨¨ �à¨­  G(p"). � íâ®¬ á«ãç ¥ áâà¥«ª¨ ­  «¨­¨ïå ¡®«ìè¥ ­¥ ®§­ -
ç îâ ­ ¯à ¢«¥­¨¥ ¢à¥¬¥­¨,   ¯à®áâ® á®®â¢¥âá¢ãîâ ¢å®¤ïé¨¬ ¨ ¢ëå®¤ïé¨¬ \í­¥à£¨-
¨ï¬" " ¨ ¨¬¯ã«ìá ¬ p, ª®â®àë¥ á®åà ­ïîâáï ¢ ª ¦¤®© ¢¥àè¨­­®© ç áâ¨ ¤¨ £à ¬¬ë
(â®çª¥ ¢§ ¨¬®¤¥©áâ¢¨ï). �ä®à¬ã«¨àã¥¬ â¥¯¥àì ¯à ¢¨« , ¯® ª®â®àë¬ ª ¦¤®© ä¥©-
­¬ ­®¢áª®© ¤¨ £à ¬¬¥ á®¯®áâ ¢«ïîâáï  ­ «¨â¨ç¥áª¨¥ ¢ëà ¦¥­¨ï:

1. � ¦¤®© ¯àï¬®© á¯«®è­®© «¨­¨¨ ¯à¨¯¨áë¢ ¥âáï §­ ç¥­¨¥ ¨¬¯ã«ìá  p ¨ \í­¥à-
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£¨¨" " ¨ á®¯®áâ ¢«ï¥âáï ¢ëà ¦¥­¨¥:

iG0(p") =
i

"� "(p) + i�sign"(p)
: (11.47)

2. � ¦¤®¬ã ¢§ ¨¬®¤¥©áâ¢¨î (¢®«­¨áâ®© «¨­¨¨) á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì
�iVq (¥á«¨ ¢§ ¨¬®¤¥©áâ¢¨¥ ¬£­®¢¥­­®¥) ¨«¨ �iV (q!) ¤«ï § ¯ §¤ë¢ îé¥£®
¢§ ¨¬®¤¥©áâ¢¨ï.

3. � ª ¦¤®© ¢¥àè¨­¥ ¢§ ¨¬®¤¥©áâ¢¨ï (â®çª¥ ¯à¨á®¥¤¨­¥­¨ï ¢®«­¨áâ®© «¨­¨¨)
á®åà ­ï¥âáï í­¥à£¨ï ¨ ¨¬¯ã«ìá ¯à¨ ãá«®¢¨¨, çâ® ¢¥«¨ç¨­ë í­¥à£¨¨ ¨ ¨¬-
¯ã«ìá , ¯à¨¯¨á ­­ë¥ «¨­¨ï¬, ­ ¯à ¢«¥­­ë¬ ª ¢¥àè¨­¥ ¡¥àãâáï á® §­ ª®¬
¯«îá,   í­¥à£¨¨ ¨ ¨¬¯ã«ìáë, ¢ëå®¤ïé¨¥ ¨§ ¢¥àè¨­ë { á® §­ ª®¬ ¬¨­ãá.

4. �® ª ¦¤®© á¢®¡®¤­®© (â.¥. ­¥ ä¨ªá¨à®¢ ­­®© § ª®­ ¬¨ á®åà ­¥­¨ï) ¯¥à¥¬¥­-
­®© p ¨ " ¢ ¤¨ £à ¬¬¥ ­¥®¡å®¤¨¬® ¢ë¯®«­¨âì ¨­â¥£à¨à®¢ ­¨¥:

1

(2�)4

Z
d3p

Z
d"::: (11.48)

5. � ¦¤®© § ¬ª­ãâ®© ä¥à¬¨®­­®© ¯¥â«¥ á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì (�1).
6. �à¨ áã¬¬¨à®¢ ­¨¨ ¯® á¯¨­ ¬ (­ ¯à¨¬¥à ¢ ¯¥â«¥) ¢¢®¤¨âáï ¬­®¦¨â¥«ì 2.

� áá¬®âà¨¬ ¯à®áâ¥©è¨¥ ¯à¨¬¥àë ¢ëà ¦¥­¨©, á®¯®áâ ¢«ï¥¬ëå ª®­ªà¥â­ë¬ ¤¨ -
£à ¬¬ ¬. � ¯à¨¬¥à, £à ä¨ªã �¨á. 11-3 ( ) á®®â¢¥âáâ¢ã¥â  ­ «¨â¨ç¥áª®¥ ¢ëà ¦¥­¨¥
¢¨¤ :

i2G0(p")(�iV0)
�

2

(2�)3

Z
d3p0(�n(p0))

�
iG0(p") = G0(p")(�iV0)NG0(p") (11.49)

£¤¥ ¢ ¯¥à¢®¬ ¢ëà ¦¥­¨¨ ã¦¥ ãç«¨ (11.43),   N { ¯®«­®¥ ç¨á«® ç áâ¨æ. � ª¨¬ ®¡à -
§®¬ ¯®«ãç ¥âáï ¯®¯à ¢ª  � àâà¨. �à ä¨ª �¨á. 11-3 (¡)  ­ «®£¨ç­ë¬ ®¡à §®¬ ¤ ¥â:

i2G0(p")
1

(2�)3

Z
d3q(�iVq)(�n(p + q))G0(p") (11.50)

{ ¯®¯à ¢ªã �®ª . �®á«¥¤­¥© ¤¨ £à ¬¬¥ ­  �¨á. 11-4 á®®â¢¥âáâ¢ã¥â:

G0(p")
1

(2�)4

Z
d3q

Z
d!iG0(p� q" � !)(�iVq)2[�i�0(q!)]G0(p") (11.51)

£¤¥ ¢¢¥«¨ â ª ­ §ë¢ ¥¬ë© ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à, ®¯¨áë¢ ¥¬ë© ¯à®áâ®© ¯¥-
â«¥© ­  à áá¬ âà¨¢ ¥¬®¬ £à ä¨ª¥:

�i�0(q!) = 2(�i)(�1)
Z

d3p0

(2�)3

Z
d"0

2�
(i)2G0(p0 + q"+ !)G0(p0"0) =

= i

Z
d3p

(2�)3
n(p)� n(p� q)

"(p� q)� "(p) + ! + i�sign!
(11.52)

� ¬¥â¨¬, çâ® íâ® ¢ëà ¦¥­¨¥ ¤ ¥â ¯à®áâ¥©è¨© ¢ª« ¤ ¢ ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à,
¢ ®¡é¥¬ á«ãç ¥ ª ­¥¬ã ¤®¡ ¢«ïîâáï ¯®¯à ¢ª¨ ¢ëáè¨å ¯®àï¤ª®¢ â¨¯  ¯®ª § ­­ëå
­  �¨á. 11-5.
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�¨á. 11-5 �®¯à ¢ª¨ ¢ëáè¨å ¯®àï¤ª®¢ ¤«ï ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à .

�¨á. 11-6 �¨ £à ¬¬­ë© àï¤ ¤«ï ¯®«­®© (â®ç­®©) äã­ªæ¨¨ �à¨­ .

�à ¢­¥­¨¥ � ©á®­ .

� ¬¥ç â¥«ì­®© ®á®¡¥­­®áâìî ä¥©­¬ ­®¢áª®© ¤¨ £à ¬¬­®© â¥å­¨ª¨ ï¢«ï¥âáï ¢®§-
¬®¦­®áâì ¯à®¢¥¤¥­¨ï ­ £«ï¤­®£® £à ä¨ç¥áª®£® áã¬¬¨à®¢ ­¨ï ¡¥áª®­¥ç­ëå ¯®á«¥-
¤®¢ â¥«ì­®áâ¥© ¤¨ £à ¬¬. �ã¤¥¬ ®¡®§­ ç âì â®ç­ãî äã­ªæ¨î �à¨­  ¦¨à­®© «¨-
­¨¥©,   äã­ªæ¨î �à¨­  á¢®¡®¤­®© ç áâ¨æë { â®­ª®©, ª ª ¨ ¢ëè¥. �®«­ ï  ¬¯«¨-
âã¤  ¯¥à¥å®¤  ¨§ â®çª¨ 2 ¢ â®çªã 1 à ¢­ , ®ç¥¢¨¤­®, áã¬¬¥ ¢á¥å ¢®§¬®¦­ëå  ¬¯«¨-
âã¤ ¯¥à¥å®¤ , ¢®§­¨ª îé¨å ¢® ¢á¥å ¯®àï¤ª å â¥®à¨¨ ¢®§¬ãé¥­¨©, â.¥. áã¬¬¥ ¢á¥å
¤¨ £à ¬¬, â¨¯  ¯®ª § ­­ëå ­  �¨á. 11-6. �à®ª« áá¨ä¨æ¨àã¥¬ íâ¨ £à ä¨ª¨ á«¥¤ã-
îé¨¬ ®¡à §®¬. �à¥¦¤¥ ¢á¥£® ®â¤¥«¨¬ ¥¤¨­áâ¢¥­­ë© £à ä¨ª, á®®â¢¥âáâ¢ãîé¨© á¢®-
¡®¤­®¬ã ¤¢¨¦¥­¨î. �á¥ ®áâ «ì­ë¥ £à ä¨ª¨ ¨¬¥îâ â ª®© ¢¨¤: ¤® ­¥ª®â®à®© â®çª¨
ç áâ¨æ  ¤¢¨¦¥âáï á¢®¡®¤­®, § â¥¬ ¯à®¨áå®¤¨â áâ®«ª­®¢¥­¨¥, ¢ à¥§ã«ìâ â¥ ª®â®à®£®
®¡à §ã¥âáï ¨ ã­¨çâ®¦ ¥âáï ­¥áª®«ìª® ç áâ¨æ ¨ ¤ëà®ª (¨«¨ ¯à®¨áå®¤¨â à áá¥ï­¨¥
­  ç áâ¨æ å, ­ å®¤ïé¨åáï ¯®¤ ä¥à¬¨ { áä¥à®©),   § â¥¬ ®¯ïâì ®¯ïâì á¢®¡®¤­®¥
¤¢¨¦¥­¨¥ ¨  ªâë à áá¥ï­¨ï ¯®¢â®àïîâáï. �¡®§­ ç¨¬ ç¥à¥§ � áã¬¬ã £à ä¨ª®¢ ­¥-
à §à¥§ ¥¬ëå ¯® ®¤­®© «¨­¨¨ ç áâ¨æë. �à¨¬¥àë â ª¨å £à ä¨ª®¢ ¯à¨¢¥¤¥­ë ­  �¨á.
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�¨á. 11-7 �à®áâ¥©è¨¥ £à ä¨ª¨ ¤«ï ­¥¯à¨¢®¤¨¬®© á®¡áâ¢¥­­® { í­¥à£¥â¨ç¥áª®© ç áâ¨.

�¨á. 11-8 �¨ £à ¬¬­ë© ¢ë¢®¤ ãà ¢­¥­¨ï � ©á®­ .

11-7. �¥«¨ç¨­  � ­ §ë¢ ¥âáï ­¥¯à¨¢®¤¨¬®© á®¡áâ¢¥­­® { í­¥à£¥â¨ç¥áª®© ç áâìî.
�¥âàã¤­® á®®¡à §¨âì, çâ® ¯®«­ ï äã­ªæ¨ï �à¨­  ®¯à¥¤¥«ï¥âáï â ª ­ §ë¢ ¥¬ë¬
ãà ¢­¥­¨¥¬ � ©á®­ , £à ä¨ç¥áª¨© ¢ë¢®¤ ª®â®à®£® ¤ ­ ­  �¨á. 11-8. �  ­ «¨â¨ç¥-
áª®¬ ¢¨¤¥ íâ® ¥áâì á«¥¤ãîé¥¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥:

G(1; 2) = G0(1; 2) +

Z
d�3d�4G0(1; 3)�(3; 4)G(4; 2) (11.53)

�£® ¨â¥à æ¨¨ ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢®á¯à®¨§¢®¤ïâ ¢¥áì àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨© ¤«ï
äã­ªæ¨¨ �à¨­ . �®á«¥ ¯¥à¥å®¤  ª äãàì¥ { ¯à¥¤áâ ¢«¥­¨î ãà ¢­¥­¨¥ � ©á®­  ¯à¥-
¢à é ¥âáï ¢  «£¥¡à ¨ç¥áª®¥:

G(p") = G0(p") +G0(p")�(p")G(p"); (11.54)

ª®â®à®¥ «¥£ª® à¥è ¥âáï:

G(p") =
1

" � "(p) ��(p")
(11.55)

£¤¥ ãç«¨ ï¢­ë© ¢¨¤ G0(p"). �âáî¤  ïá­®, çâ® á®¡áâ¢¥­­® { í­¥à£¥â¨ç¥áª ï ç áâì
�(p") ®¯¨áë¢ ¥â ¢ ª®¬¯ ªâ­®¬ ¢¨¤¥ ¨§¬¥­¥­¨ï, ¯à®¨áå®¤ïé¨¥ ¢ ¤¢¨¦¥­¨¨ ç áâ¨æë
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¢ à¥§ã«ìâ â¥ ¥¥ ¢§ ¨¬®¤¥©áâ¢¨ï á ¤àã£¨¬¨ ç áâ¨æ ¬¨. � ®¡é¥¬ á«ãç ¥ íâ  ¢¥«¨ç¨­ 
á®áâ®¨â ¨§ ¤¥©áâ¢¨â¥«ì­®© ¨ ¬­¨¬®© ç áâ¥© (¨¬¥­­® ¯®íâ®¬ã ¢ (11.55) ®¯ãé¥­  ¡¥á-
ª®­¥ç­® ¬ « ï ¬­¨¬®áâì ®â á¢®¡®¤­®© äã­ªæ¨¨ �à¨­  i�sign("�"F )). �­¥à£¨ï ª¢ -
§¨ç áâ¨æë ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  â¥¯¥àì ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï, ®¯à¥¤¥«ïîé¥£®
¯®«îá äã­ªæ¨¨ �à¨­ :

" = "(p) + �(p") (11.56)

�â® ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® " ¬®¦¥â ®ª § âìáï ®ç¥­ì á«®¦­ë¬!
� áá¬®âà¥­­ë¬ ¢ëè¥ ¯à¨¬¥à ¬ (11.49), (11.50) ¨ (11.51) á®®â¢¥âáâ¢ãîâ á«¥¤ãî-

é¨¥ ¢ª« ¤ë ¢ á®¡áâ¢¥­­® { í­¥à£¥â¨ç¥áªãî ç áâì:

�H = NV0 (11.57)

�F = �
Z

d3q

(2�)3
Vqn(p+ q) (11.58)

�pol =

Z
d3q

(2�)3

Z
d!

2�
V 2
q�0(q!)G0(p� q"� !) (11.59)

�¥à­¥¬áï ¥é¥ à § ª ¢®¯à®áã ® â®¬, ª®£¤  ¢ á¨áâ¥¬¥ ¬®¦­® ¢¢¥áâ¨ å®à®è® ®¯à¥¤¥-
«¥­­ë¥ ª¢ §¨ç áâ¨æë, â.¥. á¢¥áâ¨ â®ç­ãî äã­ªæ¨î �à¨­  ª ¢¨¤ã (11.32). � ä¥à¬¨
{ á¨áâ¥¬¥ ã¤®¡­® ¢á¥ í­¥à£¨¨ ®âáç¨âë¢ âì ®â å¨¬¯®â¥­æ¨ «  �. �«ï á¢®¡®¤­ëå

ç áâ¨æ â®£¤  ¨¬¥¥¬ "(p) = p2

2m � �. � ¨§®âà®¯­®© á¨áâ¥¬¥ �(p") § ¢¨á¨â â®«ìª®
®â ¬®¤ã«ï p. �¢¥¤¥¬ ¢¥«¨ç¨­ã ¨¬¯ã«ìá  �¥à¬¨ pF ¢ á¨áâ¥¬¥ ¢§ ¨¬®¤¥©áâ¢ãîé¨å
ä¥à¬¨®­®¢ ¯® ä®à¬ã«¥:

p2F
2m

+ �(pF ; 0) = � (11.60)

�â® ®¯à¥¤¥«¥­¨¥ ¯®¤à §ã¬¥¢ ¥â Im�(p; 0) ! 0 ¯à¨ p ! pF ; " ! 0 (ä¥à¬¨ { ¦¨¤-
ª®áâì!). �¥©áâ¢¨â¥«ì­®, ¢ á¨áâ¥¬¥ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ä¥à¬¨®­®¢ ¬®¦­® ¢ ¤®áâ -
â®ç­® ®¡é¥¬ ¢¨¤¥ ¤®ª § âì, çâ® Im�(p") �Maxf"2; (p�pF )2gsign". �®£¤ , à §« £ ï
�(p") ¢ àï¤ ¯® p�pF ¨ ", ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥ ¤«ï G(p") ¢¡«¨§¨ £à ­¨æë
�¥à¬¨:

G�1 = " � p2

2m
+ � � �(p") �

� " � p2

2m
+ � ��(pF ; 0)�

�
@�

@p

�
F

(p� pF )�
�
@�

@"

�
F

"+ i�j"j" =

=

�
1�

�
@�

@"

�
F

�
" �

�
pF
m

+

�
@�

@p

�
F

�
(p � pF ) + i�0j"j" (11.61)

£¤¥ �0 = const. �§ (11.61) ¢¨¤­®, çâ® äã­ªæ¨ï �à¨­  ¯à¥¤áâ ¢«ï¥âáï ¢ ¦¥« ¥¬®¬
¢¨¤¥:

G(p") =
Z

"� vF (p� pF ) + i�j"j" +Greg (11.62)

£¤¥ ¢ Greg ¢å®¤¨â ¢á¥ ®¯ãé¥­­®¥ ¢ (11.61) ¨ ¬ë ®¯à¥¤¥«¨«¨:

Z�1 = 1�
�
@�

@"

�
F

=

�
@G�1

@"

�
F

(11.63)

vF =
pF
m?

=

pF
m +

�
@�
@p

�
F�

@G�1

@"

�
F

= �

�
@G�1

@p

�
F�

@G�1

@"

�
F

(11.64)

(11.65)
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¯à¨ç¥¬ � = Z�0. � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬ äã­ªæ¨î �à¨­  ä¥à¬¨¥¢áª¨å ª¢ -
§¨ç áâ¨æ á íää¥ªâ¨¢­®© ¬ áá®© m?, ª®â®à ï, ª ª ¨ ¢á¥ ®áâ «ì­®¥, ®¯à¥¤¥«ï¥âáï
¯®¢¥¤¥­¨¥¬ �(p") ¢¡«¨§¨ ãà®¢­ï �¥à¬¨. � ¬¥â¨¬, çâ® ¢ ã¯à®é¥­­®¬ á«ãç ¥, ª®£¤ 

�(p") ­¥ § ¢¨á¨â ®â p, â ª çâ®
�
@�
@p

�
F
= 0, ¨¬¥¥¬:

pF
m?

=
pF
m
Z â.¥.

m?

m
= Z�1 (11.66)

çâ® ¯à¨¤ ¥â ¢¥«¨ç¨­¥ Z á¬ëá« ä ªâ®à  ¯¥à¥­®à¬¨à®¢ª¨ ¬ ááë. � á¨«ã ®â¬¥ç¥­-
­®£® ¢ëè¥ ®¡é¥£® á¢®©áâ¢  Z < 1, íää¥ªâ¨¢­ ï ¬ áá  ¢ ä¥à¬¨ { ¦¨¤ª®áâ¨ ¢á¥£¤ 
¢®§à áâ ¥â ¯® áà ¢­¥­¨î á® á«ãç ¥¬ á¢®¡®¤­ëå ç áâ¨æ.

�¥ª« à¨à®¢ ­­ë¥ ¢ëè¥ á¢®©áâ¢  �(p") ¤®áâ â®ç­® «¥£ª® ¯à®¢¥àïîâáï ¯à¨  ­ -
«¨§¥ ¯à®áâ¥©è¨å ¤¨ £à ¬¬ �¥©­¬ ­  ¢ ¯à®áâëå ¬®¤¥«ïå â®ç¥ç­®£® ¨«¨ ªã«®­®¢-
áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï. �®á«¥¤®¢ â¥«ì­ë© ®â¡®à ¨ áã¬¬¨à®¢ ­¨¥ ¤®¬¨­¨àãîé¨å
¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¥© £à ä¨ª®© ã¤ ¥âáï ¯à®¢¥áâ¨ ¢ ¯à¨¡«¨¦¥­¨¨ ¢ëá®ª®© ¨«¨
­ ®¡®à®â ¬ «®© ¯«®â­®áâ¨ ä¥à¬¨®­®¢, ª®£¤  áãé¥áâ¢ãîâ á®®â¢¥âáâ¢ãîé¨¥ ¯ à -
¬¥âàë ¬ «®áâ¨ [30, 2, 31]. �à¨ íâ®¬ ®á­®¢­ë¥ ¯®«®¦¥­¨ï â¥®à¨¨ ä¥à¬¨ { ¦¨¤-
ª®áâ¨ ¯®«ãç îâ ¯®«­®¥ ¬¨ªà®áª®¯¨ç¥áª®¥ ¯®¤â¢¥à¦¤¥­¨¥. � ®¡é¥¬ á«ãç ¥, ®â¡®à
ª ª®© { «¨¡® ¤®¬¨­¨àãîé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ £à ä¨ª®¢ ®ª §ë¢ ¥âáï ­¥¢®§¬®¦-
­ë¬ (â¨¯¨ç­ë© ¯à¨¬¥à { í«¥ªâà®­ë ¢ ¬¥â ««¥!) ¨ ¯à¨å®¤¨âáï ¤®¢®«ìáâ¢®¢ âìáï
à áá¬®âà¥­¨¥¬ ®¡é¥£® å à ªâ¥à , â¨¯  ¯à®¢¥¤¥­­®£® ¢ëè¥, çâ® á®áâ ¢«ï¥â ®á­®¢ã
¬¨ªà®áª®¯¨ç¥áª®£® ¯®¤å®¤  ¢ â¥®à¨¨ ä¥à¬¨ { ¦¨¤ª®áâ¨ � ­¤ ã.

� ¯®á«¥¤­¨¥ £®¤ë ¡ë« ¯à¥¤«®¦¥­ àï¤ ¬®¤¥«¥© â ª ­ §ë¢ ¥¬ëå á¨«ì­® ª®àà¥-
«¨à®¢ ­­ëå á¨áâ¥¬, ¢ ª®â®àëå ®á­®¢­ë¥ ¯à¥¤¯®«®¦¥­¨ï â¥®à¨¨ ä¥à¬¨ { ¦¨¤ª®áâ¨
� ­¤ ã, â ª¨¥ ­ ¯à¨¬¥à, ª ª ¢®§¬®¦­®áâì ¢¢¥¤¥­¨ï å®à®è® ®¯à¥¤¥«¥­­ëå ª¢ §¨-
ç áâ¨æ, ¬®£ãâ ­ àãè âìáï. �â® ¤®¢®«ì­® â¨¯¨ç­® ¤«ï á¨áâ¥¬ ¯®­¨¦¥­­®© à §¬¥à-
­®áâ¨, ¢ ç áâ­®áâ¨ ¤«ï ®¤­®¬¥à­ëå á¨áâ¥¬. �«ï ¤¢ã¬¥à­ëå á¨áâ¥¬ ¢®¯à®á ¥é¥
­¥ à¥è¥­ ®ª®­ç â¥«ì­®, ®­¨ ï¢«ïîâáï, ¢ íâ®¬ á¬ëá«¥, ¯®£à ­¨ç­ë¬¨. �¤­ ª® ¢
¡®«ìè¨­áâ¢¥ à¥ «ì­ëå á¨áâ¥¬ ¨ ¬®¤¥«¥© ä¥à¬¨ { ¦¨¤ª®áâ­®© ¯®¤å®¤ ®ª §ë¢ ¥âáï
çà¥§¢ëç ©­® ãá¯¥è­ë¬.

� §ã¬¥¥âáï, ¢¥áì¬  ¡«¨§ª ï ¯® ¢¨¤ã ¤¨ £à ¬¬­ ï â¥å­¨ª  ¬®¦¥â ¡ëâì ¯®áâà®-
¥­  ¨ ¤«ï ¤àã£¨å ®á­®¢­ëå â¨¯®¢ ¢§ ¨¬®¤¥©áâ¢¨ï ª¢ §¨ç áâ¨æ ¢ ¬­®£®ç áâ¨ç­ëå
á¨áâ¥¬ å, â ª¨å ª ª í«¥ªâà®­ { ä®­®­­®¥ ¨«¨ í«¥ªâà®­ { ¯à¨¬¥á­®¥ ¢§ ¨¬®¤¥©-
áâ¢¨¥. �à¨ íâ®¬, ¢ § ¢¨á¨¬®áâ¨ ®â ¢¨¤  ¢§ ¨¬®¤¥©áâ¢¨ï ¬®¦¥â ­¥áª®«ìª® ¬¥­ïâìáï
â®¯®«®£¨ï ¤¨ £à ¬¬, â ª¦¥ ª ª ¨ á¬ëá« ¢¥«¨ç¨­, á®¯®áâ ¢«ï¥¬ëå ®â¤¥«ì­ë¬ ¨å
í«¥¬¥­â ¬. � ¯à¨¬¥à, ¢ á«ãç ¥ í«¥ªâà®­ { ä®­®­­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¢®«­¨áâë¥
«¨­¨¨ ®¡ëç­® ®¡®§­ ç îâ ä®­®­­ë¥ äã­ªæ¨¨ �à¨­ ,   ¢ § ¤ ç¥ à áá¥ï­¨ï í«¥ª-
âà®­®¢ ­  á«ãç ©­® à á¯®«®¦¥­­ëå ¯à¨¬¥áïå ¢ £à ä¨ª å ®âáãâáâ¢ãîâ § ¬ª­ãâë¥
¯¥â«¨.

�ää¥ªâ¨¢­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ¨ ¤¨í«¥ª-
âà¨ç¥áª ï ¯à®­¨æ ¥¬®áâì.

� ª ç¥áâ¢¥ ¥é¥ ®¤­®£® ¯à¨¬¥à  ¨á¯®«ì§®¢ ­¨ï ¤¨ £à ¬¬­®£® ¬¥â®¤  à áá¬®âà¨¬
£à ä¨ç¥áª®¥ áã¬¬¨à®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ ª ª àâ¨­¥ íää¥ªâ¨¢­®£® (íªà ­¨à®¢ ­-



220 ������ ����������� ������ ������ ������ ������

�¨á. 11-9 �¨ £à ¬¬ë �¥©­¬ ­  ¤«ï íää¥ªâ¨¢­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã ç áâ¨æ ¬¨.

­®£®) ¢§ ¨¬®¤¥©áâ¢¨ï ¢ á¨áâ¥¬¥ ä¥à¬¨®­®¢. �ää¥ªâ¨¢­®¥ (¯®«­®¥) ¢§ ¨¬®¤¥©áâ¢¨¥
¬®¦­® ®¯à¥¤¥«¨âì £à ä¨ª ¬¨, ¯®ª § ­­ë¬¨ ­  �¨á. 11-9. �  �¨á. 11-10 ¯®ª § ­ë
£à ä¨ª¨ ¤«ï ¯®«­®£® ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à  ¨ ¤«ï â ª ­ §ë¢ ¥¬ëå ¢¥àè¨­-
­ëå ç áâ¥©, ¯à¥¤áâ ¢«ïîé¨å á®¡®© á«®¦­ë¥ ¤¨ £à ¬¬­ë¥ ¡«®ª¨, ®¯¨áë¢ îé¨¥
¯à®æ¥ááë ¬­®£®ªà â­®£® à áá¥ï­¨ï ä¥à¬¨®­®¢ ¤àã£ ­  ¤àã£¥. � á®¦ «¥­¨î ¤«ï
íâ¨å ¢¥«¨ç¨­ ­¥¢®§¬®¦­® áä®à¬ã«¨à®¢ âì § ¬ª­ãâë¥ ãà ¢­¥­¨ï ®¡é¥£® ¢¨¤ , â¨¯ 
à áá¬®âà¥­­®£® ¢ëè¥ ãà ¢­¥­¨ï � ©á®­ . � ª®­ªà¥â­ëå ¯à¨¡«¨¦¥­¨ïå ¨ ¬®¤¥«ïå
íâ® ¨­®£¤ , â¥¬ ­¥ ¬¥­¥¥, ã¤ ¥âáï á¤¥« âì. �ªà ­¨à®¢ ­­®¥ íää¥ªâ¨¢­®¥ ¢§ ¨¬®¤¥©-
áâ¢¨¥ (\¦¨à­ ï" ¢®«­¨áâ ï «¨­¨ï ­  �¨á. 11-9) ¬®¦­® á¢ï§ âì á § ¢¨áïé¥© ®â ç -
áâ®âë ¨ ¢®«­®¢®£® ¢¥ªâ®à  ¤¨í«¥ªâà¨ç¥áª®© ¯à®­¨æ ¥¬®áâìî á¨áâ¥¬ë �(q!). �®£¤ 
¨§ £à ä¨ª®¢, ¯®ª § ­­ëå ­  �¨á. 11-9, ¯®«ãç ¥¬ íªà ­¨à®¢ ­­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ¢
¢¨¤¥:

�iV(q!) � � iVq
�(q!)

=

= �iVq + (�iVq)[�i�(q!)](�iVq) + (�iVq)[�i�(q!)](�iVq)[�i�(q!)](�iVq) + :::

= �iVq + (�iVq)[�i�(q!)](�iV(q!)) =
= �iVq + (�iVq)[�i�(q!)](�iVq) 1

�(q!)
=

= �iVq
�
1� Vq�(q!)

1

�(q!)

