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H3orponusa npocrpaHcTBa. 3aKOH COXpaHEHUS] MOMEHTa UMMYJbCa.
JIBuKeHue B LIEHTPAJbHOM MOJe

Wrak, Mbl NpULINK K BbIBOLY, UTO 33aKOHbl COXPaHEHHS MMIIyJbCa W SHEPTHH CBS3aHBl CO CBOHCTBAMHU
OLHOPOAHOCTH IPOCTPAHCTBA-BpeMeHH. TpeTHH BaXKHbIH 3aKOH COXPaHEHHUS M0J1y4aeTcsi, eC/IM IPOCTPaHCTBO
U30TPOIHO, TO €CTb €C/JM MOBOPOTHl Ha MPOW3BOJbHBIA YroJ BOKPYT MPOWU3BOJBHOH OCH HE H3MEHSIOT
MOTEHLHAJNBHYIO SHEPTHUIO CHCTEMBI.

PaccMOTpUM 3aMKHYTYIO CHUCTeMY, COCTOsiyl0 M3 N MarepuasnbHbIX Touek. [loTeHuManbHas sHeprus
3TOH cHUCTeMbl siBJsieTcss PYHKLHEH KOOpOMHAT MaTepHUasbHBIX TOYEK:

U=U(ry,ra,...,rN). 9.1

[TpousBenem Tenepb 6eCKOHEYHO MaJjlblii TOBOPOT CHCTEMBI U NOTpebyeM, YTOObI ee NOTeHLIHa/bHAS SHEPTHUs
oCTaBasacb NPHU 3TOM Heu3MeHHOH. IIjs1 3TOro BBefileM BEKTOpP OECKOHEUHO MaJoro MmoBopoTa d¢, BeJsH-
YMHA KOTOPOrO paBHAa yray J¢ MOBOPOTA, a HANpABJEHHE COBMNAaeT C OCbK MOBOPOTa (mpuueM Tak, uTo
HanpaBJieHHe MOBOPOTA OTBEUYaeT MPABUJY BHHTA M0 OTHOLIEHHIO K HAMpaBJEHHIO 5¢p).

[Tpu TtakoM noBopoTe KaxkJasi MaTepHalibHasi TOUKA CHCTEMbl, XapaKTepHuayeMmasi paflyC-BEKTOPOM I,
CMECTHTCS] Ha BeJIHYMHY:

dr, = [0 X rg]. (9.2)

B pesynbraTe moTeHnUasnbHas SHEPTHsl MOJYUYUT MpHpalleHHe

aiU . 5ra aiU . [580 X ra]. (93)
- or,

oU = or,

a

Ho B cootBetcTBHE cO BTOphIM 3akoHOM HbiotoHa npoussoguas OU/Or, paBHa

) oUu
pa = —671'01. (94)
CJieoBaTeJbHO,
U = — Zpa [dp x 1] (9.5)

I_IpOI/ISBEH,EM B 3TOM pPaBe€HCTBE LHUKJINYECKYIO MEePeCTaHOBKY BEKTOPOB, IMpPH KOTOpOﬁ BEKTOPHOE IIPOH3BE-

JIEHHEe He U3MEHAETCHd:
A - BxC]=C-[AxB]=B-[CxA] (9.6)

(4To BHIpaXKaeT HeM3MEHHOCTb ofbeMa MapaJulesenunefa, NocTpoeHHoro Ha BekTopax A, B u C). B pe-
3yJbTaTe 3TOH MEePECTaHOBKH, BBIHOCS J¢p 3@ 3HAK CyMMBIl, HMeeM

SU == 0¢p-[ra X Pa] = =0p - Y [ra X Pal. (9.7)

a

IT0 U3MeHeHUe TOTEHIUATbHON SHEPTHUH NOJKHO OBITh PABHO HYJIO MPH JIOOOM d¢ B CHJy H30TPONHUH
npoctpaHctBa. CJyeoBaTesbHO,