�
â ª çâ® ¨¬¥¥¬:

1

�(q!)
= 1� Vq�(q!) 1

�(q!)
(11.67)

�âáî¤  á«¥¤ã¥â ®¡é¥¥ ¢ëà ¦¥­¨¥ ¤«ï ¤¨í«¥ªâà¨ç¥áª®© ¯à®­¨æ ¥¬®áâ¨ ¬­®£®ç -
áâ¨ç­®© á¨áâ¥¬ë ç¥à¥§ ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à:

�(q!) = 1 + Vq�(q!) (11.68)
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�¨á. 11-10 �®«­ë© ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à ¨ ¢¥àè¨­­ë¥ ç áâ¨.

� á«ãç ¥ ªã«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¢ á¨áâ¥¬¥ í«¥ªâà®­®¢ ¨¬¥¥¬ Vq =
4�e2

q2 , â ª
çâ®:

�(q!) = 1 +
4�e2

q2
�(q!) (11.69)

� áá¬®âà¨¬ ¯à®áâ¥©è¥¥ ¯à¨¡«¨¦¥­¨¥ ¤«ï ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à  (11.52)5.
�®á«¥ ¢ëç¨á«¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢ ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à § ¯¨-
è¥âáï ¢ ¢¨¤¥ [30, 31]:

�0(q!) = �F�(q!) (11.70)

£¤¥ �F { í«¥ªâà®­­ ï ¯«®â­®áâì á®áâ®ï­¨© ­  ãà®¢­¥ �¥à¬¨,  

�(q!) =
1

2

Z 1

�1
dx

vF qx

! � vF qx =

= 1� !

2vF q
ln

����! + vF q

! � vF q

����+ i�
!

2vF q
�(vF q � !): (11.71)

� ç áâ­®áâ¨ �(q0) = 1, çâ® ¤ ¥â:

�(q0) = �F (11.72)

�®£¤  ¯®«ãç ¥¬:

�(q0) = 1 +
4�e2

q2
�F = 1 +

�2

q2
(11.73)

5� ­­®¥ ¯à¨¡«¨¦¥­¨¥ ®¯à ¢¤ ­® ¢ ¯à¥¤¥«¥ ¤®áâ â®ç­® ¢ëá®ª®© ¯«®â­®áâ¨, ª®£¤  ªã«®­®¢áª®¥
¢§ ¨¬®¤¥©áâ¢¨¥ ¬®¦­® áç¨â âì á« ¡ë¬. �®®â¢¥âáâ¢ãîé¨¥ ®æ¥­ª¨ ¡ë«¨ ¯à¨¢¥¤¥­ë ¢ëè¥ ¯à¨ ®¡-
áã¦¤¥­¨¨ ®á­®¢­ëå á¢®©áâ¢ ä¥à¬¨ { £ § .
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£¤¥
�2 = 4�e2�F (11.74)

�®®â¢¥âáâ¢¥­­®:

V(q0) = 4�e2

q2�(q0)
=

4�e2

q2 + �2
(11.75)

çâ® ®¯¨áë¢ ¥â ¤¥¡ ¥¢áªãî íªà ­¨à®¢ªã ªã«®­®¢áª®£® ¯®â¥­æ¨ «  ¢ ª¢ ­â®¢®©
¯« §¬¥ í«¥ªâà®­®¢ ¯à¨ â¥¬¯¥à âãà¥ T = 0. �ç¥¢¨¤­®, çâ® ¢ ª®®à¤¨­ â­®¬ ¯à®-

áâà ­áâ¢¥ V(r) = e2

r e
��r , â ª çâ® ¢¥«¨ç¨­  (11.74), ä ªâ¨ç¥áª¨, ®¯à¥¤¥«ï¥â à ¤¨ãá

íªà ­¨à®¢ ­¨ï ��1.
� ®¡à â­®¬ ¯à¥¤¥«¥ ¢ëá®ª¨å ç áâ®â ! � vF q ¬®¦­® ã¡¥¤¨âìáï, çâ® �(q!) =

�v2F q
2

3!2 , â ª çâ® ¨¬¥¥¬:

�(!) = 1� 4�e2v2F
3!2

�F = 1� 4�ne2

m!2
= 1� !2p

!2
(11.76)

£¤¥ ãç«¨, çâ® �F = 3
2
n
"F
, £¤¥ n { ª®­æ¥­âà æ¨ï í«¥ªâà®­®¢. �¤¥áì â ª¦¥ ¢¢¥¤¥­

ª¢ ¤à â ç áâ®âë ¯« §¬¥­­ëå ª®«¥¡ ­¨©:

!2p =
4�ne2

m
(11.77)

�à ¢­¥­¨¥ �(q!) = 0 ®¯à¥¤¥«ï¥â ç áâ®âã ¯« §¬¥­­ëå ª®«¥¡ ­¨© (¯« §¬®­®¢) ¤«ï
¢á¥© ®¡« áâ¨ q. � ç áâ­®áâ¨, ¯à¨ ¬ «ëå §­ ç¥­¨ïå q, ª®£¤  § âãå ­¨¥ ¯« §¬®­®¢
®âáãâáâ¢ã¥â, ¬®¦­® ­ ©â¨ ¨å á¯¥ªâà ¢ ¢¨¤¥:

!2 = !2p +
3

5
vF q

2 (11.78)

� ªâ¨ç¥áª¨, ç áâ®â  ¯« §¬®­®¢ ®ç¥­ì á« ¡® § ¢¨á¨â ®â ¤«¨­ë ¢®«­ë,   ¤¨á¯¥àá¨ï
ï¢«ï¥âáï ¬ «®© ¤®¡ ¢ª®©.

�ã­ªæ¨¨ �à¨­  ¯à¨ ª®­¥ç­®© â¥¬¯¥à -
âãà¥.

�¡áã¦¤ ¢è ïáï ¢ëè¥ ¤¨ £à ¬¬­ ï â¥å­¨ª  ¬®¦¥â ¡ëâì ¯®çâ¨ ­¥¯®áà¥¤áâ¢¥­­®
®¡®¡é¥­  ­  á«ãç © ª®­¥ç­ëå â¥¬¯¥à âãà [30]. �¨¦¥ ¬ë ªà âª® à áá¬®âà¨¬ íâ®
®¡®¡é¥­¨¥, ®£à ­¨ç¨¢ ïáì á­®¢  â®«ìª® á«ãç ¥¬ ä¥à¬¨ { á¨áâ¥¬. �¥à¬®¤¨­ ¬¨ç¥-
áª ï äã­ªæ¨ï �à¨­  ä¥à¬¨¥¢áª®© ç áâ¨æë ®¯à¥¤¥«ï¥âáï á®£« á­® � æã¡ à¥ ª ª:

G(p; �2 � �1) = �i < Tap(�2)a
+
p(�1) > (11.79)

£¤¥ ¯® ®¯à¥¤¥«¥­¨î:
ap(� ) = e(H��N)� ape�(H��N)� (11.80)

¯à¨ç¥¬ 0 < �1; �2 < � = 1
T
{ ¤¥©áâ¢¨â¥«ì­ë¥ ¢¥«¨ç¨­ë,   ã£«®¢ë¥ áª®¡ª¨ ®¡®-

§­ ç îâ ãáà¥¤­¥­¨¥ ¯® ¡®«ìè®¬ã ª ­®­¨ç¥áª®¬ã à á¯à¥¤¥«¥­¨î �¨¡¡á , ª®â®à®¥
á¥©ç á ã¤®¡­® § ¯¨á âì ª ª:

< A >=
Sp�A

Sp�
£¤¥ � = e��(H��N) (11.81)
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� ãç¥â®¬ Z = Sp� íâ® íª¢¨¢ «¥­â­® ®¯à¥¤¥«¥­¨¥, ¨á¯®«ì§®¢ ¢è¥¬ãáï ¢ëè¥. �à¨-
ç¨­ , ¯® ª®â®à®© äã­ªæ¨î �à¨­  G ¬®¦­® à §«®¦¨âì ¢ â®â ¦¥ ¤¨ £à ¬¬­ë© àï¤,
çâ® ¨ à áá¬®âà¥­­ãî ¢ëè¥ ¤«ï á«ãç ï T = 0 äã­ªæ¨î G, á®áâ®¨â ¢ á«¥¤ãîé¥¬.
�ë ¢¨¤¥«¨, çâ® ¤¨ £à ¬¬­®¥ à §«®¦¥­¨¥ ¤«ï G ï¢«ï¥âáï, ä ªâ¨ç¥áª¨, äã­¤ ¬¥­-
â «ì­ë¬ á«¥¤áâ¢¨¥¬ § ¢¨áïé¥£® ®â ¢à¥¬¥­¨ ãà ¢­¥­¨ï �à¥¤¨­£¥à  (11.1). �â â®-
¯¥à â®à �, § ¯¨á ­­ë© ¢ ¢¨¤¥ (11.81) ã¤®¢«¥â¢®àï¥â â ª ­ §ë¢ ¥¬®¬ã ãà ¢­¥­¨î
�«®å :

@�

@�
= �(H � �N )� (11.82)

¢ ç¥¬ «¥£ª® ã¡¥¤¨âìáï ¯àï¬ë¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬. �¥¦¤ã íâ¨¬ ãà ¢­¥­¨¥¬ ¨
­¥áâ æ¨®­ à­ë¬ ãà ¢­¥­¨¥¬ �à¥¤¨­£¥à  (11.1) ¨¬¥¥âáï ®ç¥¢¨¤­®¥ á®®â¢¥âáâ¢¨¥:

 $ � H $ H � �N it$ � (11.83)

� ª¨¬ ®¡à §®¬, ¯à®¨§¢®¤ï ¢ ä®à¬ã« å ¯à¥¤ë¤ãé¨å à §¤¥«®¢ § ¬¥­ã:

H ! H � �N it! � (11.84)

¬®¦­® ¯®«ãç¨âì ¤¨ £à ¬¬­ãî â¥å­¨ªã ¤«ï G, ¯à ªâ¨ç¥áª¨ â®£® ¦¥ ¢¨¤ , çâ® ¨ ¤«ï
á«ãç ï T = 0. � ¬¥­  H ! H��N ¯à¨¢®¤¨â «¨èì ª á¤¢¨£ã ®¤­®ç áâ¨ç­®© í­¥à£¨¨
­  ¢¥«¨ç¨­ã �:

H0 � �N =
X
p
("(p) � �)a+pap (11.85)

�®âï ¬ æã¡ à®¢áª¨¥ äã­ªæ¨¨ �à¨­  G § ¢¨áïâ ®â \¬­¨¬®£® ¢à¥¬¥­¨" � 6, ¢á¥£¤ 
¬®¦­® ¯¥à¥©â¨ ¨ ª à¥ «ì­®¬ã ¢à¥¬¥­¨ ¯ãâ¥¬ § ¬¥­ë (¢ ª®­¥ç­ëå ¢ëà ¦¥­¨ïå)
� ! it, ¨«¨, â®ç­¥¥, ¯ãâ¥¬  ­ «¨â¨ç¥áª®£® ¯à®¤®«¦¥­¨ï ­  ¤¥©áâ¢¨â¥«ì­ãî ®áì
¢à¥¬¥­¨.

�ëè¥ ®â¬¥ç¥­®, çâ® §­ ç¥­¨ï �1 ¨ �2 ¢ (11.79) ®£à ­¨ç¥­ë ¨­â¥à¢ «®¬ ®â 0 ¤® �.
�®íâ®¬ã, ¯à¨ ¯¥à¥å®¤¥ ª (p; !) { ¯à¥¤áâ ¢«¥­¨î á«¥¤ã¥â ¢¢¥áâ¨ ¯¥à¨®¤¨ç¥áª¨ ¯à®-
¤®«¦¥­­­ãî äã­ªæ¨î G, ¯®«ãç ¥¬ãî ¯¥à¨®¤¨ç¥áª¨¬ ¯®¢â®à¥­¨¥¬ G ­  ¨­â¥à¢ «¥
®â �1 ¤® 1. �®£¤  ¤«ï ­¥¥ ¬®¦­® ­ ¯¨á âì à §«®¦¥­¨¥ ¢ àï¤ �ãàì¥:

G(p� ) = 1

�

1X
n=�1

e�i!n�G(p!n) (11.86)

£¤¥ áã¬¬¨à®¢ ­¨¥ ¨¤¥â ¯® ¤¨áªà¥â­ë¬ (¬ æã¡ à®¢áª¨¬) ç áâ®â ¬ !n = �nT . �®®â-
¢¥âáâ¢¥­­®

G(p!n) = 1

2

Z �

��
d�ei!n�G(p� ) (11.87)

� §­®áâì \¢à¥¬¥­" � = �2� �1 § ª«îç¥­  ¢ ¨­â¥à¢ «¥ (��; �), ¯®áª®«ìªã ¢¥«¨ç¨­ë
�1 ¨ �2 ¯à®¡¥£ îâ ¨­â¥à¢ « (0; �). � ¬  äã­ªæ¨ï G(p� ) ¯¥à¨®¤¨ç¥áª¨ ¯®¢â®àï¥âáï
­  ¨­â¥à¢ « å (��; �); (�; 3�); (3�; 5�); :::; (�3�;��); :::. �«ï á¨áâ¥¬ë, á®áâ®ïé¥© ¨§
ä¥à¬¨®­®¢, ç¥â­ë¥ §­ ç¥­¨ï n ¢ë¯ ¤ îâ ¨§ àï¤  ¤«ï G(p� ) ¡« £®¤ àï \ª¢ §¨¯¥-
à¨®¤¨ç¥áª®¬ã" £à ­¨ç­®¬ã ãá«®¢¨î ¢¨¤ :

G(p; � ) = �G(p; � + �) ¤«ï � < 0 (11.88)

6�¥«¨ç¨­  � ¤¥©áâ¢¨â¥«ì­ , ­® äã­ªæ¨ï �à¨­  G ¯®«ãç ¥âáï ¨§ G § ¬¥­®© it ! � , â ª çâ®
ä ªâ¨ç¥áª¨ à¥çì ¨¤¥â ® ¯¥à¥å®¤¥ ª t = �i� { \¬­¨¬®¬ã ¢à¥¬¥­¨".
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� á¯à ¢¥¤«¨¢®áâ¨ íâ®£® á®®â­®è¥­¨ï ­¥âàã¤­® ã¡¥¤¨âìáï, ¢®á¯®«ì§®¢ ¢è¨áì á¢®©-
áâ¢®¬ SpAB = SpBA. �®« £ ï � 0 � � > 0 ¨¬¥¥¬:

G(p; � � � 0) = i

Z
Spe��(H��N)a+p(�

0)ap(� ) =
i

Z
Spap(� )e��(H��N)a+p(�

0)e =

=
i

Z
Spe��(H��N)e�(H��N)ap(� )e

��(H��N)a+p(�
0) =

i

Z
Spe��(H��N)ap(� + �)a+p(�

0)

(11.89)

¨«¨
G(p; � � � 0) = �G(p; � � � 0 + �) (11.90)

çâ® ¯à¨ � 0 = 0 á®¢¯ ¤ ¥â á (11.88), çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. �­ ª ¬¨­ãá ¢®§­¨ª
§¤¥áì ¢ á¢ï§¨ á  ­â¨ª®¬¬ãâ æ¨¥© ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢. �®¤áâ ¢«ïï (11.88) ¢
(11.86) ¢¨¤¨¬, çâ® ¢á¥ á« £ ¥¬ë¥ á ç¥â­ë¬¨ n ¤¥©áâ¢¨â¥«ì­® ®¡à é îâáï ¢ ­ã«ì.
� ª¨¬ ®¡à §®¬, ä ªâ¨ç¥áª¨, ¤«ï ä¥à¬¨®­®¢ ¢á¥£¤  ¨¬¥¥¬ ¤¥«® á ­¥ç¥â­ë¬¨ ¬ æã-
¡ à®¢áª¨¬¨ ç áâ®â ¬¨:

!n =
(2n+ 1)�

�
= (2n+ 1)�T (11.91)

�«ï ¡®§®­®¢,  ­ «®£¨ç­ë¬ ®¡à §®¬, ®áâ îâáï «¨èì ç¥â­ë¥ ¬ æã¡ à®¢áª¨¥ ç áâ®âë

!n =
2n�

�
= 2n�T (11.92)

�á¯®¬¨­ ï ¢ëà ¦¥­¨ï (11.16), (11.17) ¨ (11.18) ¤«ï á¢®¡®¤­ëå äã­ªæ¨© �à¨­ 
¯à¨ T = 0, ­¥âàã¤­® ¯®­ïâì, çâ® á¢®¡®¤­ ï ¬ æã¡ à®¢áª ï äã­ªæ¨ï �à¨­  ä¥à¬¨
{ ç áâ¨æ à ¢­ :

G0(p; �2 � �1) = �if�(�2 � �1)(1 � n(p))� �(�1 � �2)n(p)ge�("(p)��)(�2��1) (11.93)

£¤¥ n(p) = [e�("(p)��) + 1]�1 { äã­ªæ¨ï �¥à¬¨ ¯à¨ ª®­¥ç­ëå T . � ª¨¬ ®¡à §®¬,
áâã¯¥­ç âë¥ äã­ªæ¨¨ �¥à¬¨, ¢å®¤ïé¨¥ ¢ ®¯à¥¤¥«¥­¨¥ G0 ¯à¨ T = 0 à §¬ë¢ îâáï
íää¥ªâ ¬¨ ª®­¥ç­ëå T , çâ® ¯à¨¢®¤¨â ª â®¬ã, çâ® ¢ á®áâ®ï­¨¨ á ¤ ­­ë¬ p ª ª ¡ë
®¤­®¢à¥¬¥­­® ¬®£ãâ ­ å®¤¨âìáï ¨ í«¥ªâà®­ ¨ ¤ëàª .

�®¤áâ ¢«ïï (11.93) ¢ (11.87) ­ å®¤¨¬:

G0(p!n) = i

i!n � "(p) + �
!n = (2n+ 1)�T (11.94)

� â®ç­®áâìî ¤® ¯¥à¥å®¤  ª ¤¨áªà¥â­ë¬ ç áâ®â ¬, ª®â®àë¥ â ª¦¥ \á®åà ­ïîâáï" ¢
¢¥àè¨­ å ¢§ ¨¬®¤¥©áâ¢¨ï, ¬ æã¡ à®¢áª ï ¤¨ £à ¬¬­ ï â¥å­¨ª  ¯à¨ T > 0 ¢¯®«­¥
¨¤¥­â¨ç­  à áá¬®âà¥­­®© ¢ëè¥ â¥å­¨ª¥ T = 0. � ç áâ­®áâ¨, ¯®«­ ï (â®ç­ ï) äã­ª-
æ¨ï �à¨­  ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬ � ©á®­ :

G(p!n) = i

i!n � "(p) + � ��(p!n)
!n = (2n+ 1)�T (11.95)

�®¤ç¥àª­¥¬, ®¤­ ª®, çâ® ¬ æã¡ à®¢áª¨¥ äã­ªæ¨¨ �à¨­  ¢®¢á¥ ­¥ ¨¬¥îâ á¬ëá« 
äã­ªæ¨© à á¯à®áâà ­¥­¨ï ( ¬¯«¨âã¤ ¯¥à¥å®¤ ) ª¢ ­â®¢®© ¬¥å ­¨ª¨!

�ëç¨á«¥­¨¥ ¬ æã¡ à®¢áª¨å äã­ªæ¨© �à¨­  ¤ ¥â ¯à¨­æ¨¯¨ «ì­ãî ¢®§¬®¦­®áâì
­ å®¦¤¥­¨ï «î¡ëå â¥à¬®¤¨­ ¬¨ç¥áª¨å ¢¥«¨ç¨­ ¢ ¬­®£®ç áâ¨ç­®© á¨áâ¥¬¥ ¯à¨ ª®-
­¥ç­ëå â¥¬¯¥à âãà å. � ç áâ­®áâ¨, ¬®¦­® ¯®áâà®¨âì ¤¨ £à ¬¬­®¥ à §«®¦¥­¨¥ ¤«ï
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�¨á. 11-11 �¨ £à ¬¬­®¥ à §«®¦¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ « .

¯®¯à ¢ª¨ ®â ¢§ ¨¬®¤¥©áâ¢¨ï ª â¥à¬®¤¨­ ¬¨ç¥áª®¬ã ¯®â¥­æ¨ «ã 
 [30]. �®®â¢¥â-
áâ¢ãîé¨¥ ¤¨ £à ¬¬ë ­¨§è¨å ¯®àï¤ª®¢ ¯®ª § ­ë ­  �¨á. 11-11. �«ï ª®­ªà¥â­®-
áâ¨ ¯à¨¢¥¤¥­ë ¤¨ £à ¬¬ë ¤«ï § ¤ ç¨ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ä¥à¬¨®­®¢. �ï¤ â¥®à¨¨
¢®§¬ãé¥­¨© ¤«ï �
 ¨¬¥¥â ¢¨¤ § ¬ª­ãâëå ¯¥â¥«ì, ¯à¨ íâ®¬ ­ã¦­® ®£à ­¨ç¨âìáï
â®«ìª® á¢ï§ ­­ë¬¨ ¤¨ £à ¬¬ ¬¨. �¥ª®â®à ï ®á«®¦­ïîé ï ®á®¡¥­­®áâì íâ®£® à §-
«®¦¥­¨ï á®áâ®¨â ¢ ¯®ï¢«¥­¨¨ ¢ íâ®¬ àï¤ã ª®¬¡¨­ â®à­®£® ä ªâ®à  1

n
¯¥à¥¤ ¢ª« -

¤®¬ n-£® ¯®àï¤ª . �â® ¤¥« ¥â àï¤ ¤«ï �
 ¢¥áì¬  ­¥ã¤®¡­ë¬ ¤«ï áã¬¬¨à®¢ ­¨ï
¡¥áª®­¥ç­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¤¨ £à ¬¬. � ç áâ­®áâ¨, ¤«ï �
 ­¥ áãé¥áâ¢ã¥â
­¨ç¥£® ¯®¤®¡­®£® ãà ¢­¥­¨î � ©á®­ . �®áª®«ìªã 
 = �V P (�; T ), à¥çì §¤¥áì ä ª-
â¨ç¥áª¨ ¨¤¥â ® ¢ëç¨á«¥­¨¨ ¯®¯à ¢ª¨ ª ¤ ¢«¥­¨î �P = P � P0(�; T ), £¤¥ P0 {
¤ ¢«¥­¨¥ ¢ á¨áâ¥¬¥ á¢®¡®¤­ëå ç áâ¨æ (¨¤¥ «ì­®¬ £ § ), â.¥. ® ¯®¯à ¢ª å ®â ¢§ ¨-
¬®¤¥©áâ¢¨ï ª ãà ¢­¥­¨î á®áâ®ï­¨ï.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® áãé¥áâ¢ã¥â ¤¨ £à ¬¬­ ï â¥å­¨ª , ¯à¥¤«®¦¥­­ ï
�¥«¤ëè¥¬, ¯à¨£®¤­ ï ¤«ï à¥è¥­¨ï § ¤ ç ¯à¨ ª®­¥ç­ëå â¥¬¯¥à âãà å ¨, çâ® ¡®-
«¥¥ ¢ ¦­®, ¤«ï  ­ «¨§  ­¥à ¢­®¢¥á­ëå ¯à®æ¥áá®¢ ¢ ¬­®£®ç áâ¨ç­ëå á¨áâ¥¬ å ¢
à¥ «ì­®¬ ¢à¥¬¥­¨. �®áâ â®ç­® ¯®¤à®¡­®¥ ¨§«®¦¥­¨¥ íâ®£®  ¯¯ à â  ¬®¦­® ­ ©â¨
¢ [17].
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�à¨«®¦¥­¨¥ �

�¢¨¦¥­¨¥ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥,
íà£®¤¨ç­®áâì ¨ ¯¥à¥¬¥è¨¢ ­¨¥.

�à£®¤¨ç­®áâì.

�§ ª« áá¨ç¥áª®© ¬¥å ­¨ª¨ ¨§¢¥áâ­®, çâ® ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï
«î¡®© ª®­á¥à¢ â¨¢­®© ¬¥å ­¨ç¥áª®© á¨áâ¥¬ë ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ £ ¬¨«ìâ®­®-
¢®© ä®à¬¥:

_qk =
@H

@pk
_pk = �@H

@qk
(�.1)

£¤¥ qk; pk { ®¡®¡é¥­­ë¥ ª®®à¤¨­ âë ¨ ¨¬¯ã«ìáë (k = 1; 2; :::; n = 3N , â.¥. ¢á¥£®
2n = 6N ãà ¢­¥­¨©, £¤¥ N { ç¨á«® ç áâ¨æ ¢ á¨áâ¥¬¥, n { ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë),

H(p; q) = H(p1; p2; :::; pn; q1; q2; :::; qn) (�.2)

£ ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë, à ¢­ë© ¯®«­®© í­¥à£¨¨, ¢ëà ¦¥­­®© ª ª äã­ªæ¨ï ®¡®¡é¥­-
­ëå ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢. � ¬¨«ìâ®­®¢  äã­ªæ¨ï á¢ï§ ­  á äã­ªæ¨¥© � £à ­¦ 
L ¨§¢¥áâ­ë¬ á®®â­®è¥­¨¥¬:

H =
nX
k=1

pk _qk � L (�.3)

� ¤ «ì­¥©è¥¬, ¢ íâ®¬ à §¤¥«¥, ¬ë á«¥¤ã¥¬, ¢ ®á­®¢­®¬, ª­¨£¥ [12].
�à ¢­¥­¨ï ¤¢¨¦¥­¨ï (�.3) ¬®¦­® ¯à®¨­â¥£à¨à®¢ âì,   à¥è¥­¨ï § ¯¨á âì ¢ ¢¨¤¥:

pk = 'k(q
0
l ; p

0
l ; t) qk =  k(q

0
l ; p

0
l ; t) (�.4)
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£¤¥ q0l ; p
0
l { ­ ç «ì­ë¥ §­ ç¥­¨ï ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢. �à¨ íâ®¬ äã­ªæ¨¨ 'k;  k

¯à¥¤áâ ¢«ïîâ á®¡®© (¯® â¥®à¥¬¥ ¥¤¨­áâ¢¥­­®áâ¨) ®¤­®§­ ç­ë¥ ¨ ­¥¯à¥àë¢­ë¥
äã­ªæ¨¨  à£ã¬¥­â®¢ q0l ; p

0
l .

�â®¡ë ¯®«ãç¨âì ¨­â¥£à «ë ¤¢¨¦¥­¨ï (á®åà ­ïîé¨¥áï ¢¥«¨ç¨­ë), ¯®áâã¯¨¬
á«¥¤ãîé¨¬ ®¡à §®¬. � §¤¥«¨¬ ­  ãà ¢­¥­¨¥ _p1 = � @H

@q1
®áâ «ì­ë¥ 2n � 1 ãà ¢-

­¥­¨© (�.1). �®£¤  ¯®«ãç¨¬:

dq1
dp1

= �
@H
@p1
@H
@q1

,...,
dpn
dp1

= �
@H
@qn
@H
@q1

(�.5)

�â  á¨áâ¥¬  ãà ¢­¥­¨© ­¥ á®¤¥à¦¨â ¢à¥¬¥­¨ t (¤«ï H ­¥ § ¢¨áïé¥£® ®â t) ¨ ®¯à¥¤¥-
«ï¥â, â ª¨¬ ®¡à §®¬, á®åà ­ïîé¨¥áï ¢¥«¨ç¨­ë. �á¥£® ã ­¥¥ ¨¬¥¥âáï 2n�1 ¨­â¥£à -
«®¢, ¯à¨ç¥¬ ¢ íâ® ç¨á«® ¢å®¤¨â, ®ç¥¢¨¤­®, ¨­â¥£à « í­¥à£¨¨, ª®â®àë© ¬ë ®¡®§­ ç¨¬
ª ª:

�1(q; p) � H(p; q) = �1 = E (�.6)

â®£¤  ª ª ®áâ «ì­ë¥ 2n� 2 ¨­â¥£à «  ¤¢¨¦¥­¨ï ¬®¦­® § ¯¨á âì ª ª:

�2(q; p) = �2,...,�n(q; p) = �n

	2(q; p) = �2,...,	n(q; p) = �n (�.7)

£¤¥ �1; :::; �n; �2; :::; �n { ¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï. �é¥ ®¤¨­ ¨­â¥£à « ¤¢¨¦¥­¨ï
¬®¦­® ¯®«ãç¨âì à¥è ï ãà ¢­¥­¨¥ _p1 = �@H=@q1 ¨ ¨á¯®«ì§ãï (�.6),(�.7). �­ ¬®¦¥â
¡ëâì § ¯¨á ­ ¢ ¢¨¤¥:

	1(q; p) = t+ �1 (�.8)

�¥©áâ¢¨â¥«ì­®, ¯à¨¡ ¢«¥­¨¥ ª t ¯à®¨§¢®«ì­®© ª®­áâ ­âë ­¥ ­ àãè ¥â ãà ¢­¥­¨©
¤¢¨¦¥­¨ï, â ª ª ª ¢à¥¬ï t ¢å®¤¨â ¢ ­¨å â®«ìª® ¯®¤ §­ ª®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï.