> [ra x Pa] =0. (9.8)

a

HpH6aBHM K 3TOMY pPaBE€HCTBY O4Y€BHUOHOE COOTHOLIEHHE

> [ta X pa] =0 (9.9)

a

(MOCKOMBKY Ty = Vg, @ Pa = MaVa, TO [Fq X Pa] = My [V X V4] = 0 KaK BEKTOPHOE NPOM3BENEHHE IBYX
KOJIJTMHEaPHBIX BEKTOPOB). B pesysbraTe

Z ([ra X pa] + [i‘a X pa]) = 0. (9.10)

a



BripaxeHue, cTosiliiee B KPYIJIBIX CKOOKaX, MpPeCTaBJsieT COOOH MOJHYI MPOU3BOAHYIO MO BPEMEHU OT
BEKTOPHOTO TPOU3BEMEHHS Iy X Pgl:

d ) )
%[ra X Pa] = [Fa X Pa] + [Ta X Pal- (9.11)
CuieoBaTeJILHO,
d
% ;[ra X pa] = 0. (912)
[Toatomy 1/l 3aMKHYTOH CHCTEMBI BeJHUYKMHA
M = Z[ra X Pq) = const (9.13)
a

ocTaeTcsl MOCTOSIHHOH B npouecce ABHUXKEHHS. Ona HasbiBaeTCsi MOMEHTOM I/IMl'Iy.JIbca1 CHUCTEMbl U Mpen-

cTaBJ/sieT co00H akcuaabHBIN BekTOp. Kak cjenyer M3 ero omnpejesieHHs, MOMEHT HMMYy/Jbca — BeJMYUHA
afJMTHUBHAs, UTO 03Ha4yaeT, YTO MOMEHT HMIyJbCa CHCTEMBl paBeH CyMMe MOMEHTOB HMITyJbCOB COCTaB-
JISIOIMX ee MaTephasbHbIX TOo4YeK. Tak »Ke Kak W B cjydae WMIYJbCa, afJAWTHBHOCTb 3TOH BeJUYHMHBI Ha
3aBHCHUT OT HaJMUHS UM OTCYTCTBHS B3aUMOAEHCTBUS MeXJy YaCTULAMH.

B pesysbraTe y 3aMKHYTOH CHCTEMbI NIPH ABHXKEHHH COXPAHSIOTCS CJeYIOIHe BeJHYMHbI: SHEPrus

2
meU;
E:; B +U(r1,r2,...7rN)7 (914)
HUMITYJIbC
P = Zman (915)
U MOMEHT UMITyJbCa
M = "[ra X pa)- (9.16)

HOCKOJIbe B OllpeaesieHHe MOMeEHTa HMITyJbCa BXOAAT PaAHWyC-BEKTOPbI HAaCTUL[, TO €ro 3Ha4eHue, BO-
ob1e roBops, 3aBHUCHUT OT Bbl60pa HadaJia KOOpAHHAT. pa[lI/IyC-BeKTOpr rur ONHOM U TOH Ke TOYKH I10
OTHOLWEHHIO K HaydaJjaM, OTCTOALIUM Ha BEKTOP b, CBsI3aHbl COOTHOLIEHHEM I, = I'QL + b. HOSTOMy HMeeM

M = [r, x pa] = Y [, X Pa] +[b X > pal, (9.17)

50)05
M =M +[bx P, (9.18)

rie P = )" p, — cymMMapHBIH MMIy/Ibc cucTeMbl. K13 9TOH (hopMy/ibl BHIHO, UTO TOJBKO B TOM Clydae,
KOrJa CHCTeMa Kak lesoe nokourcsi (1o ectb korna P = (), ee MOMEHT UMIYJbCa He 3aBUCHT OT BbIGO-
pa Hauasa koopauHat. Ha 3axkoHe coxpaHeHUs] MOMEHTa UMIY/bCa 3Ta HEONpelesNeHHOCTb ero 3HaueHHus,
pasyMeeTcsi, He CKa3blBaeTCsl, TaK KaK y 3aMKHYTOH CHCTEMbI UMIYJIbC TOXKE COXPaHSETCS.

XOTs1 3aKOH COXPaHEHM$I BCEX TPEX KOMIIOHEHT MOMEHTa MMIyJbca (OTHOCHTENBbHO MPOM3BOJIBHOTO Ha-
yajia KOOPAMHAT) CMPABENJIMB TOJbKO IJIsi 3aMKHYTOH CHCTEMBI, B 60Jiee OrpaHMUEHHOM BHE 3TOT 3aKOH
MOXKeT PacrpOCTPaHATLCS M Ha CHCTEMbl, HAXONALIMECS BO BHEIIHEM CHJIOBOM ToJie (rpaBHTallHOHHOM,
3JIEKTPOMAarHuTHOM). M3 MprBeneHHOro Bbillle BbIBOAA BMIHO, YTO BCEr[a COXPAHSETCsl MPOEKIMs MOMEHTa
Ha TaKylo 0Cb, OTHOCHTEJbHO KOTOPOH JIaHHOE T10Jle CHMMETPUYHO, U NM03TOMY MeXaHHYeCKHe CBOHCTBA CH-
CTeMbl HE U3MEHSIOTCS MPH JIIOOOM TI0OBOPOTE BOKPYT 3TOH OCH; MPH 3TOM, KOHEYHO, MOMEHT IOJ/KEH ObITb
onpejie/leH OTHOCUTE/IbHO KaKOH-HUOYNb TOYKH (Hadasa KOOpAMHAT), JiexKallleil Ha 3TOH OCH.

Haubosee BaxKHBIM C/lyyaeM TaKoOTo pola sIBJAsSETCS MoJie ¢ HeHTPAJbHOA CUMMETpPHUEH, TO eCcTb MoJe,
B KOTOPOM IOTeHLHaJbHAs IHEPrusi 3aBUCHT TOJNBKO OT PACCTOSIHHUS 10 HEKOTOPOH ONpeneseHHOH TOYKH
(uentpa) B mpoctpancTBe. QUEBHIHO, YTO MPH IBHXKEHHH B TAKOM IOJIE COXPAHSETCsl MPOEKIUsI MOMEHTa
Ha JII0OYI0 OCb, NPOXOASILLYI0 Yepe3 LeHTp. JIpyruMu cloBaMM, coxpaHsercsl BekTop M MoMeHTa, onpefe-
JIEHHOTO HE OTHOCHTEJBHO TPOU3BOJILHOH TOYKM MPOCTPAHCTBA, @ OTHOCHTENbHO LeHTpa mous (mpumep —
JBHKEHHE TJ1aHeThl B roJie CuJbl TskecTH CosHia).

Jpyro#i npuMep — moJie, o6/1anallee HUIUHIPUIECKON CUMMETpPHUE OTHOCHTENBHO OCH Z, B KOTOPOM
COXpaHsleTcsl MPOeKLHsl MOMeHTa M, npuyeM, Kak yxke OblJIO CKa3aHO, Ha4ajo KOOPAMHAT IOJKHO OBITH
BbIOPAHO Ha OCH CHMMETPHH.

Eciu uMeeTcss OfHOPOAHOE IOJle BAOJb OCH 2z, TO W 3JeCb COXpaHseTcsl BeauuuHa M., HO Hayajo
KOOPAHMHAT yKe MOKeT OBbITb BEIOPAHO MPOM3BOJIBHBIM 00pa3oM. B KOHKpeTHOH 3ajiaue 3TO MOXKeT ObITb,
HanpuMep, OTHOPOLHOE MAarHUTHOE HJIM 3JEKTPHUUECKOe TOJe.

lEe TaK»e Ha3blBAlOT MEXaHUYECKUM MOMEHTOM. B aHr/osi3bIuHOM JIMTepaType OHa HA3bIBA€TCH yIrJIOBBIM MOMEHTOM.