� áá¬®âà¨¬ ¯à®áâ¥©è¨© ¯à¨¬¥à á¨áâ¥¬ë á ®¤­®© áâ¥¯¥­ìî á¢®¡®¤ë { £ à¬®­¨-
ç¥áª¨© ®áæ¨««ïâ®à. �®£¤  (¯®« £ ï ¬ ááã m = 1) £ ¬¨«ìâ®­¨ ­ ¨¬¥¥â ¢¨¤:

H =
1

2
(p2 + !2q2): (�.9)

�à ¢­¥­¨ï � ¬¨«ìâ®­  ¨¬¥îâ ¢¨¤:

_q =
@H

@p
= p _p = �@H

@q
= �!2q (�.10)

¨ ¨¬¥îâ á«¥¤ãîé¨¥ à¥è¥­¨ï (¨­â¥£à «ë):

q = q0 cos!t +
p0

!
sin!t p = �!q0 sin!t+ p0 cos !t (�.11)

çâ® ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ ¨­â¥£à «  í­¥à£¨¨

2H = p2 + !2q2 = 2E (�.12)

¨ á®®â­®è¥­¨ï, ®¯à¥¤¥«ïîé¥£® § ¢¨á¨¬®áâì p ¨ q ®â ¢à¥¬¥­¨:

1

!
arccos

!qp
p2 + !2q2

= t+ � (�.13)
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�¨á. �-1 � §®¢®¥ ¯à®áâà ­áâ¢® £ à¬®­¨ç¥áª®£® ®áæ¨««ïâ®à . �®ª § ­ë ¨§®í­¥à£¥â¨-
ç¥áª¨¥ "¯®¢¥àå­®áâ¨", ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© í««¨¯áë, á®®â¢¥âáâ¢ãîé¨¥ ®áæ¨««ïâ®-
à ¬, ®â«¨ç îé¨¬áï ­  �E ¯® í­¥à£¨¨. �¨ªà®ª ­®­¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï
à ¢­  ª®­áâ ­â¥, ®â«¨ç­®© ®â ­ã«ï ¢ ¯®«®áª¥ 
 ¬¥¦¤ã íâ¨¬¨ í««¨¯á ¬¨.

�¨áâ¥¬¥ á ®¤­®© áâ¥¯¥­ìî á¢®¡®¤ë, ¢ á®®â¢¥âáâ¢¨¨ á® áª § ­­ë¬ ¢ëè¥, ®â¢¥ç îâ
íâ¨ ¤¢  ¨­â¥£à «  ¤¢¨¦¥­¨ï. �®áâ®ï­¨¥ ®áæ¨««ïâ®à  ¬®¦­® ¨§®¡à §¨âì â®çª®© ­ 
ä §®¢®© ¯«®áª®áâ¨ (p; q), ¯à¥¤áâ ¢«ïîé¥© ä §®¢®¥ ¯à®áâà ­áâ¢® íâ®© ¯à®áâ¥©è¥©
á¨áâ¥¬ë. �¢¨¦¥­¨¥ á¨áâ¥¬ë ¯à¥¤áâ ¢«ï¥âáï ¯¥à¥¬¥é¥­¨¥¬ ä §®¢®© â®çª¨ ¯® \ä -
§®¢®© ¯®¢¥àå­®áâ¨" («¨­¨¨ ­  ¯«®áª®áâ¨ (p; q)), ®¯à¥¤¥«ï¥¬®© ¢¥«¨ç¨­®© í­¥à£¨¨ E.
�â¨ «¨­¨¨ ¯®áâ®ï­­®© í­¥à£¨¨, ª ª ®ç¥¢¨¤­® ¨§ (�.12), ¯à¥¤áâ ¢«ïîâ á®¡®© á¥¬¥©-
áâ¢® ¯®¤®¡­ëå í««¨¯á®¢ (á¬. �¨á.A-1). �â®à®© ¨­â¥£à « (�.13) ®¯à¥¤¥«ï¥â áª®à®áâì
¤¢¨¦¥­¨ï ä §®¢®© â®çª¨ ¯® íâ¨¬ ªà¨¢ë¬. �¥£ª® ¢¨¤¥âì, çâ® ¨­â¥£à «ë ãà ¢­¥­¨©
¤¢¨¦¥­¨ï ®áæ¨««ïâ®à  (�.11) á ¨á¯®«ì§®¢ ­¨¥¬ (�.12),(�.13) ¬®¦­® ¯¥à¥¯¨á âì
â ª¦¥ ¢ ¢¨¤¥:

q =

p
2E

!
sin!(t+ �) p =

p
2E cos(t + �): (�.14)

�«ï íâ®© ¯à®áâ¥©è¥© á¨áâ¥¬ë áà¥¤­¥¥ ¯® ¢à¥¬¥­¨ ¢ëç¨á«ï¥âáï í«¥¬¥­â à­®. � á¨«ã
¯¥à¨®¤¨ç­®áâ¨ ¤¢¨¦¥­¨ï (�.14) áà¥¤­¥¥ ®â «î¡®© äã­ªæ¨¨ F (q; p) §  ¡¥áª®­¥ç­®
¡®«ìè®© ¯à®¬¥¦ãâ®ª ¢à¥¬¥­¨ ¬®¦¥â ¡ëâì á¢¥¤¥­® ª áà¥¤­¥¬ã ¯® ¯¥à¨®¤ã T = 2�

! :

eF =
!

2�

Z 2�
!

0

dtF

(p
2E

!
sin!(t+ �);

p
2E cos !(t+ �)

)
: (�.15)

�â® áà¥¤­¥¥ § ¢¨á¨â ®â E, ¯à¨ç¥¬ E ¨¬¥¥â §¤¥áì ®¯à¥¤¥«¥­­®¥ §­ ç¥­¨¥. �®¦­®
­¥ ¬¥­ïï ¢¥«¨ç¨­ë (�.15) ¢§ïâì ®â ­¥£® áà¥¤­¥¥ §­ ç¥­¨¥ ¯® ¡¥áª®­¥ç­® ¬ «®¬ã
¨­â¥à¢ «ã §­ ç¥­¨© E:

eF = lim
�E!0

1

�E

Z E+�E

E

dE eF =

= lim
�E!0

!

2��E

Z E+�E

E

dE

Z 2�
!

0

dtF

(p
2E

!
sin!(t + �);

p
2E cos!(t + �)

)
: (�.16)
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�à®¢¥¤¥¬ §¤¥áì § ¬¥­ã ¯¥à¥¬¥­­ëå { ®â E ¨ t ¯¥à¥©¤¥¬ ª q ¨ p. �®«ì§ãïáì (�.14)
¢ëç¨á«ï¥¬ ïª®¡¨ ­ ¯¥à¥å®¤ :

@(q; p)

@(t; E)
=

�����
p
2E cos !(t+ �) 1

!
p
2E

sin!(t + �)

�!p2E sin!(t + �) 1p
2E

cos !(t+ �)

����� = 1 (�.17)

�®£¤  ¯®«ãç ¥¬: eF = lim
�E!0

!

2��E

Z
dq

Z
dpF (q; p) (�.18)

£¤¥ ¨­â¥£à¨à®¢ ­¨¥ à á¯à®áâà ­¥­® ­  ¡¥áª®­¥ç­® ã§ªãî ¯®«®áªã ¬¥¦¤ã í««¨¯á ¬¨
¯®áâ®ï­­®© í­¥à£¨¨ E ¨ E +�E.

� ¤àã£®© áâ®à®­ë ¬®¦­® ®¯à¥¤¥«¨âì ¬¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¤«ï ®á-
æ¨««ïâ®à , § ¤ ¢ ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ �(p; q) à ¢­®© ª®­áâ ­â¥ (­¥ § ¢¨áïé¥© ®â
ª®­ªà¥â­ëå §­ ç¥­¨© p ¨ q) ¢ ¯®«®áª¥ 
 ¬¥¦¤ã í««¨¯á®¬ p2+!2q2 = 2E ¨ í««¨¯á®¬
p2 + !2q2 = 2(E +�E) ¨ à ¢­®© ­ã«î ¢­¥ íâ®© ¯®«®áª¨ (á¬. �¨á.A-1):

�(p; q) =

�
!

2��E ¯à¨ p; q � 

0 ¯à¨ p; q 6� 


(�.19)

£¤¥ ¤«ï ®¡¥á¯¥ç¥­¨ï ­®à¬¨à®¢ª¨ �(p; q) ­  ¥¤¨­¨æã ¬ë ãç«¨, çâ® ¯«®é ¤ì ¯®«®áª¨

 à ¢­ :

�(�ab) = �

�
2�E

!

�
=
2��E

!
; (�.20)

£¤¥ ç¥à¥§ a ¨ b ®¡®§­ ç¨«¨ ¯®«ã®á¨ í««¨¯á , á®®â¢¥âáâ¢ãîé¥£® í­¥à£¨¨ E. �®£¤ 
¬¨ªà®ª ­®­¨ç¥áª®¥ áà¥¤­¥¥ (¯® ä §®¢®¬ã ¯à®áâà ­áâ¢ã) ®â F (q; p) à ¢­®:

< F >=

Z
dpdq�(p; q)F (q; p) = lim

�E!0

!

2��E

Z Z p2+!2q2=2E

p2+!2q2=2(E+�E)
dpdqF (q; p) (�.21)

�à ¢­¨¢ ï (�.18) ¨ (�.21) ¢¨¤¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à®áâ¥©è¥¬ á«ãç ¥ á¨-
áâ¥¬ë á ®¤­®© áâ¥¯¥­ìî á¢®¡®¤ë áà¥¤­¥¥ ¯® ¢à¥¬¥­¨ ¯à®áâ® á®¢¯ ¤ ¥â á ¬¨ªà®ª -
­®­¨ç¥áª¨¬ áà¥¤­¨¬.

� ®¡é¥¬ á«ãç ¥ ¨­â¥£à «ë ãà ¢­¥­¨© � ¬¨«ìâ®­  ¬®¦­®, ª ª ¬ë ¢¨¤¥«¨ ¢ëè¥,
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥:

pk = 'k(t+ �1; �2; :::; �n; �1; �2; :::�n)

qk =  k(t+ �1; �2; :::; �n; �1; �2; :::�n) (�.22)

¨«¨ ¢ á®ªà é¥­­®© § ¯¨á¨:

X = �(t + �1; �2; :::; �n; �1; �2; :::�n) (�.23)

�à¥¤­¥¥ ¯® ¢à¥¬¥­¨ ®â ¯à®¨§¢®«ì­®© äã­ªæ¨¨ á®áâ®ï­¨ï á¨áâ¥¬ë F (X) à ¢­®:

eF = lim
T!1

1

T

Z 1

0

dtF (X) =

= lim
T!1

1

T

Z 1

0

dtFf�(t+ �1; �2; :::; �n; �1; �2; :::�n)g (�.24)
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�â® áà¥¤­¥¥, ®ç¥¢¨¤­®, ¢®®¡é¥ £®¢®àï § ¢¨á¨â ®â ¢á¥å 2n � 1 ¯®áâ®ï­­ëå ¨­â¥-
£à¨à®¢ ­¨ï (¨­â¥£à «®¢ ¤¢¨¦¥­¨ï) �2; :::; �n; �1; �2; :::�n, ªà®¬¥ �1, ®â ª®â®à®© ®­®
­¥ § ¢¨á¨â. � â®¦¥ ¢à¥¬ï, ¢ ®á­®¢­®© ç áâ¨ ªãàá , ¬ë ¯®ª § «¨, çâ® áâ â¨áâ¨ª®
{ ¬¥å ­¨ç¥áª¨¥ áà¥¤­¨¥ ®â «î¡®© äã­ªæ¨¨ á®áâ®ï­¨ï ¢ à ¢­®¢¥á¨¨ § ¢¨áïâ «¨èì
®â ®¤­®£® ¨­â¥£à «  ¤¢¨¦¥­¨ï { í­¥à£¨¨1. �®íâ®¬ã à áá¬ âà¨¢ ¥¬ë¥ ­ ¬¨ ¬­®-
£®ç áâ¨ç­ë¥ á¨áâ¥¬ë ¤®«¦­ë ®¡« ¤ âì â¥¬ á¯¥æ¨ «ì­ë¬ á¢®©áâ¢®¬, çâ® ¤«ï ­¨å
áà¥¤­¨¥ ¯® ¢à¥¬¥­¨ ®â «î¡®© ®¤­®§­ ç­®© äã­ªæ¨¨ á®áâ®ï­¨ï § ¢¨áïâ â®«ìª® ®â
¨­â¥£à «  í­¥à£¨¨ �1 = E: eF (X) = fF (E) (�.25)

� ª¨¥ á¨áâ¥¬ë ­ §ë¢ îâáï íà£®¤¨ç¥áª¨¬¨. �«ï íà£®¤¨ç¥áª®© á¨áâ¥¬ë áà¥¤­¥¥ ¯®
¢à¥¬¥­¨ ®â «î¡®© ®¤­®§­ ç­®© äã­ªæ¨¨ á®áâ®ï­¨ï à ¢­® áà¥¤­¥¬ã áâ â¨áâ¨ç¥-
áª®¬ã ¯® ¬¨ªà®ª ­®­¨ç¥áª®¬ã à á¯à¥¤¥«¥­¨î.

� á ¬®¬ ¤¥«¥, à áá¬®âà¨¬ ¬¨ªà®ª ­®­¨ç¥áª®¥ áà¥¤­¥¥:

< F >=

Z
dXF (X)wE(X) (�.26)

£¤¥

wE(X) =
�fH(X) �Eg


(E)
: (�.27)

� ª ª ª ¢¥«¨ç¨­  < F > ®â ¢à¥¬¥­¨ ­¥ § ¢¨á¨â, â® áà¥¤­¥¥ ¯® ¢à¥¬¥­¨ ®â ­¥¥ à ¢­®
¥© á ¬®©, â ª çâ®:

< F >= g< F > = lim
T!1

1

T

Z T

0

dt

Z
dXF (X)wE(X): (�.28)

�¥à¥¬¥­­ë¥ X ®¯à¥¤¥«ïîâ á®áâ®ï­¨¥ á¨áâ¥¬ë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, § ¬¥­¨¬ ¨å
¯¥à¥¬¥­­ë¬¨ X0, ®¯à¥¤¥«ïîé¨¬¨ á®áâ®ï­¨¥ á¨áâ¥¬ë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0. �â¨
¯¥à¥¬¥­­ë¥ á¢ï§ ­ë ¬¥¦¤ã á®¡®© à¥è¥­¨ï¬¨ ãà ¢­¥­¨© � ¬¨«ìâ®­ , çâ® ¬®¦­®
§ ¯¨á âì ª ª:

X = �(t;X0) (�.29)

á«¥¤®¢ â¥«ì­®
F (X) = Ff�(t;X0)g (�.30)

�ç¥¢¨¤­®, çâ® H(X) = H(X0), â ª çâ®

wE(X) =
�fH(X) � Eg


(E)
=
�fH(X0)� Eg


(E)
= wE(X0); (�.31)

  ¯® â¥®à¥¬¥ �¨ã¢¨««ï ¨¬¥¥¬ dX = dX0. �®íâ®¬ã ¯®á«¥ § ¬¥­ë ¯¥à¥¬¥­­ëå ¨¬¥¥¬:

< F >= lim
T!1

1

T

Z T

0

dt

Z
dX0wE(X0)Ff�(t;X0)g (�.32)

�§¬¥­¨¬ ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¯® t ¨ X0, â®£¤  ¯®«ãç¨¬:

< F >=

Z
dX0wE(X0) lim

T!1
1

T

Z T

0
dtFf�(t;X0)g =

Z
dX0wE(X0) eF (�.33)

1�à¨ ä¨ªá¨à®¢ ­­ëå ¢­¥è­¨å ¯ à ¬¥âà å â¨¯  ®¡ê¥¬ , ¤ ¢«¥­¨ï, ä¨§¨ç¥áª¨å ¯®«¥© ¨ â.¯.
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�¤­ ª®, ¢ á¨«ã ãá«®¢¨ï íà£®¤¨ç­®áâ¨ áà¥¤­¥¥ ¯® ¢à¥¬¥­¨ eF § ¢¨á¨â â®«ìª® ®â í­¥à-
£¨¨ H(X0),   ¨¬¥­­®: eF = fF [H(X0)] (�.34)

¯®íâ®¬ã

< F >=

Z
dX0wE(X0)fF [H(X0)] (�.35)

�® wE(X0) ®â«¨ç­  ®â ­ã«ï â®«ìª® ¯à¨ H = E, â ª çâ® fF (H) ¬®¦­® ¢ë­¥áâ¨ § 
§­ ª ¨­â¥£à « , ¯®«®¦¨¢ H = E. �®£¤  ¯®«ãç ¥¬:

< F >= fF (E)

Z
dX0wE(X0) = fF (E) = eF (�.36)

£¤¥ ãç«¨, çâ® ¨­â¥£à « à ¢¥­ ¥¤¨­¨æ¥ ¯® ãá«®¢¨î ­®à¬¨à®¢ª¨. � ª¨¬ ®¡à §®¬ à -
¢¥­áâ¢® ¢à¥¬¥­­®£® ¨ ¬¨ªà®ª ­®­¨ç¥áª®£® áà¥¤­¨å ¤®ª § ­®.

�®£ãâ-«¨ áãé¥áâ¢®¢ âì íà£®¤¨ç¥áª¨¥ ¬¥å ­¨ç¥áª¨¥ á¨áâ¥¬ë ¢ á¬ëá«¥ ¤ ­­®£®
¢ëè¥ ®¯à¥¤¥«¥­¨ï? � § «®áì-¡ë ­¥â, ¯®áª®«ìªã áà¥¤­¥¥ ¯® ¢à¥¬¥­¨ (�.24) § ¢¥¤®¬®
§ ¢¨á¨â ¤àã£¨å ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï �2; �3; :::; �n. �ãáâì ®¤¨­ ¨§ ­¨å �2(X) = �2.
�à¥¤­¥¥ ¯® ¢à¥¬¥­¨ ®â äã­ªæ¨¨ �2(X) ®ç¥¢¨¤­® à ¢­® �2 ¨ § ¢¨á¨â ¢®¢á¥ ­¥ ®â ¨­-
â¥£à «  í­¥à£¨¨ E = �1,   ®â �2. �¥«®, ®¤­ ª®, ¢ â®¬, çâ® ¤«ï íà£®¤¨ç¥áª¨å á¨áâ¥¬
«¥¢ë¥ ç áâ¨ ¢á¥å ¨­â¥£à «®¢ ãà ¢­¥­¨© ¤¢¨¦¥­¨ï �k = �k;	k = �k (k = 2; :::; n),
ªà®¬¥ ¨­â¥£à «®¢ í­¥à£¨¨, ¨¬¯ã«ìá  ¨ ¬®¬¥­â  ¨¬¯ã«ìá  ï¢«ïîâáï¬­®£®§­ ç­ë¬¨
äã­ªæ¨ï¬¨ ª®®à¤¨­ â ¨ ¨¬¯ã«ìá®¢ (¯à¨ç¥¬ ¨å ­¥«ì§ï ¯à¥®¡à §®¢ âì ª ®¤­®§­ ç-
­ë¬). �â® ¢á¥£¤  â ª ¤«ï á¨áâ¥¬ á ­¥à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ (  á¨áâ¥¬ë á
à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ âà¨¢¨ «ì­ë - ®­¨ â®ç­® à¥è îâáï ¨ ­ §ë¢ îâáï
â ª¦¥ ¨­â¥£à¨àã¥¬ë¬¨, ¨å ¤¢¨¦¥­¨¥ ­¥ ï¢«ï¥âáï á«ãç ©­ë¬ ¨ áâ â¨áâ¨ª  ¤«ï ¨å
®¯¨á ­¨ï ­¥ ­ã¦­ !)2. � áá¬ âà¨¢ ï ¯®ª®ïé¨¥áï ¨ ­¥¢à é îé¨¥áï ¬­®£®ç áâ¨ç-
­ë¥ á¨áâ¥¬ë ¬ë § ¡ë¢ ¥¬ ¯à® ¨­â¥£à «ë ¨¬¯ã«ìá  ¨ ¬®¬¥­â , çâ® ¦¥ ª á ¥âáï
íà£®¤¨ç­®áâ¨, â® â¥¯¥àì áâ ­®¢¨âáï ¯®­ïâ­®© á¤¥« ­­ ï ¢ëè¥ ¯à¨ ¥¥ ®¯à¥¤¥«¥­¨¨
¢ ¦­ ï ®£®¢®àª  ®¡ ®¤­®§­ ç­®áâ¨ äã­ªæ¨¨ F (q; p). � â®çª¨ §à¥­¨ï ä¨§¨ç¥áª®©
§ ¤ ç¨, ®ç¥¢¨¤­®, ¨¬¥¥â á¬ëá« à áá¬ âà¨¢ âì â®«ìª® ®¤­®§­ ç­ë¥ äã­ªæ¨¨ á®áâ®-
ï­¨ï. �à¥¤¬¥â®¬ áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨, ¥áâ¥áâ¢¥­­®, ï¢«ï¥âáï ¨§ãç¥­¨¥ ¤®áâ -
â®ç­® "á«®¦­ëå" (á®¢¥àè îé¨å á«®¦­®¥ ¤¢¨¦¥­¨¥) ­¥¨­â¥£à¨àã¥¬ëå á¨áâ¥¬. �
¯®á«¥¤­¨¥ ¤¥áïâ¨«¥â¨ï ¡ë«® ¨§ãç¥­® ¤®¢®«ì­® ¬­®£® ª®­ªà¥â­ëå ¯à¨¬¥à®¢ â ª¨å
á¨áâ¥¬, á®áâ®ïé¨å ¤ ¦¥ ¨§ ¢¥áì¬  ­¥¡®«ìè®£® ç¨á«  ç áâ¨æ (â.¥. á¨áâ¥¬ ¤ ¦¥ á
­¥¡®«ìè¨¬ ç¨á«®¬ áâ¥¯¥­¥© á¢®¡®¤ë) ¨ ¯à®ï¢«ïîé¨å ¢á¥ á¢®©áâ¢  íà£®¤¨ç¥áª®£®
¤¢¨¦¥­¨ï [14].

�¥®à¥¬  ¢®§¢à â  �ã ­ª à¥.

�à®¤®«¦¨¬ ®¡áã¦¤¥­¨¥ å à ªâ¥à  ¤¢¨¦¥­¨ï ­ è¨å á¨áâ¥¬ ¢ ä §®¢®¬ ¯à®áâà ­-
áâ¢¥, ¯¥à¥©¤ï ­  ­¥áª®«ìª® ¡®«¥¥  ¡áâà ªâ­ë© ï§ëª. �ãáâì ¨¬¥¥âáï ä §®¢ ï â®çª 

2�®¤à®¡­¥¥ ®¡ íâ®¬ ­ ¯¨á ­® ¢ ¯ à £à ä¥ 52 ª­¨£¨ [13], £¤¥ ¯®ª § ­®, çâ® ¢ ®¡é¥¬ á«ãç ¥
á¨áâ¥¬ á ­¥à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ ­ ¡®à ®¤­®§­ ç­ëå ¨­â¥£à «®¢ ¤¢¨¦¥­¨ï ®£à ­¨ç¨¢ -
¥âáï â¥¬¨, ¯®áâ®ï­áâ¢® ª®â®àëå ¥áâì ¢ëà ¦¥­¨¥ á¢®©áâ¢ ®¤­®à®¤­®áâ¨ ¨ ¨§®âà®¯¨¨ ¯à®áâà ­áâ¢ 
¨ ¢à¥¬¥­¨, â.¥. § ª®­ ¬¨ á®åà ­¥­¨ï í­¥à£¨¨, ¨¬¯ã«ìá  ¨ ¬®¬¥­â 
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(p; q). �¯à¥¤¥«¨¬ ®¯¥à â®à á¤¢¨£  ¢® ¢à¥¬¥­¨ T̂ (t) ­  ¢¥«¨ç¨­ã t:

(q(t); p(t)) = T̂ (t)(q(0); p(0)) (�.37)

ª®â®àë©, ä ªâ¨ç¥áª¨, ¯®«­®áâìî ®¯¨áë¢ ¥â ¤¢¨¦¥­¨¥ ä §®¢®© â®çª¨ ¨ ®¯à¥¤¥«ï-
¥âáï ãà ¢­¥­¨ï¬¨ � ¬¨«ìâ®­ . �ë ­¥ ¡ã¤¥¬ § ­¨¬ âìáï ï¢­ë¬ ¯®áâà®¥­¨¥¬ â ª¨å
®¯¥à â®à®¢ ¤«ï ª®­ªà¥â­ëå á¨áâ¥¬, ïá­®, çâ® ¢ ¯à¨­æ¨¯¥ ®­¨ ¢á¥£¤  áãé¥áâ¢ãîâ.
�¥®à¥¬  �¨ã¢¨««ï ¢ëà ¦ ¥â á®åà ­¥­¨¥ ¯à®¨§¢®«ì­®£® ä §®¢®£® ®¡ê¥¬  � ¯®¤
¤¥©áâ¢¨¥¬ ®¯¥à â®à  T̂ :

�(t) = T̂ (t)�(0) = �(0) (�.38)

�§ â¥®à¥¬ë �¨ã¢¨««ï ¤®áâ â®ç­® ¯à®áâ® ¤®ª §ë¢ ¥âáï â¥®à¥¬  �ã ­ª à¥ ® ¢®§-
¢à â¥ [14]. �ãáâì ª®­á¥à¢ â¨¢­ ï á¨áâ¥¬  (H ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨) á®¢¥àè ¥â
ä¨­¨â­®¥ (â.¥. ¢ ®£à ­¨ç¥­­®© ®¡« áâ¨ ä §®¢®£® ¯à®áâà ­áâ¢ ) ¤¢¨¦¥­¨¥. � áá¬®-
âà¨¬ ­¥ª®â®àãî ®¡« áâì (¬­®¦¥áâ¢® â®ç¥ª) ä §®¢®£® ¯à®áâà ­áâ¢  A ¨ ¢ë¡¥à¥¬ ¢
­¥© â®çªã z0 = (q0; p0) ¢ ª ç¥áâ¢¥ ­ ç «ì­®©. �®£¤ , ª ª ®ª §ë¢ ¥âáï, ¬®¦­® ¯®-
ª § âì, çâ® ¯® ¨áâ¥ç¥­¨¨ ­¥ª®â®à®£® ¢à¥¬¥­¨ á¨áâ¥¬  á ­¥¨§¡¥¦­®áâìî ¢¥à­¥âáï
¢ ®¡« áâì A (â¥®à¥¬  �ã ­ª à¥). �áª«îç¥­¨¥¬ ¬®¦¥â ¡ëâì â®«ìª® ¬­®¦¥áâ¢® ­ -
ç «ì­ëå â®ç¥ª ¨§ A ¬¥àë ­ã«ì. �®ª § â¥«ìáâ¢® ¬®¦­® ¯à®¢¥áâ¨ ®â ¯à®â¨¢­®£®.
�¡®§­ ç¨¬ ç¥à¥§ B ¬­®¦¥áâ¢® ¢á¥å â®ç¥ª ¨§ A, ª®â®àë¥ ­¨ª®£¤  ­¥ ¢®§¢à é îâáï
¢ A. �ãáâì ç¥à¥§ ­¥ª®â®à®¥ ¡®«ìè®¥ ¢à¥¬ï t1 ¬­®¦¥áâ¢® â®ç¥ª B ¯¥à¥å®¤¨â ¢ B1:

T̂ (t1)B = B1 (�.39)

�®£« á­® ®¯à¥¤¥«¥­¨î B ¯¥à¥á¥ç¥­¨¥ B1 ¨ A à ¢­® ­ã«î:

B1 \A = ; (�.40)

�¥à¥§ ¨­â¥à¢ « t2 = 2t1 ¨¬¥¥¬:

T̂ (2t1)B = T̂ (t1)B1 � B2 (�.41)

�®£¤  ¨¬¥¥¬ ¨
B2 \B1 = ; (�.42)

�á«¨ ¡ë íâ® ¡ë«® ­¥ â ª, â® áãé¥áâ¢®¢ «¨ ¡ë â®çª¨, ª®â®àë¥ ­¥ ¢ëå®¤ïâ ¨§ ®¡« áâ¨
B1. �® ¨§ ®¡à â¨¬®áâ¨ ãà ¢­¥­¨© � ¬¨«ìâ®­  á«¥¤ã¥â, çâ® íâ¨ â®çª¨ ­¥ ¬®£«¨ ¡ë
¨ ¢®©â¨ ¢ B1. �â® ¯à®â¨¢®à¥ç¨â ¨å ¯à®è«®¬ã: ¯à¨ t = 0, ¯® ­ è¥¬ã ¯à¥¤¯®«®¦¥-
­¨î, ®­¨ ¯à¨­ ¤«¥¦ «¨ A. �à®¤®«¦ ï ¯à¨¬¥­ïâì ®¯¥à â®à T̂ (nt1) ª B, ¯®«ãç¨¬
¡¥áª®­¥ç­ãî ¯®á«¥¤®¢ â¥«ì­®áâì B1; B2; ::: ­¥¯¥à¥á¥ª îé¨åáï ®¡à §®¢ ¬­®¦¥áâ¢ 
B. �®£« á­® â¥®à¥¬¥ �¨ã¢¨««ï:

�(B) = �(B1) = �(B2) = :::; (�.43)

â ª çâ® ¢ ¯à®æ¥áá¥ ¤¢¨¦¥­¨ï â®çª¨ ¨§ B ¯®ªàë¢ îâ ä §®¢ë© ®¡ê¥¬ � = 1. �¤-
­ ª® ¨§ ä¨­¨â­®áâ¨ ¤¢¨¦¥­¨ï á«¥¤ã¥â, çâ® íâ  ®¡« áâì ¤®«¦­  ¡ëâì ª®­¥ç­®©.
�®á«¥¤­¥¥ ¢®§¬®¦­® «¨èì ¢ á«ãç ¥ �(B) = 0, çâ® ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã �ã ­ª à¥.

�§ â¥®à¥¬ë �ã ­ª à¥ á«¥¤ã¥â, çâ® á¨áâ¥¬  ¡ã¤¥â ¡¥áª®­¥ç­®¥ ç¨á«® à § ¢®§-
¢à é âìáï ¢ ¨áå®¤­ãî ®¡« áâì A. � § «®áì ¡ë íâ® ¯à®â¨¢®à¥ç¨â ­¥®¡à â¨¬®© í¢®-
«îæ¨¨ ¬­®£®ç áâ¨ç­ëå á¨áâ¥¬, ­ ¡«î¤ îé¥©áï ­  íªá¯¥à¨¬¥­â¥, ¨ ¢®§¬®¦­®áâ¨
¥¥ ®¯¨á ­¨ï ­  ®á­®¢¥ ¯à¥¤áâ ¢«¥­¨© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨. �  á ¬®¬ ¤¥«¥ íâ®
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­¥ â ª. � áá¬®âà¨¬ ¯®­ïâ¨¥ áà¥¤­¥£® ¢à¥¬¥­¨ ¢®§¢à â  ¨«¨ ¢à¥¬¥­¨ æ¨ª«  �ã-

 ­ª à¥. �à®¢¥¤¥¬ ¥£® £àã¡ãî ®æ¥­ªã ¤«ï ¯à®áâ¥©è¥© ¬­®£®ç áâ¨ç­®© á¨áâ¥¬ë {
¨¤¥ «ì­®£® £ §  [33]. �ãáâì ¢ ®¡ê¥¬¥ V ­ å®¤¨âáï N ¬®«¥ªã« £ § . �ã¤¥¬ ¯®­¨¬ âì
¯®¤ ¢®§¢à â®¬ ¯®¢â®à¥­¨¥ ­ ç «ì­®£® á®áâ®ï­¨ï ª ¦¤®© ¬®«¥ªã«ë á â®ç­®áâìî
�v ¯® áª®à®áâ¨ ¨ �x ¯® ª®®à¤¨­ â¥. �â®© â®ç­®áâ¨ á®®â¢¥âáâ¢ã¥â ®¡ê¥¬ ä §®¢®£®
¯à®áâà ­áâ¢  �� = [m�v�x]3N , â®£¤  ª ª ¢á¥¬ã ­ ¡®àã á®áâ®ï­¨© £ §  á ä¨ªá¨à®-

¢ ­­®© í­¥à£¨¥© E =
P
i
mv2i
2 = 3

2NT á®®â¢¥âáâ¢ã¥â ®¡ê¥¬3:

� � C3N (m
2
X
i

v2i )
3N=2V N � C3N (3NTm)

3N=2
V N : (�.44)

�à¥¦¤¥ ç¥¬ ¢¥à­ãâìáï á § ¤ ­­®© â®ç­®áâìî ¢ ¨áå®¤­®¥ ¯®«®¦¥­¨¥, ä §®¢ ï â®çª ,
¨§®¡à ¦ îé ï á¨áâ¥¬ã ¤®«¦­  ¯à®©â¨ ç¨á«® á®áâ®ï­¨©, à ¢­®¥ ¯® ¯®àï¤ªã � �

�� .
�ãáâì � { ­¥ª®â®à®¥ å à ªâ¥à­®¥ ¢à¥¬ï ¢ £ §¥, ­ ¯à¨¬¥à ¢à¥¬ï á¢®¡®¤­®£® ¯à®¡¥£ 
¬®«¥ªã«ë. �®£¤  ¤«ï ¢à¥¬¥­¨ ¢®§¢à â  ¬®¦­® ­ ¯¨á âì á«¥¤ãîéãî £àã¡ãî ®æ¥­ªã:

�R � �
�

��
� C3N

�
V

�x3

�N �
3NT

m�v2

�3N=2

� �
�

V

�x3

�N �
T

m�v2

�3N=2
�: (�.45)

�ãáâì �x � 0:1(V=N )1=3, â.¥. ¯®àï¤ª  10% ¬¥¦ç áâ¨ç­®£® à ááâ®ï­¨ï ¢ £ §¥,  
�v � 0:1(T=m)1=2, â.¥. ¯®àï¤ª  10% áà¥¤­¥© áª®à®áâ¨, â ª çâ® ãá«®¢¨ï ­  "¢®§¢à â"
¤®¢®«ì­® ¬ï£ª¨¥. �®£¤  ¯®«ãç ¥¬:

�R � � (10N )N (102)3N=2 � �NN (�.46)

�«ï 1cm3 £ §  ¢ ­®à¬ «ì­ëå ãá«®¢¨ïå N � 1018, â ª çâ®

�R
�
� (1018)10

18 � 102 1019 (�.47)

¨ ®â­®è¥­¨¥ ¢à¥¬¥­¨ ¢®§¢à â  �R ª ¢à¥¬¥­¨ á¢®¡®¤­®£® ¯à®¡¥£  � � 10�6á¥ª, ª ®¤-
­®© á¥ªã­¤¥, ª ®¤­®¬ã £®¤ã, ¨«¨ ¤ ¦¥ ª å à ªâ¥à­®¬ã ¢à¥¬¥­¨ \áãé¥áâ¢®¢ ­¨ï"
­ è¥© �á¥«¥­­®© (� 1010«¥â � 1017á¥ª) á «®£ à¨ä¬¨ç¥áª®© â®ç­®áâìî ®¤¨­ ª®¢® ¨

á®áâ ¢«ï¥â ¢¥«¨ç¨­ã ¯®àï¤ª  102 1019 . � ª¨¬ ®¡à §®¬ ¢à¥¬ï æ¨ª«  �ã ­ª à¥ ¤ ¦¥
¤«ï áâ®«ì ¯à®áâ®© á¨áâ¥¬ë ­¥¢®®¡à §¨¬® ®£à®¬­®,   ¢¥à®ïâ­®áâì ¢®§¢à â  á®®â¢¥â-
áâ¢¥­­® ­¥¢®®¡à §¨¬® ¬ « . � ¨¡®«¥¥ ¢¥à®ïâ­ë¬ ¯®íâ®¬ã ï¢«ï¥âáï ­ ¡«î¤ ¥¬®¥
­  íªá¯¥à¨¬¥­â¥ ­¥®¡à â¨¬®¥ ¯®¢¥¤¥­¨¥ ¬­®£®ç áâ¨ç­ëå á¨áâ¥¬.

�¥ãáâ®©ç¨¢®áâì âà ¥ªâ®à¨© ¨ ¯¥à¥¬¥è¨-
¢ ­¨¥.

� áá¬®âà¨¬ ¤¢¨¦¥­¨¥ ª ¯«¨ \ä §®¢®© ¦¨¤ª®áâ¨" ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥. � -
à ªâ¥à íâ®£® ¤¢¨¦¥­¨ï ¬®¦¥â ¡ëâì ®ç¥­ì á«®¦­ë¬, á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ £à ­¨æë

3�¤¥áì C3N �
�
2�e
3N

�3N=2
á¢ï§ ­® á ª®­áâ ­â®© ¢ ¢ëà ¦¥­¨¨ ¤«ï ®¡ê¥¬  n-¬¥à­®£® è à  Vn =

CRn, â®ç­®¥ ¢ëà ¦¥­¨¥ Cn = 2�n=2

n�(n=2)
¯à¨ n � 1, á ãç¥â®¬  á¨¬¯â®â¨ª¨ �-äã­ªæ¨¨ �(n=2) �

(2�)1=2(n=2)(n�1)=2e�n=2 ¤ ¥â Cn �
�
2�e
n

�n=2
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�¨á. �-2 � ç¥áâ¢¥­­ ï í¢®«îæ¨ï ä §®¢®© ª ¯«¨ ¯à¨ ¯¥à¥¬¥è¨¢ ­¨¨.

ª ¯«¨ ¬®£ãâ ¯à¨®¡à¥â âì \ ¬¥¡®®¡à §­ãî" ä®à¬ã,   ª ¯«ï íää¥ªâ¨¢­® § ¯®«­ï¥â
à §«¨ç­ë¥ ®¡« áâ¨ ä §®¢®£® ¯à®áâà ­áâ¢  (á¬. �¨á.A-2). �¡ê¥¬ ª ¯«¨ ¯à¨ íâ®¬
á®åà ­ï¥âáï (â¥®à¥¬  �¨ã¢¨««ï). � ª®¥ ¤¢¨¦¥­¨¥ ­ §ë¢ ¥âáï ¯¥à¥¬¥è¨¢ îé¨¬.
�®çª¨, ª®â®àë¥ ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ ¡ë«¨ ¡«¨§ª¨, á â¥ç¥­¨¥¬ ¢à¥¬¥­¨
ã¤ «ïîâáï ¤àã£ ®â ¤àã£  ¨ ­ ç¨­ îâ ¤¢¨£ âìáï ä ªâ¨ç¥áª¨ ­¥§ ¢¨á¨¬®. �¢®©áâ¢®
¯¥à¥¬¥è¨¢ ­¨ï ¥áâ¥áâ¢¥­­® ®¦¨¤ âì ã á¨áâ¥¬, å à ªâ¥à¨§ãîé¨¬áï ­¥ãáâ®©ç¨¢ë¬
¤¢¨¦¥­¨¥¬, ã ª®â®àëå ¨§­ ç «ì­® ¡«¨§ª¨¥ ä §®¢ë¥ âà ¥ªâ®à¨¨ ¡ëáâà® (íªá¯®­¥­-
æ¨ «ì­®) ã¤ «ïîâáï ¤àã£ ®â ¤àã£ , ¨«¨, ¨­ ç¥ £®¢®àï, áª®«ì ã£®¤­® ¬ «ë¥ ¢®§¬ã-
é¥­¨ï ­ ç «ì­ëå ãá«®¢¨© ¯à¨¢®¤ïâ ª áª®«ì ã£®¤­® á¨«ì­®¬ã ®âª«®­¥­¨î ä §®¢®©
âà ¥ªâ®à¨¨ ®â á¢®¥£® ­¥¢®§¬ãé¥­­®£® ¢¨¤ . �á«¨ ä §®¢®¥ ¯à®áâà ­áâ¢® ï¢«ï¥âáï
ª®­¥ç­ë¬ (  ­ á ¨­â¥à¥áã¥â ª ª à § â ª®© á«ãç © { á¨áâ¥¬  ¤¢¨¦¥âáï ¯® £¨¯¥à¯®-
¢¥àå­®áâ¨, á®®â¢¥âáâ¢ãîé¥© ª®­¥ç­®© í­¥à£¨¨), â® ä §®¢ë¥ âà ¥ªâ®à¨¨ ­¥ ¬®£ãâ
à §®©â¨áì ¨§-§  ­¥ãáâ®©ç¨¢®áâ¨ ¡®«¥¥ ç¥¬ ­  å à ªâ¥à­ë© à §¬¥à ¯à®áâà ­áâ¢  ¨
­ ç¨­ îâ \§ ¯ãâë¢ âìáï". �á«¨ ®¡®§­ ç¨âì ç¥à¥§ D(t) à ááâ®ï­¨¥ ¬¥¦¤ã ¤¢ã¬ï
â®çª ¬¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥, ¯à¨­ ¤«¥¦ é¨¬ ¤¢ã¬ à §­ë¬ âà ¥ªâ®à¨ï¬ ¢ ¬®-
¬¥­â ¢à¥¬¥­¨ t, â® ä®à¬ «ì­®¥ ®¯à¥¤¥«¥­¨¥ «®ª «ì­®© ­¥ãáâ®©ç¨¢®áâ¨ ¤¢¨¦¥­¨ï
¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬ [14] { áãé¥áâ¢ã¥â ­ ¯à ¢«¥­¨¥ ¢ ä §®¢®¬ ¯à®áâà ­-
áâ¢¥ ¢ ª®â®à®¬:

D(t) = D0e
h0t (�.48)

£¤¥ ¨­ªà¥¬¥­â ­¥ãáâ®©ç¨¢®áâ¨ (¯®ª § â¥«ì �ï¯ã­®¢  h0 > 0) ï¢«ï¥âáï, ¢®®¡é¥
£®¢®àï, äã­ªæ¨¥© â®çª¨ ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ¨ ¨¬¥¥â, ª ª ¬®¦­® ¯®ª § âì
[14], â ª¦¥ ¨ áâ â¨áâ¨ç¥áª¨© á¬ëá« ®¡à â­®£® ¢à¥¬¥­¨ \à áæ¥¯«¥­¨ï" ª®àà¥«ïæ¨©
âà ¥ªâ®à¨© ¯à¨ ¯¥à¥¬¥è¨¢ îé¥¬ ¤¢¨¦¥­¨¨. �ç¥¢¨¤­®, çâ® ®¡áã¦¤ ¥¬ ï ª àâ¨­ 
¨¬¥¥â ¯àï¬®¥ ®â­®è¥­¨¥ ª ¨¤¥¥ ®¯¨á ­¨ï à®áâ  í­âà®¯¨¨ ­  ï§ëª¥ ®£àã¡«¥­­®©
äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, à áá¬®âà¥­­®© ¢ ®á­®¢­®© ç áâ¨ ªãàá . �®§­¨ª ¥â ¢®¯à®á
{ ­¥«ì§ï-«¨ ®¯à¥¤¥«¨âì ¯®­ïâ¨¥ í­âà®¯¨¨ â ª, çâ®¡ë ®­® ¬®£«® ¯à¨¬¥­ïâìáï ­¥-
¯®áà¥¤áâ¢¥­­® ª ¤¨­ ¬¨ç¥áª¨¬ á¨áâ¥¬ ¬, ¨á¯®«ì§ãï â®«ìª® á¢®©áâ¢  âà ¥ªâ®à¨©
á¨áâ¥¬ë (  ­¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï)? �â  § ¤ ç  ¡ë«  à¥è¥­  �®«¬®£®à®¢ë¬,
ª®â®àë© ¢¢¥« ¯®­ïâ¨¥ ¤¨­ ¬¨ç¥áª®© ¨«¨ K-í­âà®¯¨¨. � áá¬®âà¨¬ á­®¢  í¢®«îæ¨î
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­¥ª®â®à®£® ­ ç «ì­®£® í«¥¬¥­â  ä §®¢®£® ®¡ê¥¬  ��0. � á¨«ã â¥®à¥¬ë �¨ã¢¨««ï:

��(t) = ��0 (�.49)

®¤­ ª® áâàãªâãà  ä §®¢®© ª ¯«¨ ¬¥­ï¥âáï á® ¢à¥¬¥­¥¬ (áà. �¨á.A-2). � ­¥© ¯®-
ï¢«ïîâáï ¯ã§ëà¨, ¯ãáâ®âë ¨ â.¯. � à®áâ®¬ t \¯ã§ëàç â ï" áâàãªâãà  áâ ­®¢¨âáï
¢á¥ ¡®«¥¥ ¬¥«ª®©,   ®£¨¡ îé ï ä §®¢®© ª ¯«¨ à áè¨àï¥âáï ¨ ®£à ­¨ç¨¢ ¥â ¢á¥
¡®«ìè¨© ®¡ê¥¬. �®§ì¬¥¬ â¥¯¥àì ­¥ª®â®àãî " (à §¬¥à­®áâ¨ �) ¨ \®£àã¡¨¬" áâàãª-
âãà­ãî á¥âªã ä §®¢®© ª ¯«¨ á â®ç­®áâìî ¤® ". �®£¤  ª ç¥áâ¢¥­­® ïá­®, çâ® ¢á¥ â®­-
ª¨¥ ä §®¢ë¥ \­¨â¨" á â®«é¨­®© ¬¥­ìè¥ " íää¥ªâ¨¢­® \®¤¥­ãâáï" ¨ ®£àã¡«¥­­ë©

ä §®¢ë© ®¡ê¥¬ g��(t) ä ªâ¨ç¥áª¨ ¡ã¤¥â à áâ¨ á® ¢à¥¬¥­¥¬. �­ ï (�.48) ­¥âàã¤­®
¯®­ïâì, çâ® g��(t) = ��0e

ht (�.50)

£¤¥ h { ­¥ª®â®à ï ¢¥«¨ç¨­ , å à ªâ¥à¨§ãîé ï ãáà¥¤­¥­­ë© ¯® ®¡ê¥¬ã ¨­ªà¥¬¥­â
­¥ãáâ®©ç¨¢®áâ¨ ä §®¢ëå âà ¥ªâ®à¨© h0. �®£¤  í­âà®¯¨ï:

S = ln g��(t) = ln(��0e
ht) = ht+ ln��0 (�.51)

� á ¨­â¥à¥áã¥â ®¯à¥¤¥«¥­¨¥ ä¨§¨ç¥áª¨å ¢¥«¨ç¨­, ¢ â®¬ ç¨á«¥ ¨ í­âà®¯¨¨ S, á
¢®§¬®¦­® ¡®«ìè¥© â®ç­®áâìî. �à¨ â®ç­®áâ¨ ®£àã¡«¥­¨ï ", ®ç¥¢¨¤­®, çâ® ­¥ ¨¬¥¥â
á¬ëá«  ¢ë¡¨à âì ��0 ¬¥­ìè¥, ç¥¬ ". �®íâ®¬ã ¯®«®¦¨¬ ��0 = " ¨ ¯¥à¥©¤¥¬ ª
¯à¥¤¥«ã "! 0. � áá¬®âà¨¬ ¢ëà ¦¥­¨¥:

lim
"!0

lim
t!1

1

t
ln e��(t) = lim

"!0
lim
t!1

1

t
(ht+ ln ") = h (�.52)

�â® ¢ëà ¦¥­¨¥ ¨ ®¯à¥¤¥«ï¥â K-í­âà®¯¨î h. �®¤ç¥àª­¥¬, çâ® ¯®àï¤®ª ¯à¥¤¥«ì­ëå
¯¥à¥å®¤®¢ §¤¥áì ªà ©­¥ áãé¥áâ¢¥­. �¥à¥ç¨á«¨¬ ®á­®¢­ë¥ á¢®©áâ¢  K-í­âà®¯¨¨:

1. K-í­âà®¯¨ï h ®¯à¥¤¥«ï¥â áª®à®áâì ¨§¬¥­¥­¨ï í­âà®¯¨¨ S ¢ à¥§ã«ìâ â¥ ç¨áâ®
¤¨­ ¬¨ç¥áª®£® ¯à®æ¥áá  ¯¥à¥¬¥è¨¢ ­¨ï âà ¥ªâ®à¨© ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥.

2. K-í­âà®¯¨ï h, ¨­ªà¥¬¥­â «®ª «ì­®© ­¥ãáâ®©ç¨¢®áâ¨ h0 ¨ ®¡à â­®¥ ¢à¥¬ï à á-
æ¥¯«¥­¨ï ¢à¥¬¥­­ëå ª®àà¥«ïæ¨© { ¢¥«¨ç¨­ë ®¤­®£® ¯®àï¤ª .

�â¨ á¢®©áâ¢  à áªàë¢ îâ ä¨§¨ç¥áª¨© á¬ëá« í­âà®¯¨¨ �®«¬®£®à®¢ .
� ª í­âà®¯¨ï ä¨§¨ç¥áª®© á¨áâ¥¬ë S ¤®áâ¨£ ¥â ¬ ªá¨¬ã¬ ? �à¨ " ! 0, â.¥.

¯à¨ ®¯à¥¤¥«¥­¨¨ í­âà®¯¨¨ S(t) = ht (t ! 1) á® áª®«ì ã£®¤­® ¡®«ìè®© â®ç­®áâìî,
í­âà®¯¨ï S ¬ ªá¨¬ã¬  ­¥ ¤®áâ¨£ ¥â, ­® ¯®«®¦¥­¨¥ ¬¥­ï¥âáï, ¥á«¨ ä¨ªá¨à®¢ âì
ª®­¥ç­ë© ¯®àï¤®ª ®£àã¡«¥­¨ï "0. �®£¤  ¨§ (�.50) «¥£ª® ­ ©â¨ å à ªâ¥à­®¥ ¢à¥¬ï

t0, ¢ â¥ç¥­¨¥ ª®â®à®£® ®¡« áâì ��0 = "0 à áè¨àï¥âáï ¤® §­ ç¥­¨ï e�� = 1:

t0 =
1

h
ln

1

"0
(�.53)

�  íâ® ¢à¥¬ï ä §®¢ ï ª ¯«ï "0 à ¢­®¬¥à­® à áâ¥ª ¥âáï ¯® ¢á¥¬ã ä §®¢®¬ã ®¡ê¥¬ã
¨ ¤ «ì­¥©è¨© à®áâ í­âà®¯¨¨ ¯à¥ªà é ¥âáï.



�à¨«®¦¥­¨¥ �

�â â¨áâ¨ç¥áª ï ¬¥å ­¨ª  ¨ â¥®à¨ï
¨­ä®à¬ æ¨¨.

�¢ï§ì à á¯à¥¤¥«¥­¨© �¨¡¡á  á ¬ ªá¨¬ã-
¬®¬ ¨­ä®à¬ æ¨®­­®© í­âà®¯¨¨.

�­ä®à¬ æ¨®­­ ï í­âà®¯¨ï.

�®­ïâ¨¥ í­âà®¯¨¨ ¢ áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¥ â¥á­® á¢ï§ ­® á  ­ «®£¨ç­ë¬ ¯®­ï-
â¨¥¬ ¢ â¥®à¨¨ ¨­ä®à¬ æ¨¨ [34]. �ãé¥áâ¢ã¥â ¤®¢®«ì­® ®¡è¨à­ ï «¨â¥à âãà , £¤¥
íâ  á¢ï§ì ¤¥â «ì­® ®¡áã¦¤ ¥âáï [35, 36], ­¨¦¥ ¬ë ®áâ ­®¢¨¬áï «¨èì ­  ­¥áª®«ì-
ª¨å § ¤ ç å, ¨««îáâà¨àãîé¨å ­¥ª®â®àë¥ ®á­®¢­ë¥ ¯à¨­æ¨¯ë, á¢ï§ë¢ îé¨¥ íâ¨
äã­¤ ¬¥­â «ì­ë¥ ¯®­ïâ¨ï.

� ã§ª®¬ ¯®­¨¬ ­¨¨, â¥®à¨ï ¨­ä®à¬ æ¨¨ ¯à¥¤áâ ¢«ï¥â á®¡®© áâ â¨áâ¨ç¥áªãî
â¥®à¨î á¢ï§¨, â.¥. ¯¥à¥¤ ç¨ á¨£­ «®¢, á®®¡é¥­¨© ¨ â.¯. [34]. � ª ç¥áâ¢¥ ®á­®¢­®£®
¯®­ïâ¨ï ¢ íâ®© â¥®à¨¨ ä¨£ãà¨àã¥â ¨­ä®à¬ æ¨®­­ ï í­âà®¯¨ï, ¢ëáâã¯ îé ï ¢ ª -
ç¥áâ¢¥ ¬¥àë ¨­ä®à¬ æ¨¨, á®¤¥à¦ é¥©áï ¢ ¤ ­­®¬ á®®¡é¥­¨¨, â¥ªáâ¥ ¨ â.¤., à á-
á¬ âà¨¢ ¥¬ëå, ª ª ¡®«¥¥ ¨«¨ ¬¥­¥¥ á«ãç ©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì á¨¬¢®«®¢ ¨«¨
á®¡ëâ¨©. �®ç­¥¥, ¨­ä®à¬ æ¨®­­ ï í­âà®¯¨ï ¯à¥¤áâ ¢«ï¥â á®¡®© ¬¥àã ­¥®¯à¥¤¥«¥­-
­®áâ¨ ¢ ¨­ä®à¬ æ¨¨, á®®â¢¥âáâ¢ãîé¥© ¤ ­­®¬ã áâ â¨áâ¨ç¥áª®¬ã à á¯à¥¤¥«¥­¨î
â ª¨å á®¡ëâ¨©. �ãáâì pk { ­¥ª®â®à®¥ ¤¨áªà¥â­®¥ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© á®-
¡ëâ¨©, ­ã¬¥àã¥¬ëå ¨­¤¥ªá®¬ k. �­ä®à¬ æ¨®­­®© í­âà®¯¨¥© ­ §ë¢ ¥âáï ¢¥«¨ç¨­ 
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[34]1:

H = �
nX
k=1

pk ln pk;
nX
k

pk = 1 (�.1)

� á ¬®¬ ¤¥«¥, ¢¥«¨ç¨­  H à ¢­  ­ã«î, ¥á«¨ ª ª®¥-«¨¡® ¨§ pk = 1,   ¢á¥ ®áâ «ì­ë¥
pk = 0, â.¥. ª®£¤  à¥§ã«ìâ â ¨á¯ëâ ­¨ï ¬®¦¥â ¡ëâì ¯à¥¤áª § ­ á ¤®áâ®¢¥à­®áâìî ¨
­¥®¯à¥¤¥«¥­­®áâì ¢ ¨­ä®à¬ æ¨¨ ®âáãâáâ¢ã¥â. �¥«¨ç¨­  H ¯à¨­¨¬ ¥â ­ ¨¡®«ìè¥¥
§­ ç¥­¨¥, ª®£¤  ¢á¥ pk à ¢­ë ¬¥¦¤ã á®¡®©, â.¥. pk = 1=n. �ç¥¢¨¤­®, çâ® íâ®â ¯à¥-
¤¥«ì­ë© á«ãç © ®¡« ¤ ¥â ­ ¨¡®«ìè¥© ­¥®¯à¥¤¥«¥­­®áâìî { ­ ¬ ­¨ç¥£® ­¥ ¨§¢¥áâ­®
®¡ ®â¤¥«ì­ëå á®¡ëâ¨ïå, ¢á¥ ®­¨ à ¢­®¢¥à®ïâ­ë (â.¥. ¡ãª¢ë â¥ªáâ  ¯®ï¢«ïîâáï  ¡-
á®«îâ­® á«ãç ©­®, ¢ ¯à¨¬¥­¥­¨¨ ª ä¨§¨ª¥  ¡á®«îâ­® á«ãç ©­® à¥ «¨§ãîâáï â¥
¨«¨ ¨­ë¥ á®áâ®ï­¨ï á¨áâ¥¬ë ¨ â.¯.). � ªá¨¬ «ì­®áâì ¨­ä®à¬ æ¨®­­®© í­âà®¯¨¨
á®®â¢¥âáâ¢ã¥â ¬ ªá¨¬ «ì­®áâ¨ ­ è¥£® ­¥§­ ­¨ï ® á®¡ëâ¨ïå, ­ è  ¨­ä®à¬ æ¨ï ®
­¨å ¬¨­¨¬ «ì­ .

�­âà®¯¨ï H  ¤¤¨â¨¢­  ¤«ï á®¢®ªã¯­®áâ¨ ­¥§ ¢¨á¨¬ëå á®¡ëâ¨©, à¥ «¨§ãî-
é¨åáï á ¢¥à®ïâ­®áâï¬¨ ui ¨ vi, â.ª. ¥á«¨ pik = uivk, â®

H = �
X
ik

pik lnpik = �
X
i

ui lnui �
X
k

vk ln vk;
X
i

ui = 1;
X
k

vk = 1 (�.2)

�«ï à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥© ­¥¯à¥àë¢­®© ¢¥«¨ç¨­ë x á ¯«®â­®áâìî f(x) ¨­-
ä®à¬ æ¨®­­ ï í­âà®¯¨ï à ¢­ :

H = �
Z
dxf(x) ln f(x);

Z
dxf(x) = 1 (�.3)

�«ï ­¥§ ¢¨á¨¬ëå á®¡ëâ¨© ®¯ïâì ¨¬¥¥¬  ¤¤¨â¨¢­®áâì, ¥á«¨ f(x; y) = f1(x)f2(y), â®:

H = �
Z
dx

Z
dyf(x; y) ln f(x; y) = �

Z
dxf1(x) ln f1(x)�

Z
dyf2(y) ln f2(y) (�.4)

�«ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï �(p; q) ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ £¨¡¡á®¢áª ï í­âà®-
¯¨ï, ¯® áãâ¨ ¤¥« , ï¢«ï¥âáï â ª¦¥ ¨ ¨­ä®à¬ æ¨®­­®© í­âà®¯¨¥©:

S = �
Z
d�� ln�;

Z
d�� = 1 (�.5)

¨ ¥¥ ¬®¦­® à áá¬ âà¨¢ âì ª ª ¬¥àã ­ è¥£® ­¥§­ ­¨ï (®âáãâáâ¢¨ï ¨­ä®à¬ æ¨¨) ®
á®áâ®ï­¨ïå ¬ ªà®áª®¯¨ç¥áª®© ä¨§¨ç¥áª®© á¨áâ¥¬ë.

�«ï  ­á ¬¡«¥© á ¯¥à¥¬¥­­ë¬ ç¨á«®¬ ç áâ¨æ (�.5) ®¡®¡é ¥âáï ª ª:

S = �
X
N�0

Z
d�N�N ln �N ;

X
N�0

Z
d�N�N = 1: (�.6)

�¨¦¥ ¬ë à áá¬®âà¨¬ íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  à á¯à¥¤¥«¥­¨© �¨¡¡á , ãáâ ­®-
¢«¥­­ë¥ ¨¬ § ¤®«£® ¤® á®§¤ ­¨ï â¥®à¨¨ ¨­ä®à¬ æ¨¨. �­¨ «¥£ª® ¯®«ãç îâáï ¨§
à áá¬®âà¥­­®£® ¢ëè¥ ­¥à ¢¥­áâ¢  �¨¡¡á  (1.187):Z

d��0 ln
�
�0

�

�
� 0 (�.7)

£¤¥ � ¨ �0 { ¤¢  ­®à¬¨à®¢ ­­ëå à á¯à¥¤¥«¥­¨ï, ®¯à¥¤¥«¥­­ëå ¢ ®¤­®¬ ä §®¢®¬
¯à®áâà ­áâ¢¥. �­ ª à ¢¥­áâ¢  ¨¬¥¥â ¬¥áâ® «¨èì ¯à¨ � = �0.

1�ë ®â¢«¥ª ¥¬áï ®â ­¥áãé¥áâ¢¥­­®£® ¤«ï ­ á ®¡áâ®ïâ¥«ìáâ¢ , çâ® ¢ â¥®à¨¨ ¨­ä®à¬ æ¨¨ ¢
¤ ­­®¬ ®¯à¥¤¥«¥­¨¨ ®¡ëç­® ¨á¯®«ì§ãîâ ¢¬¥áâ® ln «®£ à¨ä¬ ¯® ®á­®¢ ­¨î 2, â.¥. log2, çâ® á¢ï§ ­®
á ¨§¬¥à¥­¨¥¬ ®¡ê¥¬  ¨­ä®à¬ æ¨¨ ¢ ¡¨â å
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�ªáâà¥¬ «ì­®áâì ¬¨ªà®ª ­®­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï.

�®ª ¦¥¬, çâ® ¬¨ªà®ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ á®®â¢¥âáâ¢ã¥â ¬ ªá¨¬ã¬ã ¨­ä®à-
¬ æ¨®­­®© í­âà®¯¨¨ áà¥¤¨ ¢á¥å à á¯à¥¤¥«¥­¨© á â¥¬ ¦¥ ç¨á«®¬ ç áâ¨æ ¢ â®¬ ¦¥
á«®¥ í­¥à£¨¨. �ãáâì � { äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¬¨ªà®ª ­®­¨ç¥áª®£®  ­á ¬¡«ï,  
�0 { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï, ®¯à¥¤¥«¥­­ ï ¢ â®¬ ¦¥ ä §®¢®¬ ¯à®-
áâà ­áâ¢¥ ¨ ¢ ¯à¥¤¥« å â®£® ¦¥ í­¥à£¥â¨ç¥áª®£® á«®ï, ¯à¨ç¥¬Z

d��0 =
Z
d�� = 1 (�.8)

�®¤áâ ¢«ïï � ¨ �0 ¢ ­¥à ¢¥­áâ¢® (�.7), ¯®«ãç ¥¬:

�
Z
d��0 ln �0 � �

Z
d��0 ln� = � ln �

Z
d��0 = �

Z
d�� ln� (�.9)

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. � (�.9) ¬ë ¢®á¯®«ì§®¢ «¨áì ¯®áâ®ï­áâ¢®¬ ¬¨ªà®ª ­®-
­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï � ¢ í­¥à£¥â¨ç¥áª®¬ á«®¥ ¨ ãá«®¢¨¥¬ ­®à¬¨à®¢ª¨ ¤«ï � ¨
�0.

�ªáâà¥¬ «ì­®áâì ª ­®­¨ç¥áª®£® à á¯à¥¤¥«¥­¨ï �¨¡¡á .

�®ª ¦¥¬, çâ® ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ �¨¡¡á  á®®â¢¥âáâ¢ã¥â ¬ ªá¨¬ã¬ã ¨­-
ä®à¬ æ¨®­­®© í­âà®¯¨¨ ¯à¨ § ¤ ­­®© áà¥¤­¥© í­¥à£¨¨ á¨áâ¥¬ë:

< H >=

Z
d�H� (�.10)

¨ ¯à¨ á®åà ­¥­¨¨ ­®à¬¨à®¢ª¨: Z
d�� = 1: (�.11)

� áá¬®âà¨¬ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥:

� = Z�1 exp (��H) ; Z =

Z
d� exp (��H) (�.12)

£¤¥ � = 1=T . �ãáâì �0 { ­¥ª®â®à®¥ ¤àã£®¥ ­®à¬¨à®¢ ­­®¥ à á¯à¥¤¥«¥­¨¥, á®®â¢¥â-
áâ¢ãîé¥¥ â®© ¦¥ á ¬®© áà¥¤­¥© í­¥à£¨¨, çâ® ¨ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ �:Z

d��0H =

Z
d��H (�.13)

  ¢ ®áâ «ì­®¬ �0 ¯à®¨§¢®«ì­®. �®¤áâ ¢«ïï (�.12) ¢ (�.7), ¯®«ãç¨¬:

�
Z
d��0 ln �0 � �

Z
d��0 ln � = lnZ + �

Z
d��0H = lnZ + �

Z
d��H

â.¥. �
Z
d��0 ln �0 � �

Z
d�� ln� (�.14)

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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�ªáâà¥¬ «ì­®áâì ¡®«ìè®£® ª ­®­¨ç¥áª®£®  ­á ¬¡«ï �¨¡¡á .

�«ï à §­®®¡à §¨ï ¯à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¤«ï ª¢ ­â®¢®£® á«ãç ï. �­âà®¯¨ï ª¢ ­-
â®¢®£®  ­á ¬¡«ï ®¯à¥¤¥«ï¥âáï ª ª:

S = �Sp� ln � (�.15)

£¤¥ � { ¬ âà¨æ  ¯«®â­®áâ¨. � ¤¨ £®­ «ì­®¬ ¯à¥¤áâ ¢«¥­¨¨ ¨¬¥¥¬ (áà. (1.175)):

S = �
X
k

wk lnwk (�.16)

çâ® ¯àï¬® ¨¬¥¥â ¢¨¤ (�.1) ¨­ä®à¬ æ¨®­­®© í­âà®¯¨¨ ¤«ï ¤¨áªà¥â­®© ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ á®¡ëâ¨©.

�ªáâà¥¬ «ì­ë¥ á¢®©áâ¢  ª¢ ­â®¢ëå  ­á ¬¡«¥© ¬®¦­® ¯®«ãç¨âì, ¨á¯®«ì§ãï ­¥-
à ¢¥­áâ¢®:

Sp�0 ln �0 � Sp�0 ln � (�.17)

£¤¥ � ¨ �0 { ¯à®¨§¢®«ì­ë¥ ­®à¬¨à®¢ ­­ë¥ áâ â¨áâ¨ç¥áª¨¥ ®¯¥à â®àë. � ¢¥­áâ¢®
®¯ïâì ¨¬¥¥â ¬¥áâ® «¨èì ¯à¨ � = �0. �â® ­¥à ¢¥­áâ¢® á«¥¤ã¥â ¨§ lnx � 1 � 1=x,
çâ® á¯à ¢¥¤«¨¢® ¯à¨ x > 0 (à ¢¥­áâ¢® ¨¬¥¥â ¬¥áâ® ¯à¨ x = 1). �®áâ ¢«ïï áî¤ 
x = �0��1 ¨ ãáà¥¤­ïï ¯® �0, ¨¬¥¥¬:

Sp�0 ln(�0��1) � Sp�0(1� ��0�1) = 0 (�.18)

â.ª. ®¡¥ ¬ âà¨æë ¯«®â­®áâ¨ ­®à¬¨à®¢ ­ë ­  ¥¤¨­¨æã,   ®¯¥à â®àë ¯®¤ §­ ª®¬ Sp
¬®¦­® ¯¥à¥áâ ¢«ïâì.

�®ª ¦¥¬ â¥¯¥àì, çâ® ¡®«ìè®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ �¨¡¡á  á®®â¢¥â-
áâ¢ã¥â ¬ ªá¨¬ã¬ã ¨­ä®à¬ æ¨®­­®© í­âà®¯¨¨ ¯à¨ § ¤ ­­®© áà¥¤­¥© í­¥à£¨¨:

< H >= Sp�H (�.19)

¨ áà¥¤­¥¬ ç¨á«¥ ç áâ¨æ:
< N >= Sp�N (�.20)

¯à¨ á®åà ­¥­¨¨ ­®à¬¨à®¢ª¨:

Sp� = 1: (�.21)

� ¯¨è¥¬ ¡®«ìè®¥ ª ­®­¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ¢ ¢¨¤¥:

� = exp

�

 �H + �N

T

�
; e�



T = Sp exp

�
�H � �N

T

�
: (�.22)

�®£¤  ¨§ ­¥à ¢¥­áâ¢  (�.17) ¯®«ãç ¥¬ (áç¨â ï, çâ® �0 { «î¡ ï ¤àã£ ï ¬ âà¨æ  ¯«®â-
­®áâ¨ á â¥¬¨ ¦¥ áà¥¤­¨¬¨ (�.19), (�.20),(�.21)):

� Sp�0 ln�0 � �Sp�0 ln� = �Sp
�
�0
�



T
� H

T
+
�N

T

��
= �Sp� ln � (�.23)

çâ® ¨ âà¥¡®¢ «®áì! �¤¥áì ¨á¯®«ì§®¢ «¨ (�.19),(�.20),(�.21), á¯à ¢¥¤«¨¢ë¥ ¤«ï � ¨
�0, â.¥.

Sp�0H = Sp�H; Sp�0N = Sp�N: (�.24)
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� áá¬®âà¥­­ë¥ íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  áâ â¨áâ¨ç¥áª¨å  ­á ¬¡«¥© �¨¡¡á 
¬®¦­® ¯®«®¦¨âì ¢ ®á­®¢ã ¨å ®¯à¥¤¥«¥­¨ï. �â® ¤ ¥â ¥é¥ ®¤¨­ ¯®¤å®¤ ª ®¡®á­®-
¢ ­¨î à ¢­®¢¥á­®© áâ â¨áâ¨ç¥áª®© ¬¥å ­¨ª¨2. �§ íâ¨å ¯®áâà®¥­¨© ¢¨¤­®, çâ® í­-
âà®¯¨ï á¥âì ¬¥à  ­¥¤®áâ âª  ¨­ä®à¬ æ¨¨ ® ¤¥©áâ¢¨â¥«ì­®© áâàãªâãà¥ ¬­®£®ç -
áâ¨ç­®© á¨áâ¥¬ë. �â®â ­¥¤®áâ â®ª ¨­ä®à¬ æ¨¨ ¯à¨¢®¤¨â ª â®¬ã, çâ® ¢®§¬®¦­®
¡®«ìè®¥ à §­®®¡à §¨¥ à §«¨ç­ëå ¬¨ªà®á®áâ®ï­¨©, ª®â®àë¥ ¬ë ¯à ªâ¨ç¥áª¨ ­¥ ¬®-
¦¥¬ ®â«¨ç¨âì ¤àã£ ®â ¤àã£ . � ª¨¬ ®¡à §®¬, ­¥¤®áâ â®ª ¨­ä®à¬ æ¨¨ á®®â¢¥âáâ¢ã¥â
¤¥©áâ¢¨â¥«ì­®¬ã ¡¥á¯®àï¤ªã ¢ áªàëâëå áâ¥¯¥­ïå á¢®¡®¤ë. �â®â ­¥¤®áâ â®ª ¨­ä®à-
¬ æ¨¨ ¬ ªá¨¬ «¥­, ª®£¤  á¨áâ¥¬  ­ å®¤¨âáï ¢ à ¢­®¢¥á­®¬ á®áâ®ï­¨¨, â®£¤  ¬ë
¯à ªâ¨ç¥áª¨ ­¨ç¥£® ­¥ §­ ¥¬ ® ¤¥â «ïå ¥¥ ¬¨ªà®áâàãªâãàë, ¢á¥ ®¯à¥¤¥«ï¥âáï ­¥-
¡®«ìè¨¬ ç¨á«®¬ â¥à¬®¤¨­ ¬¨ç¥áª¨å ¯ à ¬¥âà®¢. �®¯ëâª¨ ãâ®ç­¨âì ¤¥â «¨ ¢­ã-
âà¥­­¥£® \ãáâà®©áâ¢ " á¨áâ¥¬ë ­¥¨§¡¥¦­® ¡ã¤ãâ ¢ë¢®¤¨âì ¥¥ ¨§ à ¢­®¢¥á­®£® á®-
áâ®ï­¨ï (ã¬¥­ìè âì í­âà®¯¨î).

\�¥¬®­" � ªá¢¥««  ¨ ¥£® ¨§£­ ­¨¥.

�­â¥à¥á­ë¥ ¨­ä®à¬ æ¨®­­ë¥  á¯¥ªâë áâ â¨áâ¨ç¥áª®© â¥à¬®¤¨­ ¬¨ª¨ ¬®¦­® à á-
á¬®âà¥âì ¯à¨  ­ «¨§¥ § ¤ ç¨ ® \¤¥¬®­¥" � ªá¢¥««  [35]. �ë â®«ìª® çâ® ¢¨¤¥«¨, çâ®
¯®¯ëâª¨ ¢¬¥è âìáï ¢ ¬¨ªà®¯à®æ¥ááë ¢­ãâà¨ ¬ ªà®áª®¯¨ç¥áª®© á¨áâ¥¬ë, á æ¥«ìî
¯à¨®¡à¥â¥­¨ï ¨­ä®à¬ æ¨¨ ® ¤¥â «ïå ¢­ãâà¥­­¥£® ¤¢¨¦¥­¨ï ç áâ¨æ, ¬®£ãâ ¢ë¢¥-
áâ¨ á¨áâ¥¬ã ¨§ á®áâ®ï­¨ï à ¢­®¢¥á¨ï. �®§¬®¦­® ¯¥à¢ë© ¯à¨¬¥à â ª¨å ¤¥©áâ¢¨©
¡ë« à áá¬®âà¥­ � ªá¢¥««®¬, ª®â®àë© ¯à¥¤«®¦¨« ¯ à ¤®ªá ® \¤¥¬®­¥" (¬¨ªà®-
áª®¯¨ç¥áª®¬ áãé¥áâ¢¥ ¨«¨  ¢â®¬ â¥), ª®â®àë© \à ¡®â «-¡ë" ¯à®â¨¢ ¢â®à®£® ­ -
ç «  â¥à¬®¤¨­ ¬¨ª¨. �à®áâ¥©è¨© ¢ à¨ ­â â ª®£® \¤¥¬®­ " ¬®¦­® ¯à¥¤áâ ¢¨âì
á¥¡¥ á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì ã ­ á ¨¬¥¥âáï á®áã¤ á £ §®¬, ­ å®¤ïé¨¬áï ¢ á®-
áâ®ï­¨¨ â¥à¬®¤¨­ ¬¨ç¥áª®£® à ¢­®¢¥á¨ï. �ãáâì ¢ íâ®¬ á®áã¤¥ ¨¬¥¥âáï ¯¥à¥£®à®¤ª 
(à §¤¥«ïîé ï á®áã¤ ­  ç áâ¨ A ¨ B) á ®â¢¥àáâ¨¥¬, ª®â®à®¥ á­ ¡¦¥­® ¤¢¥àæ¥©. �®£¤ 
¬®¦­® ¯à¥¤áâ ¢¨âì á¥¡¥, çâ® \¤¥¬®­", à á¯®« £ ïáì ã íâ®© ¤¢¥àæë ¬®¦¥â ¯à®¯ãá-
ª âì ç¥à¥§ ®â¢¥àáâ¨¥ â®«ìª® ¡®«¥¥ ¡ëáâàë¥ ¬®«¥ªã«ë £ § , «¥âïé¨¥, áª ¦¥¬, ¨§ A
¢ B,   ¨§ B ¢ A { â®«ìª® ¡®«¥¥ ¬¥¤«¥­­ë¥ ¬®«¥ªã«ë. �®£¤  ¯® ¯à®è¥áâ¢¨¨ ­¥ª®-
â®à®£® ¢à¥¬¥­¨, ¯®á«¥ ­ ç «  â ª®© ¤¥ïâ¥«ì­®áâ¨, ¢ ç áâ¨ á®áã¤ , ®¡®§­ ç¥­­®© B
á®¡¥à¥âáï, ¢ áà¥¤­¥¬, ¡®«ìè¥ ¡ëáâàëå ¬®«¥ªã«, ç¥¬ ¢ ç áâ¨ A. �¥à¬®¤¨­ ¬¨ç¥áª®¥
à ¢­®¢¥á¨¥ ¡ã¤¥â ­ àãè¥­®, â¥¬¯¥à âãà  £ §  ¢ ç áâ¨ B áâ ­¥â ¢ëè¥ â¥¬¯¥à âãàë
£ §  ¢ ç áâ¨ B. � ª®© ¯à®æ¥áá ï¢­® ¯à®â¨¢®à¥ç¨â ¢â®à®¬ã ­ ç «ã â¥à¬®¤¨­ ¬¨ª¨,
â ª ­¥âàã¤­® § áâ ¢¨âì ¯¥à¥å®¤¨âì â¥¯«® ¢á¥ ¢à¥¬ï ¨§ ¡®«¥¥ å®«®¤­®© ®¡« áâ¨
£ §  ¢ ¡®«¥¥ £®àïçãî. � ¦­® ¯®¤ç¥àª­ãâì, çâ® ¢ ª ç¥áâ¢¥ \¤¥¬®­ " «¥£ª® ¯à¥¤-
áâ ¢¨âì á¥¡¥ ­¥ª®â®à®¥  ¢â®¬ â¨ç¥áª®¥ ãáâà®©áâ¢®, ª®â®à®¥, â ª¨¬ ®¡à §®¬, ¡ã¤¥â
­ àãè âì ¢â®à®¥ ­ ç «®. �¥¬ ¡®«¥¥, ª ¦¥âáï, çâ® \¨­â¥««¥ªâã «ì­ë© ¤¥¬®­" á¯à -
¢¨âáï á íâ®© § ¤ ç¥© ¡¥§ âàã¤ . � â®¦¥ ¢à¥¬ï, ¢â®à®¥ ­ ç «® ­®á¨â ã­¨¢¥àá «ì­ë©
å à ªâ¥à, ¢á¥ ¯à®æ¥ááë ¢ ¯à¨à®¤¥ ¤®«¦­ë ¥¬ã ¯®¤ç¨­ïâìáï. � ¤¥©áâ¢¨â¥«ì­®áâ¨ íâ®
â ª ¨ ¥áâì { ­¨ª ª®© \¤¥¬®­" ­¥ á¬®¦¥â ®¡¥á¯¥ç¨âì ¯à®æ¥áá ã¬¥­ìè¥­¨ï í­âà®¯¨¨ ¢

2�® áãâ¨ ¤¥« , ¬ë ¯à®áâ® ¯®ª § «¨, çâ® à §­ë¥ ¢ à¨ ­âë à á¯à¥¤¥«¥­¨ï �¨¡¡á  á®®â¢¥â-
áâ¢ãîâ ¬ ªá¨¬ã¬ã â¥à¬®¤¨­ ¬¨ç¥áª®© í­âà®¯¨¨ ¯à¨ ¢ë¯®«­¥­¨¨ á®®â¢¥âáâ¢ãîé¨å ¤®¯®«­¨â¥«ì-
­ëå ãá«®¢¨©. �â®, ¥áâ¥áâ¢¥­­®, ®¯à¥¤¥«ï¥â á®®â¢¥âáâ¢ãîé¨¥ à ¢­®¢¥á­ë¥ á®áâ®ï­¨ï.
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�¨á. �-1 �¥¬®­ � ªá¢¥«« .

§ ¬ª­ãâ®© á¨áâ¥¬¥, ¢ª«îç îé¥© ¥£® á ¬®£®. � à ¤®ªá � ªá¢¥««  ¢¯¥à¢ë¥ ¡ë« à §-
à¥è¥­ �æ¨«« à¤®¬, ¢ à¥§ã«ìâ â¥ ¤®¢®«ì­® ¯à®áâ®£®  ­ «¨§ , ª®â®àë© ¯à¨¢®¤¨âáï
­¨¦¥ [35].

�¥«® ¢ â®¬, çâ® \¤¥¬®­" ¤®«¦¥­ áã¬¥âì ¯à®­ ¡«î¤ âì ®â¤¥«ì­ë¥ ¬®«¥ªã«ë, á
æ¥«ìî ®â¤¥«¥­¨ï \¡ëáâàëå" ®â \¬¥¤«¥­­ëå". � ¤«ï íâ®£® ¥¬ã ­ã¦­® ¢®á¯®«ì§®-
¢ âìáï, ª ª¨¬¨-â® ä¨§¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨ ­ ¡«î¤¥­¨ï, ­ ¯à¨¬¥à, ¬®¦­® ®á¢¥é âì
¬®«¥ªã«ë \ä®­ à¨ª®¬" ¨ ¯®â®¬ â®«ìª® ª ª á«¥¤ã¥â \à áá¬®âà¥¢" ¨å ­ ç¨­ âì ¤¥©-
áâ¢®¢ âì.�®íâ®¬ã, ¨§®«¨à®¢ ­­ ï á¨áâ¥¬ , ª ª®â®à®© ¬ë ¤®«¦­ë ¯à¨¬¥­ïâì ¢â®à®¥
­ ç «®, á®áâ®¨â, ­  á ¬®¬ ¤¥«¥ ¨§:

� £ §  ¯à¨ ¯®áâ®ï­­®© â¥¬¯¥à âãà¥ T = T0, § ª«îç¥­­®£® ¢ § ¬ª­ãâ®¬ á®áã¤¥ á
¯¥à¥£®à®¤ª®© á ®â¢¥àáâ¨¥¬, à §¤¥«ïîé¨¬ á®áã¤ ­  ¤¢¥ ¯®«®¢¨­ë,

� ¤¥¬®­ , ã¯à ¢«ïîé¥£® ¤¢¥àæ¥© ¢ ®â¢¥àáâ¨¨,

� § àï¦¥­­®© ¡ â à¥©ª¨ ¨ í«¥ªâà¨ç¥áª®© « ¬¯®çª¨.

� â à¥©ª  ­ £à¥¢ ¥â ­¨âì « ¬¯ë ¤® ¢ëá®ª®© â¥¬¯¥à âãàë T1 > T0. �â® ãá«®¢¨¥
­¥®¡å®¤¨¬® ¤«ï ¯®«ãç¥­¨ï á¢¥â  á í­¥à£¨¥© ª¢ ­â®¢ �h!1 > T0, çâ® ­¥®¡å®¤¨¬® ¤«ï
â®£®, çâ®¡ë íâ¨ ª¢ ­âë ¬®£«¨ à á¯®§­ ¢ âìáï ­  ä®­¥ â¥¯«®¢®£® ¨§«ãç¥­¨ï, áãé¥-
áâ¢ãîé¥£® ¢ á®áã¤¥ á £ §®¬ ¯à¨ â¥¬¯¥à âãà¥ T0. �  ¯à®âï¦¥­¨¨ ®¯ëâ  ¡ â à¥©ª 
®â¤ ¥â ¯®«­ãî í­¥à£¨î E, ­¨âì « ¬¯®çª¨ ¨§«ãç ¥â íâã í­¥à£¨î ¨ â¥àï¥â í­âà®¯¨î.
�§¬¥­¥­¨¥ í­âà®¯¨¨ « ¬¯®çª¨ ¥áâì:

Sf = � E

T1
(�.25)

¨ ¢¢®¤¨â ¢ £ § ®âà¨æ â¥«ì­ãî í­âà®¯¨î. �¥§ ¢¬¥è â¥«ìáâ¢  ¤¥¬®­ , í­¥à£¨ï E ¯®-
£«®é ¥âáï ¢ £ §¥ ¯à¨ â¥¬¯¥à âãà¥ T0 ¨ ¬ë ­ ¡«î¤ ¥¬ ®¡é¥¥ ¢®§à áâ ­¨¥ í­âà®¯¨¨:

S =
E

T0
+ Sf =

E

T0
� E

T1
> 0 (�.26)

� áá¬®âà¨¬ â¥¯¥àì à ¡®âã ¤¥¬®­ . �­ á¬®¦¥â ®¡­ àã¦¨âì ¬®«¥ªã«ã, ¥á«¨ ¯® ¬¥­ì-
è¥© ¬¥à¥ ®¤¨­ ª¢ ­â í­¥à£¨¨ �h!1 à áá¥¨¢ ¥âáï ¬®«¥ªã«®© ¨ ¯®¯ ¤ ¥â ¢ \£« §"
¤¥¬®­  (¨«¨ ¢ ä®â®¯à¨¥¬­¨ª). �â® ®§­ ç ¥â, ¢ ª®­¥ç­®¬ áç¥â¥, ã¢¥«¨ç¥­¨¥ í­âà®-
¯¨¨ ¤¥¬®­ :

�Sd =
�h!1
T0

(�.27)
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�®«ãç¥­­ ï ¨­ä®à¬ æ¨ï ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­  ¤«ï ã¬¥­ìè¥­¨¨ í­âà®¯¨¨ á¨-
áâ¥¬ë. �áå®¤­ ï í­âà®¯¨ï á¨áâ¥¬ë à ¢­ :

S0 = ln
0 (�.28)

£¤¥ 
0 { áâ â¨áâ¨ç¥áª¨© ¢¥á (§ ¬ª­ãâ®©) á¨áâ¥¬ë. �®á«¥ ¯®«ãç¥­¨ï ¨­ä®à¬ æ¨¨
á¨áâ¥¬  ®¯à¥¤¥«¥­  ¡®«¥¥ ¯®«­®, 
0 ã¬¥­ìè ¥âáï ­  ­¥ª®â®àãî ¢¥«¨ç¨­ã p0:


1 = 
0 � p (�.29)

�â® ¯à¨¢®¤¨â ª ã¬¥­ìè¥­¨î í­âà®¯¨¨:

�Si = S1 � S0 = ln(
0 � p) � ln
0 � � p


0
(�.30)

¯®áª®«ìªã ¢® ¢á¥å ¯à ªâ¨ç¥áª¨å á«ãç ïå p� 
0. �¡é¨© ¡ « ­á í­âà®¯¨¨ ¢ëà ¦ -
¥âáï á®®â­®è¥­¨¥¬:

�Sd +�Si =
�h!1
T0

� p


0
> 0 (�.31)

â ª ª ª �h!1=T0 > 1, ­® p=
0 � 1. � ª¨¬ ®¡à §®¬, ¢ ª®­¥ç­®¬ áç¥â¥, í­âà®¯¨ï
¨§®«¨à®¢ ­­®© á¨áâ¥¬ë ¢®§à áâ ¥â, ª ª íâ® ¨ âà¥¡ã¥âáï ¨§ ¢â®à®£® ­ ç «  â¥à¬®-
¤¨­ ¬¨ª¨.

� áá¬®âà¨¬ ¢á¥ íâ® çãâì ¯®¤à®¡­¥¥, ­  ¯à¨¬¥à¥ ¨áå®¤­®© ¯®áâ ­®¢ª¨ § ¤ ç¨.
�à¥¤¯®«®¦¨¬, çâ® ¯® ¯à®è¥áâ¢¨¨ ­¥ª®â®à®£® ¢à¥¬¥­¨, ¤¥¬®­ áã¬¥« á®§¤ âì à §-
­®áâì â¥¬¯¥à âãà �T :

TB > TA; TB � TA = �T

TB = T0 +
1

2
�T ; TA = T0 � 1

2
�T (�.32)

� «¥¥ ¤¥¬®­ ¢ë¡¨à ¥â ¡ëáâàãî ¬®«¥ªã«ã ¢ ®¡« áâ¨ A á ª¨­¥â¨ç¥áª®© í­¥à£¨¥©
3
2T (1 + "1) ¨ ­ ¯à ¢«ï¥â ¥¥ ¢ ®¡« áâì B. � â¥¬ ®­ ¢ë¡¨à ¥â ¬¥¤«¥­­ãî ¬®«¥ªã«ã
¢ B á ª¨­¥â¨ç¥áª®© í­¥à£¨¥© 3

2T (1� "2) ¨ ¤ ¥â ¥© ¯à®­¨ª­ãâì ¢ A. �«ï â®£® çâ®¡ë
¯à®­ ¡«î¤ âì íâ¨ ¤¢¥ ¬®«¥ªã«ë, ¤¥¬®­ã âà¥¡ã¥âáï ¤¢  á¢¥â®¢ëå ª¢ ­â  ¨, á«¥¤®-
¢ â¥«ì­®, ¨¬¥¥âáï ã¢¥«¨ç¥­¨¥ ¥£® í­âà®¯¨¨:

�Sd = 2
�h!1
T0

> 2 (�.33)

�¡¬¥­ ¬®«¥ªã« ¬¨ ¯à¨¢®¤¨â ª ¯¥à¥­®áã ¨§ A ¢ B í­¥à£¨¨:

�Q =
3

2
T ("1 + "2) (�.34)

çâ®, á ãç¥â®¬ (�.32), á®®â¢¥âáâ¢ã¥â ã¬¥­ìè¥­¨î ¯®«­®© í­âà®¯¨¨:

�Si = �Q

�
1

TB
� 1

TA

�
� ��Q�T

T 2
= �3

2
("1 + "2)

�T

T
: (�.35)

�¥«¨ç¨­ë "1 ¨ "2 áª®à¥¥ ¢á¥£® ¬ «ë, �T � T , ¨ ¯®íâ®¬ã:

�Si = �3
2
�; � � 1; â ª çâ®

�Sd +�Si =

�
2
�h!1
T0

� 3

2
�

�
> 0 (�.36)
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çâ® á®®â¢¥âáâ¢ã¥â ¢â®à®¬ã ­ ç «ã â¥à¬®¤¨­ ¬¨ª¨.
�®¦­® à áá¬®âà¥âì ¨ ¤àã£®© ¯à¨¬¥à { ¤¥¬®­ ¯à¨ ­¨§ª®© â¥¬¯¥à âãà¥ (­ ¯à¨¬¥à

¢ ªà¨®áâ â¥), â®£¤  ¥£® â¥¬¯¥à âãà  T2 � T0. �à¨ íâ®¬ ®­ ¬®¦¥â \«®¢¨âì" ª¢ ­âë
�h!, ¨á¯ãáª ¥¬ë¥ ¬®«¥ªã« ¬¨ £ §  ¯à¨ â¥¬¯¥à âãà¥ T0. �®£¤  ¢¬¥áâ® à áá¬®âà¥­­ëå
¢ëè¥ ãá«®¢¨© T1 > T0 ¨ �h!1 > T0 ¨¬¥¥¬ ­¥à ¢¥­áâ¢  �h! > T2 ¨ T2 < T0, á ª®â®àë¬¨
¢á¥ ­ è¨ à ááã¦¤¥­¨ï ¯®¢â®àïîâáï. �á¥£¤  ­ã¦­  ­¥ª®â®à ï à §­®áâì â¥¬¯¥à âãà,
¢ ¯à®â¨¢­®¬ á«ãç ¥ ¤¥¬®­ ­¥ ¡ã¤¥â à ¡®â âì, ­® áà ¡®â âì ¯à®â¨¢ ¢â®à®£® ­ ç « 
®­ ­¥ á¬®¦¥â ­¨ª®£¤ .

�®«ãç¥­­ë¥ à¥§ã«ìâ âë ¢ëà ¦ îâ ®ç¥­ì ¢ ¦­ë© ä¨§¨ç¥áª¨© § ª®­: ä¨§¨ç¥-
áª®¥ ¨§¬¥à¥­¨¥ ¯à¨¢®¤¨â, ¢ ª®­¥ç­®¬ ¨â®£¥, ª á®®â¢¥âáâ¢ãîé¥¬ã ã¢¥«¨ç¥­¨î í­-
âà®¯¨¨. �¬¥¥âáï ­¥ª®â®àë© ­¨¦­¨© ¯à¥¤¥«, ­¨¦¥ ª®â®à®£® ¨§¬¥à¥­¨¥ áâ ­®¢¨âáï
­¥¢®§¬®¦­ë¬. �àã¡® íâ®â ¯à¥¤¥« á®®â¢¥âáâ¢ã¥â ã¬¥­ìè¥­¨î í­âà®¯¨¨ � 1(� kB).
�®«¥¥ âé â¥«ì­®¥ ¨áá«¥¤®¢ ­¨¥ ¯®ª §ë¢ ¥â, çâ® â®ç­®¥ §­ ç¥­¨¥ íâ®£® ¯à¥¤¥«  ¥áâì
kB ln 2 � 0:7kB ­  ®¤¨­ ¡¨â ¯®«ãç¥­­®© ¨­ä®à¬ æ¨¨ [35].

�â®, ®¤­ ª®, ­¥ ª®­¥æ ¨áâ®à¨¨ á ¤¥¬®­®¬ � ªá¢¥«« . �®âï ¢á¥ ¯à¨¢¥¤¥­­ë¥
¢ëè¥ à ááã¦¤¥­¨ï ­¥á®¬­¥­­® á¯à ¢¥¤«¨¢ë, ¡®«¥¥ ¯®§¤­¨¥ ¨áá«¥¤®¢ ­¨ï ¯®ª § «¨,
çâ® ¢ ¯à¨­æ¨¯¥ áãé¥áâ¢ãîâ á¯®á®¡ë ®¯à¥¤¥«¥­¨ï ¯®«®¦¥­¨ï ¬®«¥ªã«, ­¥ á¢ï§ ­­ë¥
á ¨å ®¡«ãç¥­¨¥¬ á¢¥â®¬ ¨ ­¥ ¯à¨¢®¤ïé¨¥ ª á®®â¢¥âáâ¢ãîé¥¬ã à®áâã í­âà®¯¨¨ [37].
�®®¡é¥ ®ª § «®áì, çâ® ­¥ª®â®àë¥ ®¯¥à æ¨¨ ®¡à ¡®âª¨ ¤ ­­ëå, ¢ª«îç ï, ­ ¯à¨¬¥à,
¯¥à¥§ ¯¨áì ¤ ­­ëå á ®¤­®£® ãáâà®©áâ¢  ­  ¤àã£®¥, ¬®£ãâ ¡ëâì (¯à¨ ®¯à¥¤¥«¥­­ëå
ãá«®¢¨ïå) á¢®¡®¤­ë ®â â¥à¬®¤¨­ ¬¨ç¥áª¨å ®£à ­¨ç¥­¨©. �à¨ç¨­  ¦¥, ¯® ª®â®à®©
á®®â¢¥âáâ¢ãîé¨© ¤¥¬®­ ¢á¥ à ¢­® ­¥ á¬®¦¥â ­ àãè¨âì ¢â®à®¥ ­ ç «®, á®áâ®¨â ¢
â®¬, çâ® ¤«ï â®£® çâ®¡ë ®¯à¥¤¥«¨âì ¯®«®¦¥­¨¥ ¬®«¥ªã«ë, ®­ ¤®«¦¥­ á­ ç «  \§ -
¡ëâì" ® à¥§ã«ìâ â¥ ¯à¥¤ë¤ãé¥£® ¨§¬¥à¥­¨ï, â.¥. ã­¨çâ®¦¨âì ¨­ä®à¬ æ¨î (\à á-
¯« â¨âìáï" ¢ â¥à¬®¤¨­ ¬¨ç¥áª®¬ á¬ëá«¥)3. �®®â¢¥âáâ¢ãîé¥¥ ®ç¨é¥­¨¥ ¯ ¬ïâ¨
(­ ¯à¨¬¥à ª®¬¯ìîâ¥à ) ¥áâì â¥à¬®¤¨­ ¬¨ç¥áª¨ ­¥®¡à â¨¬ ï ®¯¥à æ¨ï, ¯à¨¢®¤ï-
é ï ª ®¡é¥¬ã ¢®§à áâ ­¨î í­âà®¯¨¨ § ¬ª­ãâ®© á¨áâ¥¬ë4. �ë ­¥ ¡ã¤¥¬ ¯®¤à®¡­®
à áá¬ âà¨¢ âì íâ¨ ¨­â¥à¥á­ë¥ ¢®¯à®áë, ¤¥â «¨ ¬®¦­® ­ ©â¨ ¢ [36, 37].

3�î¡®¥ á®áâ®ï­¨¥ ¯ ¬ïâ¨ ª®¬¯ìîâ¥à  ¯à¥¤áâ ¢«ï¥âáï á¢®¨¬ ä¨§¨ç¥áª¨¬ á®áâ®ï­¨¥¬ (­ ¡®à®¬
â®ª®¢, ­ ¯àï¦¥­¨©, ­ ¬ £­¨ç¥­­®áâìî ¨ â.¯.).

4�á«¨ ¤¥¬®­ ®¡« ¤ ¥â ®ç¥­ì ¡®«ìè®© ¯ ¬ïâìî, ®­ ¬®¦¥â, ª®­¥ç­®, ¯à®áâ® § ¯®¬­¨âì à¥§ã«ì-
â âë ¢á¥å ¨§¬¥à¥­¨©. �®£¤  «®£¨ç¥áª¨ ­¥®¡à â¨¬ë¥ è £¨ á®¢¥àè âìáï ­¥ ¡ã¤ãâ. �à®¡«¥¬ , ®¤­ ª®,
¢ â®¬, çâ® â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì è £®¢ ­¥ ï¢«ï¥âáï â¥à¬®¤¨­ ¬¨ç¥áª¨¬ æ¨ª«®¬. �¥¬®­ ¯à¨
íâ®¬ ã¢¥«¨ç¨¢ ¥â í­âà®¯¨î á¢®¥© ¯ ¬ïâ¨, çâ®¡ë ã¬¥­ìè¨âì í­âà®¯¨î ®ªàã¦ îé¥© áà¥¤ë.



�à¨«®¦¥­¨¥ �

�¨­¥â¨ç¥áª¨¥ ãà ¢­¥­¨ï.

�¨­¥â¨ç¥áª®¥ ãà ¢­¥­¨¥ �®«ìæ¬ ­ .

� áá¬®âà¨¬ ¢ë¢®¤ ®á­®¢­®£® ãà ¢­¥­¨ï ª¨­¥â¨ç¥áª®© â¥®à¨¨ £ §®¢, ®¯à¥¤¥«ïîé¥£®
äã­ªæ¨î à á¯à¥¤¥«¥­¨ï f(p; r; t) ¤«ï ®â¤¥«ì­ëå  â®¬®¢ ¢ ®¡é¥¬ ­¥à ¢­®¢¥á­®¬
á«ãç ¥ 1. �â® ãà ¢­¥­¨¥ ï¢«ï¥âáï ®á­®¢­ë¬ ¯à¨ à¥è¥­¨¨ ¬­®¦¥áâ¢  § ¤ ç ä¨-

§¨ç¥áª®© ª¨­¥â¨ª¨ £ §®¢ [5, 17]. �­ «®£¨ç­ë¥ ª¢ ­â®¢ë¥ ª¨­¥â¨ç¥áª¨¥ ãà ¢­¥­¨ï
®¯¨áë¢ îâ ­¥à ¢­®¢¥á­ë¥ ¯à®æ¥ááë ¢ £ § å ª¢ §¨ç áâ¨æ ¢ ª¢ ­â®¢ëå ¦¨¤ª®áâïå ¨
â¢¥à¤ëå â¥« å ¯à¨ ­¨§ª¨å â¥¬¯¥à âãà å.

�á«¨ áâ®«ª­®¢¥­¨ï¬¨  â®¬®¢ ¬®¦­® ¡ë«® ¡ë ¯à¥­¥¡à¥çì, â® ª ¦¤ë©  â®¬ ¯à¥¤-
áâ ¢«ï« ¡ë á®¡®© § ¬ª­ãâãî ¯®¤á¨áâ¥¬ã ¨ ¤«ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¡ë«  ¡ë
á¯à ¢¥¤«¨¢  â¥®à¥¬  �¨ã¢¨««ï, ¢ á¨«ã ª®â®à®©

df

dt
= 0 (�.1)

�®«­ ï ¯à®¨§¢®¤­ ï ®§­ ç ¥â §¤¥áì ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢¤®«ì ä §®¢®© âà ¥ªâ®à¨¨
 â®¬ , ®¯à¥¤¥«ï¥¬®© ãà ¢­¥­¨ï¬¨ ¤¢¨¦¥­¨ï. � ®âáãâáâ¢¨¥ ¢­¥è­¥£® ¯®«ï ¢¥«¨ç¨­ 
¨¬¯ã«ìá  á¢®¡®¤­® ¤¢¨¦ãé¥£®áï  â®¬  ®áâ ¥âáï ¯®áâ®ï­­®©,   ¬¥­ïîâáï â®«ìª® ¥£®
ª®®à¤¨­ âë r. �®£¤ 

df

dt
=
@f

@t
+ vrf (�.2)

1�ëè¥, ¯à¨ à áá¬®âà¥­¨¨ ¡®«ìæ¬ ­®¢áª®© áâ â¨áâ¨ª¨ (á¬. ­ ¯à¨¬¥à (3.8), (3.28) ¨ â.¯.), íâ 
äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ®¡®§­ ç « áì ª ª n(p; q). �«ï ¯à®áâ®âë ¬ë ®£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬
®¤­® â®¬­ëå £ §®¢.
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£¤¥ v { áª®à®áâì. �á«¨ ¦¥ £ § ­ å®¤¨âáï ¢® ¢­¥è­¥¬ ¯®«¥ U (r), â®

df

dt
=
@f

@t
+ vrf + F

@f

@p
(�.3)

£¤¥ F = �rU { á¨« , ¤¥©áâ¢ãîé ï ­   â®¬ á® áâ®à®­ë ¯®«ï. � ¤ «ì­¥©è¥¬ ¤«ï
ªà âª®áâ¨ ¯®« £ ¥¬, çâ® ¢­¥è­¥¥ ¯®«¥ ®âáãâáâ¢ã¥â ¨ F = 0.

�ç¥â áâ®«ª­®¢¥­¨© ­ àãè ¥â à ¢¥­áâ¢® (�.1), äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¯¥à¥áâ ¥â
¡ëâì ¯®áâ®ï­­®© ¢¤®«ì ä §®¢ëå âà ¥ªâ®à¨© ¨ ¢¬¥áâ® (�.1) ­ã¦­® ­ ¯¨á âì:

df

dt
= St f (�.4)

£¤¥ á¨¬¢®« St f ®¡®§­ ç ¥â áª®à®áâì ¨§¬¥­¥­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¡« £®¤ àï
áâ®«ª­®¢¥­¨ï¬. �á¯®«ì§ãï (�.2) ¬®¦¥¬ ­ ¯¨á âì:

@f

@t
= �vrf + St f; (�.5)

çâ® ®¯à¥¤¥«ï¥â ¯®«­®¥ ¨§¬¥­¥­¨¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¢ § ¤ ­­®© â®çª¥ ä §®-
¢®£® ¯à®áâà ­áâ¢ , £¤¥ ¯¥à¢®¥ á« £ ¥¬®© ¢ ¯à ¢®© ç áâ¨ ¥áâì ã¡ë«ì ç¨á«   â®¬®¢ ¢
§ ¤ ­­®¬ í«¥¬¥­â¥ ä §®¢®£® ¯à®áâà ­áâ¢ , á¢ï§ ­­ ï á ¨å á¢®¡®¤­ë¬ ¤¢¨¦¥­¨¥¬.
�¥«¨ç¨­ã St f ­ §ë¢ îâ ¨­â¥£à «®¬ áâ®«ª­®¢¥­¨©,   ãà ¢­¥­¨¥ (�.4) { ª¨­¥â¨-
ç¥áª¨¬ ãà ¢­¥­¨¥¬.

�®­¥ç­®, ª¨­¥â¨ç¥áª®¥ ãà ¢­¥­¨¥ ¯à¨®¡à¥â ¥â á¬ëá« â®«ìª® ¯®á«¥ ãáâ ­®¢«¥-
­¨ï ï¢­®£® ¢¨¤  ¨­â¥£à «  áâ®«ª­®¢¥­¨©. �«ï ª ç¥áâ¢¥­­®£®  ­ «¨§  ª¨­¥â¨ç¥-
áª¨å ï¢«¥­¨© ¢ £ §¥ ç áâ® ¨á¯®«ì§ã¥âáï £àã¡ ï ®æ¥­ª  ¨­â¥£à «  áâ®«ª­®¢¥­¨© á
¯®¬®éìî ¯®­ïâ¨ï ¢à¥¬¥­¨ á¢®¡®¤­®£® ¯à®¡¥£  � { áà¥¤­¥£® ¢à¥¬¥­¨ ¬¥¦¤ã ¤¢ã¬ï
¯®á«¥¤®¢ â¥«ì­ë¬¨ áâ®«ª­®¢¥­¨ï¬¨  â®¬®¢ (� { ¯à¨¡«¨¦¥­¨¥):

St f � �f � f0
�

(�.6)

£¤¥ f0 { à ¢­®¢¥á­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï. �¨á«¨â¥«ì íâ®£® ¢ëà ¦¥­¨ï ®¡¥á-
¯¥ç¨¢ ¥â ®¡à é¥­¨¥ ¨­â¥£à «  áâ®«ª­®¢¥­¨© ¢ ­ã«ì ¢ à ¢­®¢¥á­®¬ á«ãç ¥,   §­ ª
¬¨­ãá ¢ëà ¦ ¥â â®â ä ªâ, çâ® áâ®«ª­®¢¥­¨ï ï¢«ïîâáï ¬¥å ­¨§¬®¬ ãáâ ­®¢«¥­¨ï
áâ â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï, â.¥. áâà¥¬ïâáï ã¬¥­ìè¨âì ®âª«®­¥­¨¥ äã­ªæ¨¨ à á¯à¥-
¤¥«¥­¨ï ®â à ¢­®¢¥á­®©. � íâ®¬ á¬ëá«¥ ¢¥«¨ç¨­  � ¨£à ¥â à®«ì ¢à¥¬¥­¨ à¥« ªá æ¨¨
¤«ï ãáâ ­®¢«¥­¨ï à ¢­®¢¥á¨ï ¢ ª ¦¤®¬ í«¥¬¥­â¥ ®¡ê¥¬  £ § .

�®á«¥¤®¢ â¥«ì­ë© ¢ë¢®¤ ¨­â¥£à «  áâ®«ª­®¢¥­¨© ¢ ª« áá¨ç¥áª®¬ £ §¥ ¬®¦­®
¯à®¢¥áâ¨ ¬¥â®¤®¬ �®£®«î¡®¢ , ª®â®àë© ¤ ¥â à¥£ã«ïà­ãî ¯à®æ¥¤ãàã ¯®«ãç¥­¨ï ­¥
â®«ìª® ¯à®áâ¥©è¥£® ãà ¢­¥­¨ï �®«ìæ¬ ­  (ª®â®à®¥ ­¥á«®¦­® ¯®«ãç¨âì ¨ ¨§ ç¨áâ®
í¢à¨áâ¨ç¥áª¨å á®®¡à ¦¥­¨© [17]), ­® ¨ ¯®¯à ¢®ª ª ­¥¬ã. �¨¦¥ ¬ë, ®¤­ ª®, ®£à ­¨-
ç¨¬áï «¨èì ¢ë¢®¤®¬ ¨¬¥­­® ¡®«ìæ¬ ­®¢áª®£® ¨­â¥£à «  áâ®«ª­®¢¥­¨©, ç¥£® ¢¯®«­¥
¤®áâ â®ç­® ¤«ï ¨««îáâà æ¨¨ ®¡é¥£® ¬¥â®¤ .

�áå®¤­ë¬ ¯ã­ªâ®¬ ¬¥â®¤  �®£®«î¡®¢  ï¢«ï¥âáï ¨á¯®«ì§®¢ ­¨¥ æ¥¯®çª¨ ãà ¢-
­¥­¨© ¤«ï ç áâ¨ç­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï (1.93):

@Fs
@t

= fH(s); Fsg+ N

V

sX
i=1

Z
@U (jri � rs+1j)

@ri

@Fs+1
@pi

drs+1dps+1 (�.7)
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� ª®­¥ç­®¬ áç¥â¥ ¬ë ¤®«¦­ë ¯®áâà®¨âì § ¬ª­ãâ®¥ ãà ¢­¥­¨¥ ¤«ï ®¤­®ç áâ¨ç­®©
äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï f(p; r; t) = N

V
F1(r;p; t) 2.

�«ï F1(r;p; t) ¨§ (�.7) ¨ ®¯à¥¤¥«¥­¨ï áª®¡®ª �ã áá®­  ­¥¬¥¤«¥­­® ¨¬¥¥¬ ¯¥à¢®¥
ãà ¢­¥­¨¥ æ¥¯®çª¨ ¢ ¢¨¤¥:

@F1(t; �1)

@t
+ v1

@F1(t; �1)

@r1
=
N

V

Z
@U12
@r1

@F2(t; �1; �2)

@p1
d�2 (�.8)

£¤¥, ¤«ï ªà âª®áâ¨, ¢¢¥¤¥­ë  à£ã¬¥­âë � = r;p.
�­ «®£¨ç­ë¬ ®¡à §®¬, ¢â®à®¥ ãà ¢­¥­¨¥ æ¥¯®çª¨ ¨¬¥¥â ¢¨¤:

@F2
@t

+ v1
@F2
@r1

+ v2
@F2
@r2

� @U12
@r1

@F2
@p1

� @U12
@r2

@F2
@p2

=

=
N

V

Z
d�3

�
@F3
@p1

@U13
@r1

+
@F3
@p2

@U23
@r2

�
(�.9)

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¨­â¥£à «, áâ®ïé¨© ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï
¬ «. � á ¬®¬ ¤¥«¥, ¯®â¥­æ¨ « ¢§ ¨¬®¤¥©áâ¢¨ï U (r) § ¬¥â­® ®â«¨ç¥­ ®â ­ã«ï â®«ìª®
¢ ¯à¥¤¥« å à ¤¨ãá  ¤¥©áâ¢¨ï á¨« d, â.¥. ¯à¨ r < d. �®íâ®¬ã ¢ à áá¬ âà¨¢ ¥¬®¬
¨­â¥£à «¥ ¯® d�3 ¨­â¥£à¨à®¢ ­¨¥ ¯® ª®®à¤¨­ â ¬ ¯à®¨áå®¤¨â ä ªâ¨ç¥áª¨ «¨èì ¯®
®¡« áâï¬ jr1 � r3j < d ¨«¨ jr2 � r3j < d, â.¥. ¯® ®¡ê¥¬ã � d3. �á¯®«ì§ãï (1.81)
¨¬¥¥¬ 1

V

R
F3d�3 = F2, £¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¢á¥¬ã ä §®¢®¬ã ®¡ê¥¬ã. �®£¤ 

¯®«ãç ¥¬ á«¥¤ãîéãî ®æ¥­ªã:

N

V

Z �
@F3
@p1

@U13
@r1

�
d�3 � @U (r)

@r

@F2
@p1

d3

a3
(�.10)

£¤¥ a { áà¥¤­¥¥ à ááâ®ï­¨¥ ¬¥¦¤ã ç áâ¨æ ¬¨ ¢ £ §¥. �®£¤  ïá­®, çâ® ¯à ¢ ï áâ®-
à®­  ãà ¢­¥­¨ï (�.9) ¬ «  ¯® ¯ à ¬¥âàã (d=a)3 (£ § áç¨â ¥âáï ¤®áâ â®ç­® à §à¥-
¦¥­­ë¬!) ¯® áà ¢­¥­¨î á ç«¥­ ¬¨, á®¤¥à¦ é¨¬¨ @U=@r ¢ «¥¢®© ç áâ¨. �®íâ®¬ã
¥© ¬®¦­® ¯à®áâ® ¯à¥­¥¡à¥çì. �®¢®ªã¯­®áâì á« £ ¥¬ëå ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï
¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«­ãî ¯à®¨§¢®¤­ãî dF2=dt, ¢ ª®â®à®© r1; r2;p1;p2 à áá¬ âà¨-
¢ îâáï ª ª äã­ªæ¨¨ ¢à¥¬¥­¨, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨ï¬ ¤¢¨¦¥­¨ï ¤«ï § ¤ ç¨
¤¢ãå â¥« á £ ¬¨«ìâ®­¨ ­®¬:

H =
p21
2m

+
p22
2m

+ U (jr1 � r2j) (�.11)

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬:
d

dt
F2(t; �1; �2) = 0 (�.12)

�® á¨å ¯®à ­ è¥ à áá¬®âà¥­¨¥ ­®á¨«® ç¨áâ® ¬¥å ­¨ç¥áª¨© å à ªâ¥à. �«ï ¢ë-
¢®¤  ª¨­¥â¨ç¥áª®£® ãà ¢­¥­¨ï ­¥®¡å®¤¨¬® á¤¥« âì ­¥ª®â®àë¥ ¯à¥¤¯®«®¦¥­¨ï áâ -
â¨áâ¨ç¥áª®£® å à ªâ¥à . � ¨¬¥­­®, ¯à¥¤¯®«®¦¨¬, çâ® ¢á¥ áâ «ª¨¢ îé¨¥áï ¢ à §-
à¥¦¥­­®¬ £ §¥ ç áâ¨æë ï¢«ïîâáï áâ â¨áâ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë¬¨. �â® ãâ¢¥à¦¤¥­¨¥
¡ã¤¥â ¨£à âì à®«ì ­ ç «ì­®£® ãá«®¢¨ï ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î (�.12).
�¬¥­­® ®­® ¢­®á¨â  á¨¬¬¥âà¨î ¯® ®â­®è¥­¨î ª ®¡®¨¬ ­ ¯à ¢«¥­¨ï¬ ¢à¥¬¥­¨, ¢
à¥§ã«ìâ â¥ ç¥£® ¨§ ¨­¢ à¨ ­â­ëå ª ®¡à é¥­¨î ¢à¥¬¥­¨ ãà ¢­¥­¨© ¬¥å ­¨ª¨ ¯®-
«ãç ¥âáï ­¥®¡à â¨¬®¥ ª¨­¥â¨ç¥áª®¥ ãà ¢­¥­¨¥. �ãâì ¤¥«  §¤¥áì ¢ â®¬, çâ® ª®àà¥-
«ïæ¨ï ¬¥¦¤ã ª®®à¤¨­ â ¬¨ ¨ ¨¬¯ã«ìá ¬¨ ç áâ¨æ £ §  ¢®§­¨ª ¥â «¨èì ¢ â¥ç¥­¨¥

2�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï f(p;r) ­®à¬¨à®¢ ­  ­  ¯®«­®¥ ç¨á«® ç áâ¨æ (3.28),   F1(r;p; t) ­ 
¥¤¨­¨æã, á®£« á­® (1.80).
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¤®áâ â®ç­® ª®à®âª®£® ¢à¥¬¥­¨ áâ®«ª­®¢¥­¨ï � d=v (v { áà¥¤­ïï áª®à®áâì ç áâ¨æ
£ § ) ¨ à á¯à®áâà ­ï¥âáï ­  à ááâ®ï­¨ï ¯®àï¤ª  d.

�ãáâì t0 { ­¥ª®â®àë© ¬®¬¥­â ¢à¥¬¥­¨, ¯à¥¤è¥áâ¢ãîé¨© áâ®«ª­®¢¥­¨î, ª®£¤ 
¤¢¥ ç áâ¨æë ­ å®¤ïâáï ¤®áâ â®ç­® ¤ «¥ª® ¤àã£ ®â ¤àã£  (jr10�r20j � d, £¤¥ ¨­¤¥ªá
­ã«ì ®â«¨ç ¥â §­ ç¥­¨ï ¢¥«¨ç¨­ ¢ íâ®â ¬®¬¥­â). �â â¨áâ¨ç¥áª ï ­¥§ ¢¨á¨¬®áâì
áâ «ª¨¢ îé¨åáï ç áâ¨æ ®§­ ç ¥â, çâ® ¢ â ª®© ¬®¬¥­â t0 ¤¢ãåç áâ¨ç­ ï äã­ªæ¨ï
à á¯à¥¤¥«¥­¨ï F2 ä ªâ®à¨§ã¥âáï ­  ®¤­®ç áâ¨ç­ë¥ äã­ªæ¨¨ F1. �®íâ®¬ã ¨­â¥£à¨-
à®¢ ­¨¥ ãà ¢­¥­¨ï (�.12) ®â t0 ¤® t ¤ ¥â:

F2(t; �1; �2) = F1(t0; �10)F1(t0; �20) (�.13)

�¤¥áì �10 = (r10;p10) ¨ �20 = (r20;p20) ­ã¦­® ¯®­¨¬ âì ª ª â¥ §­ ç¥­¨ï ª®®à¤¨­ â ¨
¨¬¯ã«ìá®¢, ª®â®àë¥ ¤®«¦­ë ¨¬¥âì ç áâ¨æë ¢ ¬®¬¥­â t0 ¤«ï â®£®, çâ®¡ë ª ¬®¬¥­âã
t ¯à¨®¡à¥áâ¨ âà¥¡ã¥¬ë¥ §­ ç¥­¨ï �1 = (r1;p1) ¨ �2 = (r2;p2). � íâ®¬ á¬ëá«¥ �10
¨ �20 ï¢«ïîâáï äã­ªæ¨ï¬¨ ®â �1; �2 ¨ t � t0. �®«¥¥ â®£®, ®â t � t0 § ¢¨áïâ â®«ìª®
r10 ¨ r20,   §­ ç¥­¨ï p10 ¨ p20, ®â­®áïé¨¥áï ª á¢®¡®¤­®¬ã ¤¢¨¦¥­¨î ç áâ¨æ ¯¥à¥¤
áâ®«ª­®¢¥­¨¥¬, ®â ¢ë¡®à  t� t0 ­¥ § ¢¨áïâ.

�¥à­¥¬áï ª ãà ¢­¥­¨î (�.8) | ¡ã¤ãé¥¬ã ª¨­¥â¨ç¥áª®¬ã ãà ¢­¥­¨î. �£® «¥¢ ï
áâ®à®­  ã¦¥ ¨¬¥¥â âà¥¡ã¥¬ë© ¢¨¤, ­® ­ á â¥¯¥àì ¨­â¥à¥áã¥â ¯à ¢ ï ç áâì, ª®â®-
à ï ¤®«¦­  ¯à¥¢à â¨âìáï ¢ ¨­â¥£à « áâ®«ª­®¢¥­¨©. �®¤áâ ¢¨¬ âã¤  F2 ¨§ (�.13) ¨
¯¥à¥©¤¥¬ ®â äã­ªæ¨¨ F1 ª f(p; r; t) = N

V
F1(r;p; t). �®£¤  ¯®«ãç¨¬:

@f(t; �1)

@t
+ v1

@f(t; �1)

@r1
= St f (�.14)

£¤¥

St f =

Z
d�2

@U12
@r1

@

@p1
[f(t0; �10)f(t0; �20)] (�.15)

� ¨­â¥£à «¥ (�.15) áãé¥áâ¢¥­­  â®«ìª® ®¡« áâì jr2 � r1j � d | ®¡« áâì, £¤¥ ¯à®-
¨áå®¤¨â à¥ «ì­®¥ áâ®«ª­®¢¥­¨¥ ç áâ¨æ. � íâ®© ®¡« áâ¨, ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨,
¬®¦­® ¢®®¡é¥ ¯à¥­¥¡à¥çì ª®®à¤¨­ â­®© § ¢¨á¨¬®áâìî äã­ªæ¨¨ f , ¯®áª®«ìªã ®­ 
§ ¬¥â­® ¬¥­ï¥âáï ­  ¬ áèâ ¡ å ¯®àï¤ª  ¤«¨­ë ¯à®¡¥£  l, áãé¥áâ¢¥­­® ¯à¥¢ëè î-
é¨å d. �ª®­ç â¥«ì­ë© ¢¨¤ ¨­â¥£à «  áâ®«ª­®¢¥­¨©, ­  á ¬®¬ ¤¥«¥, ­¥ ¨§¬¥­¨âáï,
¥á«¨ ¬ë ¢®®¡é¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¯à®áâà ­áâ¢¥­­® ®¤­®à®¤­ë© á«ãç ©, ¯à¥¤-
¯®«®¦¨¢, çâ® äã­ªæ¨ï f ­¥ § ¢¨á¨â ®â ª®®à¤¨­ â. � á®®â¢¥âáâ¢¨¨ á® áª § ­­ë¬
çãâì ¢ëè¥, íâ® ®§­ ç ¥â, çâ® ¢ äã­ªæ¨ïå f(t0;p10) ¨ f(t0;p10) ¬®¦­® ¯à¥­¥¡à¥çì ¨
ï¢­®© (ç¥à¥§ r10(t); r20(t)) § ¢¨á¨¬®áâìî ®â ¢à¥¬¥­¨.

�à¥®¡à §ã¥¬ ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢ (�.15), ¢®á¯®«ì§®¢ ¢è¨áì (�.12)) á
ãç¥â®¬ ®âáãâáâ¢¨ï ï¢­®© § ¢¨á¨¬®áâ¨ ®â ¢à¥¬¥­¨:

d

dt
f(t0;p10)f(t0;p20) =

�
v1

@

@r1
+ v2

@

@r2
� @U12

@r1

@

@p1
� @U12

@r2

@

@p2

�
f(t0;p10)f(t0;p20) = 0

(�.16)
�ëà §¨¬ ®âáî¤  ¯à®¨§¢®¤­ãî ¯® p1 ç¥à¥§ ¯à®¨§¢®¤­ë¥ ¯® r1; r2 ¨ p2 ¨ ¯®¤áâ ¢¨¬
¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¢ (�.15). �«¥­ á ¯à®¨§¢®¤­®© @=@p2 ¨áç¥§ ¥â ¯®á«¥ ¯à¥®¡à -
§®¢ ­¨ï (¯® â¥®à¥¬¥ � ãáá ) ¢ ¨­â¥£à « ¯® ¯®¢¥àå­®áâ¨ ¢ ¨¬¯ã«ìá­®¬ ¯à®áâà ­áâ¢¥.
�®á«¥ íâ®£® ¯®«ãç ¥¬:

St f(t;p1) =
Z
v12

@

@r
[f(t0;p10)f(t0;p20)]d3rd3p2 (�.17)
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£¤¥ ¢¢¥¤¥­  ®â­®á¨â¥«ì­ ï áª®à®áâì ç áâ¨æ v12 = v1�v2 ¨ ãçâ¥­®, çâ® p10 ¨ p20,   á
­¨¬¨ ¨ ¢á¥ ¢ëà ¦¥­¨¥ ¢ ª¢ ¤à â­ëå áª®¡ª å, § ¢¨áïâ ­¥ ®â r1 ¨ r2 ¯® ®â¤¥«ì­®áâ¨,
  «¨èì ®â à §­®áâ¨ r = r1� r2. �¢¥¤¥¬ ¢¬¥áâ® r = (x; y; z) æ¨«¨­¤à¨ç¥áª¨¥ ª®®à¤¨-
­ âë z; �; ' á ®áìî z ¢¤®«ì v12. � ¬¥ç ï, çâ® v12@=@r = v12@=@z, ¨ ¨­â¥£à¨àãï ¯®
dz, ¯¥à¥¯¨è¥¬ (�.17) ¢ ¢¨¤¥:

St f(t;p1) =
Z
[f(t0;p10)f(t0;p20)]

��1�1 v12�d�d'd
3p2 (�.18)

£¤¥ ¯à¥¤¥«ë z = �1 ­ã¦­® ¯®­¨¬ âì ª ª à ááâ®ï­¨ï ¡®«ìè¨¥ ¯® áà ¢­¥­¨î á d,
­® ¬ «ë¥ ¯® áà ¢­¥­¨î á ¤«¨­®© ¯à®¡¥£  l. �â® á¢ï§ ­® á â¥¬, çâ® ¯à¨ ¯¥à¥å®¤¥
®â (�.15) ª (�.18) ¨á¯®«ì§®¢ «®áì ãà ¢­¥­¨¥ (�.16), á¯à ¢¥¤«¨¢®¥ «¨èì ¤® â¥å ¯®à,
¯®ª  à áá¬ âà¨¢ ¥¬ë¥ ç áâ¨æë ­¥ ¨á¯ëâ îâ á«¥¤ãîé¥£® áâ®«ª­®¢¥­¨ï.

�á¯®¬­¨¬ â¥¯¥àì, çâ® p10 ¨ p20 { ­ ç «ì­ë¥ (¢ ¬®¬¥­â t0) ¨¬¯ã«ìáë ç áâ¨æ,
ª®â®àë¥ ¢ ª®­¥ç­ë© ¬®¬¥­â t ¨¬¥îâ ¨¬¯ã«ìáë p1 ¨ p2. �á«¨ ¢ ª®­¥ç­ë© ¬®¬¥­â
¢à¥¬¥­¨ z = z1 � z2 = �1, ç áâ¨æë 1 ¨ 2 ­ å®¤ïâáï ­  à ááâ®ï­¨¨ § ¢¥¤®¬® ¯à¥-
¢ëè îé¥¬ d ¨ ­¥ ¢§ ¨¬®¤¥©áâ¢ãîâ ¤àã£ á ¤àã£®¬, áâ®«ª­®¢¥­¨ï ¥é¥ ­¥ ¡ë«®, â ª
çâ® ­ ç «ì­ë¥ ¨ ª®­¥ç­ë¥ ¨¬¯ã«ìáë á®¢¯ ¤ îâ: p10 = p1; p20 = p2 ¯à¨ z = �1.
�á«¨ ¦¥ ¢ ª®­¥ç­ë© ¬®¬¥­â ¢à¥¬¥­¨ z = +1, â® áâ®«ª­®¢¥­¨¥ ã¦¥ ¯à®¨§®è«®,
¢ à¥§ã«ìâ â¥ ç¥£® ç áâ¨æë ¯à¨®¡à¥«¨ ¨¬¯ã«ìáë p1 ¨ p2. � íâ®¬ á«ãç ¥ ®¡®§­ -
ç¨¬ p10 = p01(�) ¨ p20 = p02(�) ¯à¨ z = 1. �â¨ §­ ç¥­¨ï ¨¬¯ã«ìá®¢ ï¢«ïîâáï
äã­ªæ¨ï¬¨ ª®®à¤¨­ âë �, ¨£à îé¥© à®«ì ¯à¨æ¥«ì­®£® ¯ à ¬¥âà ,   ¯à®¨§¢¥¤¥­¨¥

�d�d' = d� (�.19)

¯à¥¤áâ ¢«ï¥â á®¡®© ª« áá¨ç¥áª®¥ íää¥ªâ¨¢­®¥ á¥ç¥­¨¥ à áá¥ï­¨ï [13].
� ¬¥â¨¬, ­ ª®­¥æ, çâ® ï¢­ãî § ¢¨á¨¬®áâì äã­ªæ¨© f(t0;p10) ¨ f(t0;p20) ®â t0

¬®¦­® § ¬¥­¨âì, ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à¨¡«¨¦¥­¨¨, â ª®© ¦¥ § ¢¨á¨¬®áâìî ®â t. �
á ¬®¬ ¤¥«¥, á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï (�.13) âà¥¡ã¥â «¨èì á®¡«î¤¥­¨ï ­¥à ¢¥­-
áâ¢  t� t0 � d=v: ¢ ¬®¬¥­â t0 à ááâ®ï­¨¥ ¬¥¦¤ã ç áâ¨æ ¬¨ ¤®«¦­® ¡ëâì ¢¥«¨ª® ¯®
áà ¢­¥­¨î á à ¤¨ãá®¬ ¤¥©áâ¢¨ï á¨« d. � â®¦¥ ¢à¥¬ï, à §­®áâì t� t0 ¬®¦­® ¢ë¡à âì
â ª, çâ®¡ë ã¤®¢«¥â¢®àï«®áì ãá«®¢¨¥ t� t0 � l=v, £¤¥ l { ¤«¨­  ¯à®¡¥£ . �â­®è¥­¨¥
l=v ¯à¥¤áâ ¢«ï¥â á®¡®© ¢à¥¬ï á¢®¡®¤­®£® ¯à®¡¥£ , ª®â®à®¥ ª ª à § ¨ ®¯à¥¤¥«ï¥â
å à ªâ¥à­®¥ ¢à¥¬ï ¨§¬¥­¥­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï. �®£¤  ¨§¬¥­¥­¨¥ äã­ªæ¨¨
à á¯à¥¤¥«¥­¨ï §  ¢à¥¬ï t� t0 ¡ã¤¥â ®â­®á¨â¥«ì­® ¬ «ë¬ ¨ ¨¬ ¬®¦­® ¯à¥­¥¡à¥çì.

� ãç¥â®¬ á¤¥« ­­ëå ãâ¢¥à¦¤¥­¨© ¯à¨¢®¤¨¬ (�.18) ª ®ª®­ç â¥«ì­®¬ã ¢¨¤ã:

St f(t;p1) =
Z
[f(t;p01)f(t;p

0
2)� f(t;p1)f(t;p2)]v12d�d3p2 (�.20)

­ §ë¢ ¥¬®¬ã ¨­â¥£à «®¬ áâ®«ª­®¢¥­¨© �®«ìæ¬ ­ . �¨­¥â¨ç¥áª®¥ ãà ¢­¥­¨¥ (�.5) á
â ª¨¬ ¨­â¥£à «®¬ áâ®«ª­®¢¥­¨© ­ §ë¢ ¥âáï ª¨­¥â¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ �®«ìæ¬ ­ .

�®«ìæ¬ ­ ¯®«ãç¨« ¢¨¤ ¨­â¥£à «  áâ®«ª­®¢¥­¨© ¨§ ¯à®áâëå í¢à¨áâ¨ç¥áª¨å á®-
®¡à ¦¥­¨© ¨ ­¥âà¨¢¨ «ì­®© £¨¯®â¥§ë ® ¬®«¥ªã«ïà­®¬ å ®á¥. �á­®, çâ® ¨­â¥£à «
áâ®«ª­®¢¥­¨© St f = �R� R, £¤¥ �R { áª®à®áâì ã¢¥«¨ç¥­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï
f(r;p1; t) §  áç¥â áâ®«ª­®¢¥­¨©  â®¬®¢ ¢ £ §¥,   R { áª®à®áâì ¥¥ ã¬¥­ìè¥­¨ï §  áç¥â
íâ¨å ¦¥ áâ®«ª­®¢¥­¨©. �¯à¥¤¥«¨¬ á­ ç «  ¢¥«¨ç¨­ã R. �«ï íâ®£® à áá¬®âà¨¬ ª -
ª®© { ­¨¡ã¤ì  â®¬ ¢ í«¥¬¥­â¥ ®¡ê¥¬  d3r ¢¡«¨§¨ â®çª¨ r, ¨¬¯ã«ìá ª®â®à®£® «¥¦¨â
¢ í«¥¬¥­â¥ ®¡ê¥¬  ¨¬¯ã«ìá­®£® ¯à®áâà ­áâ¢  d3p1 ¢¡«¨§¨ p1. � â®¬ ¦¥ á ¬®¬ ¯à®-
áâà ­áâ¢¥­­®¬ ®¡ê¥¬¥ ¨¬¥îâáï  â®¬ë á ¯à®¨§¢®«ì­ë¬¨ ¨¬¯ã«ìá ¬¨ p2, ª®â®àë¥
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¬®¦­® à áá¬ âà¨¢ âì ª ª ¯ãç®ª ç áâ¨æ, ¯ ¤ îé¨å ­   â®¬, ¨¬¥îé¨© ¨¬¯ã«ìá p1.
�«®â­®áâì ¯®â®ª  ¯ ¤ îé¨å  â®¬®¢ à ¢­ :

I = f(r;p2; t)d3p2jv1 � v2j: (�.21)

�®£« á­® £¨¯®â¥§¥ ¬®«¥ªã«ïà­®£® å ®á , äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï f ¢ (�.21) á®¢¯ -
¤ ¥â á à áá¬ âà¨¢ ¥¬®© ­ ¬¨ äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï, ¯®¤«¥¦ é¥© ®¯à¥¤¥«¥­¨î
¨§ ª¨­¥â¨ç¥áª®£® ãà ¢­¥­¨ï. �â® ª ¦¥âáï ¯®çâ¨ ®ç¥¢¨¤­ë¬, ­® ª ª à § íâ® ¨ ¥áâì
®á­®¢­®© ¬®¬¥­â ¢ë¢®¤ , ­¥ ¨¬¥îé¨© áâà®£®£® ®¡®á­®¢ ­¨ï. �¨á«® áâ®«ª­®¢¥­¨©
â¨¯  p2;p2 ! p01;p02, ¯à®¨áå®¤ïé¨å ¢ í«¥¬¥­â¥ ®¡ê¥¬  d3r ¢ ¥¤¨­¨æã ¢à¥¬¥­¨,
à ¢­®:

Id� = f(r;p2; t)jv1 � v2jd� (�.22)

�ª®à®áâì ã¬¥­ìè¥­¨ï R äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ áã¬¬¨-
à®¢ ­¨ï (�.22) ¯® ¢á¥¬ §­ ç¥­¨ï¬ p2 ¨ ã¬­®¦¥­¨¥¬ ¯®«ãç¥­­®£® à¥§ã«ìâ â  ­ 
¯à®áâà ­áâ¢¥­­ãî ¯«®â­®áâì  â®¬®¢ ¢ í«¥¬¥­â¥ ®¡ê¥¬  d3p1 ¯à®áâà ­áâ¢  áª®à®-
áâ¥©:

R = f(r;p1; t)
Z
d3p2d�jv1 � v2jf(r;p2; t) (�.23)

�®¤®¡­ë¬ ¦¥ ®¡à §®¬ ¬®¦­® ¢ëç¨á«¨âì ¨ ¢¥«¨ç¨­ã �R. �«ï íâ®£® à áá¬®âà¨¬
áâ®«ª­®¢¥­¨ï p01;p02 ! p1;p2, £¤¥ ¨¬¯ã«ìá p1 áç¨â ¥âáï ä¨ªá¨à®¢ ­­ë¬. �ãáâì
­   â®¬, ¨¬¥îé¨© ¨¬¯ã«ìá p01, ¯ ¤ ¥â ¯ãç®ª  â®¬®¢ á ¨¬¯ã«ìá ¬¨ p

0
2. �«®â­®áâì

¯®â®ª  ¯ ¤ îé¨å  â®¬®¢ à ¢­ :

f(r;p02; t)d
3p02jv02 � v01j: (�.24)

�¨á«® áâ®«ª­®¢¥­¨© à áá¬ âà¨¢ ¥¬®£® â¨¯  ¢ ¥¤¨­¨æã ¢à¥¬¥­¨ à ¢­®:

f(r;p02; t)d
3p02jv02 � v01jd�0: (�.25)

�ª®à®áâì ã¢¥«¨ç¥­¨ï �R äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ®¯à¥¤¥«ï¥âáï ¨­â¥£à «®¬:

�Rd3p1 =

Z
d3p02d�

0jv02 � v01j[f(r;p01; t)d3p01]f(r;p02; t): (�.26)

� á¨«ã ®¡à â¨¬®áâ¨ ãà ¢­¥­¨© ¤¢¨¦¥­¨ï ¬¥å ­¨ª¨ á¥ç¥­¨ï ¯à®æ¥áá®¢ à áá¥ï­¨ï,
®¡à â­ëå ¯® ®â­®è¥­¨î ¤àã£ ª ¤àã£ã, à ¢­ë: d� = d�0. �à®¬¥ â®£®, ¨§ § ª®­®¢
á®åà ­¥­¨ï á«¥¤ã¥â (à áá¬ âà¨¢ ¥¬ ã¯àã£¨¥ áâ®«ª­®¢¥­¨ï!):

jv1 � v2j = jv01 � v02j
d3p1d

3p2 = d3p01d
3p02: (�.27)

�®£¤ 

�R =

Z
d3p2d�jv1 � v2jf(r;p01; t)f(r;p02; t): (�.28)

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® §¤¥áì ¨¬¯ã«ìá p1 § ¤ ­, â®£¤  ª ª p01 ¨ p02 ï¢«ïîâáï
äã­ªæ¨ï¬¨ p1;p2.

�¡ê¥¤¨­ïï ­ ©¤¥­­ë¥ ¢ëà ¦¥­¨ï ¤«ï R ¨ �R, ¨ ¢¢®¤ï ®ç¥¢¨¤­ë¥ á®ªà é¥­­ë¥
®¡®§­ ç¥­¨ï, ¯®«ãç ¥¬:

St f = �R�R =

Z
d3p2d�jv1 � v2j(f 01f 02 � f1f2) (�.29)

çâ® á®¢¯ ¤ ¥â á (�.20).
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H { â¥®à¥¬ .

�à¥¤®áâ ¢«¥­­ë© á ¬®¬ã á¥¡¥ ­¥à ¢­®¢¥á­ë© £ §, ª ª ¨ ¢áïª ï § ¬ª­ãâ ï ¬ ªà®-
áª®¯¨ç¥áª ï á¨áâ¥¬ , áâà¥¬¨âáï ¯¥à¥©â¨ ¢ à ¢­®¢¥á­®¥ á®áâ®ï­¨¥. �®®â¢¥âáâ¢¥­­®
í¢®«îæ¨ï ­¥à ¢­®¢¥á­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï á®£« á­® ª¨­¥â¨ç¥áª®¬ã ãà ¢-
­¥­¨î ¤®«¦­  á®¯à®¢®¦¤ âìáï à®áâ®¬ í­âà®¯¨¨ £ § . �®ª ¦¥¬, çâ® íâ® ¤¥©áâ¢¨-
â¥«ì­® â ª.

�ëè¥ ¬ë ¯®ª § «¨ (á¬. (3.25), (3.30)), çâ® í­âà®¯¨ï ¨¤¥ «ì­®£® £ § , ­ å®¤ï-
é¥£®áï ¢ ­¥à ¢­®¢¥á­®¬ ¬ ªà®áª®¯¨ç¥áª®¬ á®áâ®ï­¨¨, ®¯¨áë¢ îé¥¬áï äã­ªæ¨¥©
à á¯à¥¤¥«¥­¨ï f , à ¢­ :

S =

Z
f ln

e

f
dV d3p: (�.30)

�¨ää¥à¥­æ¨àãï íâ® ¢ëà ¦¥­¨¥ ¯® ¢à¥¬¥­¨, § ¯¨è¥¬:

dS

dt
=

Z
@

@t

�
f ln

e

f

�
dV d3p = �

Z
ln f

@f

@t
dV d3p: (�.31)

�®áª®«ìªã ãáâ ­®¢«¥­¨¥ áâ â¨áâ¨ç¥áª®£® à ¢­®¢¥á¨ï ¢ £ §¥ ®áãé¥áâ¢«ï¥âáï áâ®«ª-
­®¢¥­¨ï¬¨ ¬®«¥ªã«, â® ¢®§à áâ ­¨¥ í­âà®¯¨¨ ¤®«¦­® ¡ëâì á¢ï§ ­® ¨¬¥­­® á®
áâ®«ª­®¢¨â¥«ì­®© ç áâìî ¨§¬¥­¥­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï. �§¬¥­¥­¨¥ ¦¥ íâ®©
äã­ªæ¨¨, á¢ï§ ­­®¥ á® á¢®¡®¤­ë¬ ¤¢¨¦¥­¨¥¬  â®¬®¢, ­¥ ¬®¦¥â ¨§¬¥­¨âì í­âà®¯¨¨
£ § . �¥©áâ¢¨â¥«ì­®, íâ  ç áâì ¨§¬¥­¥­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¤ ¥âáï (¤«ï £ § 
¢® ¢­¥è­¥¬ ¯®«¥) ¯¥à¢ë¬¨ ¤¢ã¬ï ç«¥­ ¬¨ ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï:

@f

@t
= �vrf � F@f

@p
+ St f: (�.32)

�å ¢ª« ¤ ¢ ¯à®¨§¢®¤­ãî dS=dt à ¢¥­:

�
Z
ln f

�
�v@f

@r
�F@f

@p

�
dV d3p =

Z �
v
@

@r
+F

@

@p

��
f ln

f

e

�
dV d3p: (�.33)

�­â¥£à « ¯® dV ®â ç«¥­  á ¯à®¨§¢®¤­®© @=@r ¯à¥®¡à §ã¥âáï á®£« á­® â¥®à¥¬¥
� ãáá  ¢ ¨­â¥£à « ¯® ¯®¢¥àå­®áâ¨, ®­ ®¡à é ¥âáï ¢ ­ã«ì, ¯®áª®«ìªã §  ¯à¥¤¥« ¬¨
§ ­¨¬ ¥¬®£® £ §®¬ ®¡ê¥¬  f = 0. �­ «®£¨ç­ë¬ ®¡à §®¬, ç«¥­ á ¯à®¨§¢®¤­®© @=@p
¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯® d3p ¯à¥®¡à §ã¥âáï ¢ ¨­â¥£à « ¯® ¡¥áª®­¥ç­® ã¤ «¥­­®© ¯®-
¢¥àå­®áâ¨ ¢ ¨¬¯ã«ìá­®¬ ¯à®áâà ­áâ¢¥ ¨ â®¦¥ ®¡à é ¥âáï ¢ ­ã«ì.

� ª¨¬ ®¡à §®¬, ¤«ï ¨§¬¥­¥­¨ï í­âà®¯¨¨ ®áâ ¥âáï:

dS

dt
= �

Z
lnfSt fd3pdV: (�.34)

�®¤áâ ¢«ïï áî¤  ¡®«ìæ¬ ­®¢áª¨© ¨­â¥£à « áâ®«ª­®¢¥­¨© (�.29), ¯®«ãç ¥¬:

dS

dt
= �

Z
d3p1

Z
dp32d�jv1 � v2j(f 02f 01 � f2f1) ln f1: (�.35)

�â®â ¨­â¥£à « ­¥ ¬¥­ï¥âáï ¯à¨ ¢§ ¨¬­®© ¯¥à¥áâ ­®¢ª¥ ¯¥à¥¬¥­­ëå p1;p2, ¯®-
áª®«ìªã á¥ç¥­¨¥ à áá¥ï­¨ï ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® íâ®© ¯¥à¥áâ ­®¢ª¨. �®¢¥àè ï



252 �¨­¥â¨ç¥áª¨¥ ãà ¢­¥­¨ï.

íâã § ¬¥­ã ¯¥à¥¬¥­­ëå ¨­â¥£à¨à®¢ ­¨ï ¨ ¡¥àï ¯®«®¢¨­ã ®â áã¬¬ë ­®¢®£® ¢ëà ¦¥-
­¨ï ¨ ¯à¥¦­¥£® ¢ëà ¦¥­¨ï (�.35), ¯®«ãç ¥¬:

dS

dt
= �1

2

Z
d3p1

Z
d3p2d�jv2 � v1j(f 02f 01 � f2f1) ln(f1f2): (�.36)

�â®â ¨­â¥£à « â ª¦¥ ¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® ¢§ ¨¬­®© ¯¥à¥áâ ­®¢ª¨ p1;p2 ¨
p01;p02, â ª ª ª ª ¦¤®¬ã ¯àï¬®¬ã áâ®«ª­®¢¥­¨î á®®â¢¥âáâ¢ã¥â ®¡à â­®¥ áâ®«ª­®-
¢¥­¨¥ á â¥¬ ¦¥ á ¬ë¬ á¥ç¥­¨¥¬ à áá¥ï­¨ï. �«¥¤®¢ â¥«ì­® ¬®¦­® ­ ¯¨á âì:

dS

dt
= �1

2

Z
d3p01

Z
d3p02d�

0jv02 � v01j(f2f1 � f 02f
0
1) ln(f

0
1f
0
2): (�.37)

� ¬¥ç ï, çâ® d3p01d
3p02 = d3p1d

3p2 ¨ jv02 � v01j = jv2 � v1j ¨ d�0 = d�, ¢®§ì¬¥¬
¯®«®¢¨­ã áã¬¬ë ¢ëà ¦¥­¨© (�.36), (�.37), ¢ à¥§ã«ìâ â¥ ç¥£® ¯®«ãç¨¬:

dS

dt
= �1

4

Z
d3p1

Z
d3p2d�jv2 � v1j(f 02f 01 � f2f1)[ln(f1f2) � ln(f 01f

0
2)]: (�.38)

�®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢ (�.38) ­¨ª®£¤  ­¥ ¡ë¢ ¥â ¯®«®¦¨â¥«ì­ë¬, çâ® ïá­®
¯®á«¥ ¨á¯®«ì§®¢ ­¨ï ã¦¥ ¨§¢¥áâ­®£® ­ ¬ ­¥à ¢¥­áâ¢  lnx < x� 1. �®®â¢¥âáâ¢¥­­®,
¬ë ¤®ª § «¨ H{â¥®à¥¬ã �®«ìæ¬ ­ : dSdt � 0, çâ® íª¢¨¢ «¥­â­® § ª®­ã ¢®§à áâ ­¨ï
í­âà®¯¨¨ 3.

�¥âàã¤­® ¯®­ïâì, çâ® dS
dt = 0 ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¯®¤¨­â¥£à «ì-

­®¥ ¢ëà ¦¥­¨¥ ¢ (�.38) â®¦¤¥áâ¢¥­­® à ¢­® ­ã«î. �â® ¨¬¥¥â ¬¥áâ® â®«ìª® ª®£¤ 
¢å®¤ïé¨¥ ¢ ¨­â¥£à « áâ®«ª­®¢¥­¨© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï à ¢­ë ¨å à ¢­®¢¥á-
­ë¬ ¡®«ìæ¬ ­®¢áª¨¬ ¢ëà ¦¥­¨ï¬. �âáî¤ , ªáâ â¨, ïá­®, çâ® ¯à¨ ¯à®¨§¢®«ì­ëå
­ ç «ì­ëå ãá«®¢¨ïå äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï f(p; t) áâà¥¬¨âáï ¯à¨ t ! 1 áâà¥-
¬¨âáï ª à ¢­®¢¥á­®¬ã §­ ç¥­¨î.

�¢ ­â®¢ë¥ ª¨­¥â¨ç¥áª¨¥ ãà ¢­¥­¨ï.

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ª¢ ­â®¢ëå ª¨­¥â¨ç¥áª¨å ãà ¢­¥­¨©. � è  § ¤ ç  á®-
áâ®¨â ¢ ¢ë¢®¤¥ § ¬ª­ãâ®£® ãà ¢­¥­¨ï ¤«ï ®¤­®ç áâ¨ç­®© ¬ âà¨æë ¯«®â­®áâ¨ ¨§
¡®£®«î¡®¢áª®© æ¥¯®çª¨ ãà ¢­¥­¨© ¤«ï ç áâ¨ç­ëå ¬ âà¨æ ¯«®â­®áâ¨ â¨¯  (1.163).
� áá¬ âà¨¢ ¥¬ë© ­¨¦¥ ¢ à¨ ­â ¬¥â®¤  �®£®«î¡®¢  ¯à¨­ ¤«¥¦¨â �ëàï­®¢ã [38].

�â àâã¥¬ á ª¢ ­â®¢®£® ãà ¢­¥­¨ï �¨ã¢¨««ï (1.128) ¤«ï ¯®«­®© (N { ç áâ¨ç­®©)
¬ âà¨æë ¯«®â­®áâ¨:

i�h
@�

@t
= [H; �] � H�� �H (�.39)

�ã¤¥¬ à ¡®â âì ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï, ¯®áâà®¥­­®¬ ­  á®¡áâ¢¥­-
­ëå äã­ªæ¨ïå £ ¬¨«ìâ®­¨ ­  \á¢®¡®¤­ëå ç áâ¨æ":

H0 = j� >= E� j� > (�.40)

3� §¢ ­¨¥ H{â¥®à¥¬  ¨¬¥¥â ¨áâ®à¨ç¥áª¨© å à ªâ¥à | ¢ à ¡®â å �®«ìæ¬ ­  à áá¬ âà¨¢ « áì
¢¥«¨ç¨­  H = �S.
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H0 =
X
�

E�a
+
� a� (�.41)

£¤¥ a+� ; a� | ®¯¥à â®àë à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï ä¥à¬¨®­®¢ ¨«¨ ¡®§®­®¢ ¢ ª¢ ­-
â®¢®¬ á®áâ®ï­¨¨ j� >. �®¤ � ¯®¤à §ã¬¥¢ ¥âáï ­ ¡®à ª¢ ­â®¢ëå ç¨á¥«, å à ªâ¥-
à¨§ãîé¨å ¤ ­­ë¥ ¢®§¡ã¦¤¥­¨ï. � é¥ ¢á¥£® ¨¬¥îâáï ¢¢¨¤ã á¢®¡®¤­ë¥ ç áâ¨æë,
å à ªâ¥à¨§ã¥¬ë¥ ¨¬¯ã«ìá®¬ (ª¢ §¨¨¬¯ã«ìá®¬) ¨ á¯¨­®¬: j� >= jp; � >= ��e

ipr=�h,
£¤¥ �� { á¯¨­®¢ ï ç áâì ¢®«­®¢®© äã­ªæ¨¨. �à¨ íâ®¬ ¢ ®âáãâáâ¢¨¥ ¬ £­¨â­®£®
¯®«ï E� � Ep = p2=2m. �¤­ ª® ¬®¦­® à áá¬®âà¥âì ¨ ¬¥­¥¥ âà¨¢¨ «ì­ë¥ á«ãç ¨.
� ¯à¨¬¥à � ¬®¦¥â ¡ëâì ­ ¡®à®¬ ª¢ ­â®¢ëå ç¨á¥« � ­¤ ã ¤«ï í«¥ªâà®­  ¢ ®¤­®-
à®¤­®¬ ¬ £­¨â­®¬ ¯®«¥: � = fn; pz; �g, íâ® ¬®£ãâ ¡ëâì ª¢ ­â®¢ë¥ ç¨á«  ãà®¢­¥© ¢
ª ª®©-â® ¤àã£®© â®ç­® à¥è ¥¬®© § ¤ ç¥, ª®£¤  £ ¬¨«ìâ®­¨ ­ ã¤ ¥âáï ¯à¥¤áâ ¢¨âì
¢ ¤¨ £®­ «ì­®¬ ¢¨¤¥ (�.41).

�¯¥à â®àë ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï ã¤®¢«¥â¢®àïîâ ®¡ëç­ë¬ ª®¬¬ãâ æ¨®­­ë¬
á®®â­®è¥­¨ï¬:

[a�; a
+
�0]� = ���0 (�.42)

[a� ; a�0]� = 0 [a+� ; a
+
�0]� = 0 (�.43)

£¤¥ � ®â­®á¨âáï ª ä¥à¬¨®­ ¬ ¨ ¡®§®­ ¬ á®®â¢¥âáâ¢¥­­®. �à¥¤¯®« £ ¥¬, çâ® íâ¨
®¯¥à â®àë ¢§ïâë ¢ èà¥¤¨­£¥à®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨, â.¥. ­¥ § ¢¨áïé¨¬¨ ®â ¢à¥¬¥­¨.

� è  æ¥«ì á®áâ®¨â ¢ ¯®«ãç¥­¨¨ ãà ¢­¥­¨© ¤«ï ®¤­®ç áâ¨ç­ëå ¬ âà¨æ ¯«®â­®-
áâ¨, ª®â®àë¥ ®¯à¥¤¥«ïîâáï ¨§ (1.163) ª ª:

F1��0 =< �jF1j�0 >= Sp�a+� a�0 �< a+� a�0 > (�.44)

�áâ¥áâ¢¥­­®, ¨¬¥¥âáï ¢ ¢¨¤ã à áá¬®âà¥âì á«ãç © ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ, ª®£¤ 
¯®«­ë© £ ¬¨«ìâ®­¨ ­ á¨áâ¥¬ë ¨¬¥¥â ¢¨¤:

H = H0 + V (�.45)

£¤¥ V { ­¥ª®â®àë© £ ¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï, â ª¦¥ § ¯¨á ­­ë© ¢ ¯à¥¤áâ ¢«¥-
­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï.

�á¯®«ì§ãï ãà ¢­¥­¨¥ �¨ã¢¨««ï (�.39) ¬®¦¥¬ § ¯¨á âì:

i�h
@

@t
Sp�a+� a�0 = i�h

@

@t
< a+� a� >= Sp[H; �]a+� a�0 =

= Sp�[a+� a�0 ;H] =< [a+� a�0;H] > (�.46)

£¤¥ ¯à®¢¥«¨ ®ç¥¢¨¤­ãî æ¨ª«¨ç¥áªãî ¯¥à¥áâ ­®¢ªã ®¯¥à â®à®¢ ¯®¤ §­ ª®¬ Sp. � -
ª¨¬ ®¡à §®¬ § ¤ ç  á¢®¤¨âáï ª ¢ëç¨á«¥­¨î áà¥¤­¥£® §­ ç¥­¨ï ª®¬¬ãâ â®à , áâ®-
ïé¥£® ¢ ¯à ¢®© ç áâ¨. �  íâ®¬ íâ ¯¥ ã¦¥ á«¥¤ã¥â ª®­ªà¥â¨§¨à®¢ âì âã ¨«¨ ¨­ãî
¬®¤¥«ì ¢§ ¨¬®¤¥©áâ¢¨ï.

�«¥ªâà®­ { ä®­®­­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥.
� áá¬®âà¨¬ ­¥ á ¬ë© ¯à®áâ®© á«ãç © | á¨áâ¥¬ã í«¥ªâà®­®¢ (ä¥à¬¨®­®¢), ­ å®¤ï-
é¨åáï ¢ á®áâ®ï­¨ïå j� >, ¢§ ¨¬®¤¥©áâ¢ãîé¨å á ä®­®­ ¬¨ (¡®§®­ ¬¨), á®áâ®ï­¨ï
ª®â®àëå å à ªâ¥à¨§ãîâáï ª¢ §¨¨¬¯ã«ìá®¬ jk >. �®£¤ :

H0 = H0
el +H0

ph (�.47)
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H0
el =

X
�

E�a
+
� a� H0

ph =
X
k

�h!kb
+

kbk (�.48)

V = Hel�ph =
X
�;�0;k

A(�0; �;k)a+� a�0(bk + b+�k) (�.49)

£¤¥ A(�0; �;k) = gk < �jeikrj�0 > { ¬ âà¨ç­ë© í«¥¬¥­â í«¥ªâà®­ { ä®­®­­®£® ¢§ ¨-
¬®¤¥©áâ¢¨ï, gk { ª®­áâ ­â  íâ®£® ¢§ ¨¬®¤¥©áâ¢¨ï.

� à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬¥ ­ã¦­®, ¢®®¡é¥ £®¢®àï, ¯®áâà®¨âì á¨áâ¥¬ã á¢ï§ ­­ëå
ª¨­¥â¨ç¥áª¨å ãà ¢­¥­¨© ¤«ï ®¤­®ç áâ¨ç­ëå ¬ âà¨æ ¯«®â­®áâ¨ í«¥ªâà®­®¢ (�.44)
¨ ä®­®­®¢:

N1kk0 =< kjN1jk0 >= Sp�b+kbk0 =< b+kbk0 > (�.50)

�®®â¢¥âáâ¢¥­­®, à áá¬®âà¨¬ â®ç­ë¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï â¨¯  (�.46):

i�h
@

@t
< a+� a�0 >=< [a+� a�0 ;H

0
el +H0

ph +Hel�ph] > (�.51)

i�h
@

@t
< b+kbk0 >=< [b+kbk0 ;H

0
el +H0

ph +Hel�ph] > (�.52)

� «¥¥ ­¥®¡å®¤¨¬® ­¥¯®áà¥¤áâ¢¥­­® ¢ëç¨á«¨âì à §«¨ç­ë¥ ¨¬¥îé¨¥áï §¤¥áì ª®¬¬ã-
â â®àë, ¨á¯®«ì§ãï ®á­®¢­ë¥ ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï (�.42), (�.43). � ç áâ-
­®áâ¨, ­¥âàã¤­® ¯®«ãç¨âì á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

[a+� a�0 ; a
+
� a�0 ] = a+� a�0��0� � a+� a�0���0 (�.53)

[b+qbq0 ; b+kbk0 ] = b+qbq0�q0k � b+kbq0�qk0 (�.54)

�®£¤  á ¨á¯®«ì§®¢ ­¨¥¬ (�.53) ¢ (�.51) ¯®«ãç ¥¬:�
i�h
@

@t
+E� �E�0

�
F1��0 =

X
��0q

n
A(�0; �;q)[���0H?

��0q � ���0H?
��0q] +

+ A?(�0; �;q)[���0H��0q � ���0H��q]
	

(�.55)

£¤¥ ¢¢¥«¨:
H?
��0q =< a+� a�0bq > H��0q =< a+� a�0b

+
q > (�.56)

�­ «®£¨ç­ë¬ ®¡à §®¬, á ¯®¬®éìî (�.54) ¨§ (�.52) ¯®«ãç¨¬:�
i�h
@

@t
+ �h!k � �h!k0

�
N1kk0 =

X
��0

n
A?(�0; �;k)H��0k �A(�0; �;k)H?

��0k0

o
(�.57)

� ª¨¬ ®¡à §®¬ ¢®§­¨ª îâ ¯¥à¢ë¥ ãà ¢­¥­¨ï ¡®£®«î¡®¢áª®© æ¥¯®çª¨. �  á«¥¤ãî-
é¥¬ íâ ¯¥ ­ã¦­® ¢ë¯¨á âì ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¤«ï H��0q;H?

�;�0q:

i�h
@

@t
< a+� a�bq >=< [a+� a�0bq;H

0
el +H0

ph +Hel�ph] >

i�h
@

@t
< a+� a�0b

+
q >=< [a+� a�0b

+
q;H

0
el +H0

ph +Hel�ph] > (�.58)

�á¯®«ì§ãï á­®¢  (�.53), (�.54),   â ª¦¥

[bq; b+kbk] = bk�kq [b+q; b
+

kbk] = �b
+

k�kq (�.59)
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¯®«ãç ¥¬:�
i�h
@

@t
+ E� � E�0 + �h!q

�
H�0;�;q =

X


0q0

A(
0; 
;q0)
n
< a+� a
0bq0b+q > �
�0+

+ < a+� a
0b
+
�q0b

+
q > �
�0� < a+
 a�0bq0b+q > �
0��

� < a+
 a�0b
+
�q0b

+
q > �
0�� < a+� a�0a

+

 a
0 > �qq0

o
(�.60)

�
i�h
@

@t
+E� � E�0 � �h!q

�
H?
�0;�;q =

X


0q0

A?(
0; 
;q0)
�
< a+� a
0bq0bq > �
�0+

+ < a+� a
0b
+
�q0bq > �
�0� < a+
 a�0bq0bq > �
0��

� < a+
 a�0b
+
�q0bq > �
0�� < a+� a�0a

+

 a
0 > �qq0

o
(�.61)

�®¦­®, ª®­¥ç­®, ¨ ¯à®¤®«¦ âì íâ®â ¯à®æ¥áá, ¢ë¯¨áë¢ ï á«¥¤ãîé¨¥ ãà ¢­¥­¨ï æ¥-
¯®çª¨, ª®â®àë¥ áâ ­®¢ïâáï ¢á¥ ¡®«¥¥ £à®¬®§¤ª¨¬¨, ­® ¤«ï ¡®«ìè¨­áâ¢  ¯à ªâ¨-
ç¥áª¨å § ¤ ç íâ¨å ãà ¢­¥­¨© ¤®áâ â®ç­®, ¥á«¨ ¢§ ¨¬®¤¥©áâ¢¨¥ ¤®áâ â®ç­® ¬ «®.
�¤¨­áâ¢¥­­ë¬ á¯®á®¡®¬ § ¬ëª ­¨ï ¡®£®«î¡®¢áª®© æ¥¯®çª¨ ï¢«ï¥âáï ¯à¨¡«¨¦¥­-
­®¥ ¢ëà ¦¥­¨¥ (\à áæ¥¯«¥­¨¥") ¢ëáè¨å ª®àà¥«ïâ®à®¢ ç¥à¥§ ­¨§è¨¥ (ä ªâ®à¨§ -
æ¨ï ¢ëáè¨å ¬ âà¨æ ¯«®â­®áâ¨ ç¥à¥§ ­¨§è¨¥). �â  ¯à®æ¥¤ãà , ª á®¦ «¥­¨î, ­¥
ï¢«ï¥âáï ¢¯®«­¥ ®¤­®§­ ç­®© ¢ ®¡é¥¬ á«ãç ¥. � à áá¬ âà¨¢ ¥¬®© § ¤ ç¥ ¤¢ãå-
ç áâ¨ç­ë¥ ª®àà¥«ïâ®àë ¬®¦­® á«¥¤ãîé¨¬ ®¡à §®¬ ¯à¨¡«¨¦¥­­® ¢ëà §¨âì ç¥à¥§
®¤­®ç áâ¨ç­ë¥4:

< a+� a�0b
+

kbk0 >� F1��0N1kk0

< a+� a�0bkb
+

k0
>�< a+� a�0 >< �kk0 + b+k0

bk >= F1��0(�kk0 +N1kk0 )

< a+� a�0a
+
� a�0 >� F1��0F1��0 + F1��0(��0� � F1��0)

< a+� a�0bk0bk >=< a�a�b
+

k0
b+k >= 0 (�.62)

�á¯®«ì§ãï (�.62) ¢ (�.60) ¨ ä®à¬ «ì­® ¨­â¥£à¨àãï íâ® ãà ¢­¥­¨¥, ¯®«ãç ¥¬:

H��0q(t) = e
i
�h (E��E�0+�h!q)t

�
H��0q(t0) +

1

i�h

Z t

t0

dt0IFN��0q(t
0)
�

(�.63)

£¤¥ t0 { ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨, ¨ ¬ë ¯®«®¦¨«¨:

IFN��0q(t
0) =

X


0q

A(
0; 
;q0)[(F1�
0�
�0 �

�F1
�0�
0�)(�qq0 + N1qq0 )� (F1��0F1�
0(�
�0 � F1
�0))�qq0 ]t0 (�.64)

£¤¥ ¯®á«¥¤­¨© ¨­¤¥ªá ®§­ ç ¥â, çâ® ¢á¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (®¤­®ç áâ¨ç­ë¥
¬ âà¨æë ¯«®â­®áâ¨) ¢ ª¢ ¤à â­ëå áª®¡ª å ¢§ïâë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0.

4�¥âàã¤­® ¢¨¤¥âì, çâ® §¤¥áì ¢ë¤¥«¥­ë ¢á¥ ¢®§¬®¦­ë¥ ª®¬¡¨­ æ¨¨ ¯ à (\á¯ à¨¢ ­¨ï") ®¯¥à -
â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï, áà¥¤­¨¥ ®â ª®â®àëå ¨ ¤ îâ ®¤­®ç áâ¨ç­ë¥ ¬ âà¨æë ¯«®â­®áâ¨.
� ª®¥ ¯à¥¤áâ ¢«¥­¨¥ íª¢¨¢ «¥­â­® ¨á¯®«ì§®¢ ­¨î â.­. â¥®à¥¬ë �¨ª , á¯à ¢¥¤«¨¢®© ¯à¨ ãáà¥¤­¥-
­¨¨ ¯® à ¢­®¢¥á­®© ¬ âà¨æ¥ ¯«®â­®áâ¨ [30].
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�¢¥¤¥¬ â¥¯¥àì ¡®£®«î¡®¢áª®¥ \ãá«®¢¨¥ ®á« ¡«¥­¨ï ª®àà¥«ïæ¨© " ¢ ¤ «¥ª®¬ ¯à®-
è«®¬:

lim
t0!�1H��0q(t0) = 0 (�.65)

�ë¡®à íâ®£® ãá«®¢¨ï ¢ ¡¥áª®­¥ç­®¬ ¯à®è«®¬ á¢ï§ ­ á ¯à¨­æ¨¯®¬ ¯à¨ç¨­­®áâ¨, ¨
ãá«®¢¨¥ (�.65) ¢ë¤¥«ï¥â \­ ¯à ¢«¥­¨¥ ¢à¥¬¥­¨".

�®£¤  (�.64) ¬®¦­® ¯¥à¥¯¨á âì ª ª:

H��0q(t) =
1

i�h

Z t

�1
dt0e�

i
�h (E��E�0+�h!q)(t0�t)IFN��0q(t

0) (�.66)

çâ® ¯®á«¥ § ¬¥­ë ¯¥à¥¬¥­­®© t0 � t = � ¤ ¥â:

H��0q(t) =
1

i�h

Z 0

�1
d�e

�i(E��E�0+�h!q) ��h IFN��0q(t+ � ) (�.67)

� ª¨¬ ®¡à §®¬, §­ ç¥­¨¥ ª®àà¥«ïâ®à  H��0q ¢ ¬®¬¥­â t ®¯à¥¤¥«ï¥âáï §­ ç¥­¨ï¬¨
¬ âà¨æ ¯«®â­®áâ¨ F1 ¨ N1 ¢® ¢á¥ ¯à¥¤ë¤ãé¨¥ ¬®¬¥­âë ¢à¥¬¥­¨ (à¥è¥­¨¥ á \¯ -
¬ïâìî"). �à¥¤¯®«®¦¨¬, á«¥¤ãï �®£®«î¡®¢ã, çâ® å à ªâ¥à­ë© ¢à¥¬¥­­®© ¬ áèâ ¡
\¯ ¬ïâ¨" ¯®àï¤ª  å à ªâ¥à­®£® (¬¨ªà®áª®¯¨ç¥áª®£®) ¢à¥¬¥­¨ í«¥ªâà®­ { ä®­®­-
­®£® ¢§ ¨¬®¤¥©áâ¢¨ï �0,   ¯® ¥£® ¯à®è¥áâ¢¨¨ í¢®«îæ¨ï ¢á¥å (ª¨­¥â¨ç¥áª¨å) ¢¥«¨-
ç¨­ ®¯à¥¤¥«ï¥âáï «¨èì ¢à¥¬¥­­®© § ¢¨á¨¬®áâìî ®¤­®ç áâ¨ç­ëå ¬ âà¨æ ¯«®â­®áâ¨.
�®£¤ , ¨­â¥à¥áãïáì í¢®«îæ¨¥© á¨áâ¥¬ë ­  ¢à¥¬¥­ å t� �0, ¬®¦­® íää¥ªâ ¬¨ \¯ -
¬ïâ¨" ¢ (�.67) ¯®«­®áâìî ¯à¥­¥¡à¥çì. �®®â¢¥âáâ¢¥­­®, á ¨á¯®«ì§®¢ ­¨¥¬

1

i

Z 0

�1
dte�ixt = lim

"!0+

1

i

Z 0

�1
dte�(x�i")t =

= lim
"!0+

1

x� i"
= P

1

x
� i�(x) (�.68)

áà §ã ¦¥ ¯®«ãç ¥¬:

H��0q = lim
"!0+

1

E� � E�0 + �h!q + i"

X
��0q0

A(
0; 
;q0)
n
(F1�
0�
�0�

�F1
�0�
0�)(�qq0 + N1qq0) � (F1��0F1

0 + F1�
0(�
�0 � F1
�0))�qq0

	
(�.69)

�­ «®£¨ç­ë¬ ®¡à §®¬, ¨§ (�.61) ¯®«ãç ¥¬:

H?
��0q = lim

"!0+

1

E� � E�0 � �h!q + i"

X
��0q0

A?(
0; 
;q0)
�
(F1�
0�
�0 (N1q0q + �qq0 )�

�F1
�0�
0�N1qq0 )� (F1
�0F1�
0 � F1��0F1

0)�qq0

	
(�.70)

� ¬¥â¨¬, çâ® à¥è¥­¨ï (�.67) ¨ (�.67) ­¥¬¥¤«¥­­® á«¥¤ãîâ ¨§ (�.60) ¨ (�.61) (á
ãç¥â®¬ à áæ¥¯«¥­¨ï (�.62)) ¥á«¨ ¯à¥¤¯®«®¦¨âì ®âáãâáâ¢¨¥ ï¢­®© § ¢¨á¨¬®áâ¨ H ¨
H? ®â ¢à¥¬¥­¨, çâ® ¯®§¢®«ï¥â á¤¥« âì ¢ (�.60) ¨ (�.61) ä®à¬ «ì­ãî § ¬¥­ã i�h @

@t !
i"5.

5�â® á®®â¢¥âáâ¢ã¥â £¨¯®â¥§¥ �®£®«î¡®¢  ® â®¬, çâ® ­  å à ªâ¥à­ëå ¤«ï ª¨­¥â¨ª¨ ¢à¥¬¥­ å,
¢ëáè¨¥ ¬ âà¨æë ¯«®â­®áâ¨ (äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï) § ¢¨áïâ ®â ¢à¥¬¥­¨ â®«ìª® ç¥à¥§ á®®â¢¥â-
áâ¢ãîéãî § ¢¨á¨¬®áâì ®¤­®ç áâ¨ç­ëå ¬ âà¨æ (äã­ªæ¨© à á¯à¥¤¥«¥­¨ï).
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�®¡áâ¢¥­­® £®¢®àï, ¯®¤áâ ­®¢ª  (�.69) ¨ (�.70) ¢ (�.55) ¨ (�.57) ã¦¥ ¤ ¥â § -
¬ª­ãâë¥ ª¨­¥â¨ç¥áª¨¥ ãà ¢­¥­¨ï ¤«ï F1 ¨ N1. �¤­ ª® ¨å ®¡é¨© ¢¨¤ áãé¥áâ¢¥­­®
ã¯à®é ¥âáï, ¥á«¨ ¯à¥¤¯®«®¦¨âì ¤¨ £®­ «ì­®áâì ®¤­®ç áâ¨ç­ëå ¬ âà¨æ ¯«®â­®áâ¨:

F1��0 = F1����0 N1kk0 = N1k�kk0 (�.71)

� §ã¬¥¥âáï, á¯à ¢¥¤«¨¢®áâì íâ®£® ¯à¥¤¯®«®¦¥­¨ï § ¢¨á¨â ®â á¢®©áâ¢ à áá¬ âà¨¢ ¥-
¬®© á¨áâ¥¬ë ¨ ª¢ ­â®¢ëå ç¨á¥« í«¥ªâà®­®¢ �,   â ª¦¥ ®â ¢®§¬®¦­®áâ¨ ¯à¥­¥¡à¥¦¥-
­¨ï ¯à®áâà ­áâ¢¥­­ë¬¨ ­¥®¤­®à®¤­®áâï¬¨ ¢ ä®­®­­®¬ £ §¥. �á«¨ á®®â¢¥âáâ¢ãîé¨¥
ãá«®¢¨ï ¢ë¯®«­¥­ë, ª¢ ­â®¢ë¥ ª¨­¥â¨ç¥áª¨¥ ãà ¢­¥­¨ï ¤«ï í«¥ªâà®­®¢ ¨ ä®­®­®¢
¯à¨®¡à¥â îâ ®ª®­ç â¥«ì­ë© ¢¨¤:

@F1�
@t

=

2�

�h

X
�q

�jA(�; �;q)j2�(E� � E� + �h!q)[F1�(1 � F1�)(N1q + 1)� F1�(1� F1�)N1q]

+jA(�; �;q)j2�(E� � E� � �h!q)[F1�(1� F1�)N1q � F1�(1� F1�)(N1q + 1)]
	
(�.72)

@

@t
N1k =

2�

�h

X
��0

jA(�; �0;k)j2�(E�0 �E� � �h!k)
�
[F1�0 � F1�]N1k � F1�0(1� F1�)

	
(�.73)

�®«ãç¥­­ë¥ ª¨­¥â¨ç¥áª¨¥ ãà ¢­¥­¨ï (¨­â¥£à «ë áâ®«ª­®¢¥­¨©) ¤«ï í«¥ªâà®­ {
ä®­®­­®© á¨áâ¥¬ë ï¢«ïîâáï ®á­®¢®© ¤«ï à¥è¥­¨ï ¬­®£¨å § ¤ ç ª¨­¥â¨ª¨ ¢ â¢¥à-
¤ëå â¥« å [38].

�«¥ªâà®­ { í«¥ªâà®­­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥.
� áá¬®âà¨¬ â¥¯¥àì ªà âª® ¢ë¢®¤ ª¨­¥â¨ç¥áª®£® ãà ¢­¥­¨ï ¢ á¨áâ¥¬¥ ¢§ ¨¬®¤¥©-
áâ¢ãîé¨å í«¥ªâà®­®¢ (ä¥à¬¨®­®¢), £ ¬¨«ìâ®­¨ ­ ª®â®àë© § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

H =
X
�

E�a
+
� a� +

X
��0��0

< ��jU j�0�0 > a+� a
+
� a�0a�0 (�.74)

£¤¥ ¬ë ¯à¥¤¯®« £ ¥¬, çâ® ¢§ ¨¬®¤¥©áâ¢¨¥ ¨¬¥¥â ª®à®âª®¤¥©áâ¢ãîé¨© (íªà ­¨à®-
¢ ­­ë©) å à ªâ¥à (á«ãç © ªã«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï âà¥¡ã¥â á¯¥æ¨ «ì­®£® à á-
á¬®âà¥­¨ï). �£® ¬ âà¨ç­ë© í«¥¬¥­â:

< ��jU (r)j�0�0 >=
Z

d3k

(2�)3
U (k) < �jeikrj�0 >< �jeikrj�0 > (�.75)

�¢¥¤¥¬ á­®¢  ç áâ¨ç­ë¥ ¬ âà¨æë ¯«®â­®áâ¨:

F1��0 = Sp�a+� a�0 =< a+� a�0 > (�.76)

< ��0jF2j��0 >= Sp�a+� a
+
�0a�a�0 =< a+� a

+
�0a�a�0 > (�.77)

�®£¤  á®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï (æ¥¯®çª ) ¨¬¥îâ ¢¨¤:�
i�h
@

@t
+ E� � E�0

�
F1��0 =

X
��0��0

< ��jU j�0�0 > [< ��jF2j�0�0 > ���0 �

� < ��jF2j�0�0 > ��0�+ < ��jF2j�0�0 > ��0�� < ��jF2j�0�0 > ���0 ] (�.78)
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�
i�h
@

@t
+E�0 + E� �E
 �E
0

�
< ��0jF2j

0 >=

=
X
��0��0

< ��jU j�0�0 >< [a+� a
+
� a�0a�0 ; a

+
� a

+
�0a
a
0 ] > (�.79)

�®á«¥ ¢ëç¨á«¥­¨ï ª®¬¬ãâ â®à®¢ ¢ (�.79) ¢®§­¨ª îâ áà¥¤­¨¥ ®â ¯à®¨§¢¥¤¥­¨ï âà¥å
®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ âà¥å ®¯¥à â®à®¢ ã­¨çâ®¦¥­¨ï, ¢ ª®â®àëå ¬®¦­® ¯à®¢¥áâ¨
à áæ¥¯«¥­¨¥ ¢¨¤ :

< a+� a
+
� a�0a

+
�0a
a
0 >� F1�
0F1��0F1�0
 + F1��0F1�
F1�0
0 +

+F1�
F1�
0(��0�0�F1�0�0 )
< a+� a

+
� a

+
� a�0a
a
0 >� F1��0F1�
F1�
0 + F1��0F1�
0F1�0
0 + F1�
F1��0F1�
0 (�.80)

� ª¦¥ ª ª ¨ ¢ëè¥, ¯à¨ à áá¬®âà¥­¨¨ ¤®áâ â®ç­® ¬¥¤«¥­­ëå ª¨­¥â¨ç¥áª¨å ¯à®æ¥á-
á®¢, ¬®¦­® ¯à®¢¥áâ¨ ¢ (�.79) § ¬¥­ã i�h @

@t
! i", çâ® ¯®§¢®«ï¥â (á ãç¥â®¬ (�.80))

­¥¬¥¤«¥­­® ¯®«ãç¨âì ¥£® à¥è¥­¨¥. �®á«¥ ¯®¤áâ ­®¢ª¨ ¥£® ¢ (�.78) ¯®«ãç ¥¬ ª¨­¥-
â¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤«ï F1��0 . �à¥¤¯®« £ ï ¤¨ £®­ «ì­®áâì F1��0 = F1����0 ¬®¦­®
¯à¨¢¥áâ¨ ¥£® ª á«¥¤ãîé¥¬ã ¢¨¤ã:

@F1�
@t

=
2�

�h

X
��0�0

j < ��0jU j��0 > j2�(E� + E�0 �E� �E�0)

[F1�(1� F1�)F1�0(1 � F1�0)� F1�(1� F1�)F1�0(1� F1�0)] (�.81)

� ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨:

j� >= 1p
V
e
i
�hpr (�.82)

F1� ! np (�.83)

E� ! "(p) = p2=2m (�.84)

< �jeikrj� >= 1

V

Z
dre

i
�h (p0�p+k)r ¨ â.¤. (�.85)

â ª çâ® ª¨­¥â¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤«ï í«¥ªâà®­®¢ § ¯¨è¥âáï ª ª

@np
@t

=
2�

(2��h)6�h

Z
dp01dp

0
2dp2jU (p1 � p01)j2�(p1 + p2 � p01 � p02)

�("(p1) + "(p2)� "(p01)� "(p02))
�
np0

1
np0

2
(1� np1)(1� np2)�

�np1np2(1� np0
1
)(1 � np0

2
)
�

(�.86)

£¤¥ U (p) { äãàì¥ { ®¡à § ¯®â¥­æ¨ «  ¢§ ¨¬®¤¥©áâ¢¨ï.
� ¯¨áë¢ ï í­âà®¯¨î í«¥ªâà®­­®£® £ §   ­ «®£¨ç­® (5.15):

S = 2

Z
d3p

(2�)3
[(1 + np) ln(1 + np)� np lnnp] (�.87)

¨ ¨á¯®«ì§ãï (�.86) ¬®¦­®, ¯®á«¥ ¤®áâ â®ç­® £à®¬®§¤ª¨å ¢ëç¨á«¥­¨©, ¤®ª § âì
ª¢ ­â®¢ë© ¢ à¨ ­â H { â¥®à¥¬ë: dS

dt
� 0.
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� ¢­®¢¥á­®¥ à á¯à¥¤¥«¥­¨¥ �¥à¬¨:

n0p =
1

e
"(p)��

T + 1
(�.88)

®¡à é ¥â ¨­â¥£à « áâ®«ª­®¢¥­¨© ¢ (�.86) ¢ ­ã«ì, ¢ ç¥¬ ¬®¦­® ã¡¥¤¨âìáï ­¥¯®áà¥¤-
áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨, á ãç¥â®¬ § ª®­  á®åà ­¥­¨ï í­¥à£¨¨ à áá¥¨¢ îé¨åáï
ç áâ¨æ, ¢ëà ¦ ¥¬®£® � { äã­ªæ¨¥© ¢ ¨­â¥£à «¥ áâ®«ª­®¢¥­¨©. �¥âàã¤­® ¢¨¤¥âì,
çâ® ¢ (�.86) ¯à¨ íâ®¬ â®¦¤¥áâ¢¥­­® ®¡à é ¥âáï ¢ ­ã«ì ª®¬¡¨­ æ¨ï äã­ªæ¨© à á-
¯à¥¤¥«¥­¨ï ¢ ª¢ ¤à â­ëå áª®¡ª å.

�®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¤«ï ¨­â¥£à «  áâ®«ª­®¢¥­¨© ¨£à ¥â ®¯à¥¤¥«ïîéãî
à®«ì ¯à¨ à áá¬®âà¥­¨¨ ­¨§ª®â¥¬¯¥à âãà­®© ª¨­¥â¨ª¨ ¢ ¬¥â «« å (ä¥à¬¨ { ¦¨¤-
ª®áâ¨).
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