3aKoH coXpaHeHHS] MOMEHTa KOJHUYECTBA JABUIKEHHS U TPETHU 3aKOH
Hbrorona

PaccmoTpuM 3aMKHYTYIO CHCTeMy, KOTOpasi COCTOMUT M3 JABYX MaTepHa/bHbIX TOUYEK, B3aMMOLEHCTBYIOLIHX
npyr ¢ apyrom cusamu Fio u Fop. CornacHo TperbeMy 3akoHy HbiotoHa, Fi1o = —Fa1, a u3 3akoHa
COXpaHeHHsI MOMEHTa UMIYJ/bCa CJedyeT COOTHOLIEeHHE

[r; X p1] + [r2 X p2] = const. (9.19)
[IpopuddepenuupyeM 3T0 ypaBHeHHe [0 BpeMeHH:
1 X P1] + [r2 X Pa] = 0 (9.20)
HJH, BOCIOJIb30BaBLINCh BTOPEIM 3aKOHOM HbloTOHA, mosy4yum
[ry X Fia] + [r2 x Fg1] = 0. (9.21)

Tak Kak Flg = —F21, TO
[(I‘l — I‘Q) X Flg} =0. (922)

Orciona crenyet, 4To BEKTOpHl 'y — Iy U Fio KonsmuHeapHsl. KonnuHapHBI Takke BEKTOPH 'y — Iy H Foj.
d10 3Hauut, uto cunasl Fio U Fy1 HampaBjeHbl BHOJb NPSMOH, COeIMHSIIOLUIENH NBE B3aHMOIEHCTBYIOLLIHE
MaTepHasbHble TOUKH. Bmecte ¢ paBeHcTBoM cuil Fio = —F9; 3To Kak pas M cocTaBJsieT cofeprKaHue
TpeTbero 3akoHa HeloToHa.

[Tosatomy, obpariasi 3TH pacCyxKIeHusi, Mbl IPUXOAUM K BBIBOAY, UTO MOXKHO OBIJIO OBl BEIBECTHU 3aKOH
COXpaHeHHs] MOMeHTa UMIyJbCa U3 BTOPOTO U TpeThero 3akoHoB HeroToHa. Ho mpu 3ToM cBsI3b 3TOr0 3aKoHa
COXpaHeHHUs C U30TPOINHUeH MPOCTPAHCTBA He Oblia Obl CTOAb OYEBUAHOMU.

I[BI/I}KeHI/Ie B LIEHTPAJBbHOM II0JI€

paCCMOTpI/IM 3ajgavy 006 OTHOCHUTEJbHOM JBHXKEHHUH ABYX BSaI/IMOILEIZCTBy}OLU,I/IX YacCTUll, KOTOopas AomyCKaeT
MOJIHOE pelleHHe B ob1em BHAE, — 3agady ABYX TeJ. [ToTeHumanbHas dHeprus B3aHMMOJIEHUCTBUS ABYX
YaCTHULl 3aBHUCHUT JHUIIb OT PACCTOAHWA MexXKAYy HUMH, TO €CTb OT aObCOMIIOTHOH BEJMUYHHBI pasHOCTH HUX
paguyc-BeKTOPOB. 9Hepr1/151 TaKOH CUCTEMBI MOXKET ObITh npencraBJjeHa B BUIE

mlv% T mgvg
2 2

E = +U(|I‘1 71‘2|). (923)

BgeneM BeKTOp B3aMMHOTO PACCTOSHMS 00€HUX TOUYEK
r=r;—ry (9.24)
¥ TIOMECTHM Hauajio KOOPAMHAT B LEHTP MHEPLHH, UTO AAET
miriy + mors = 0. (9.25)

s ABYX IIOCJAE€AHHUX PABEHCTB HAXOAWM

ma my
r=———r U rp=———7—7
my + mo my + ma

(9.26)

JuddepeHuupys 3TH BbIpaKeHUs M0 BPEMEHH, MoJyyaeM

m m
vi=—2 v u Vo= —— by, (9.27)
my + mo my + mo

rie v = dr/dt — OTHOCHUTe/bHAsT CKOPOCTb ABHXKEHHs IBYX MaTepHasbHBIX Touek. KnHeTHuyecKas SHeprus
paBHa

1, N 1, 1 m3 2 1 m3 5
—miv —MoUy = M) —3 U —Mg ——mF UV =
2 i 2 272 2 1(m1 —|—m2)2 2 2(m1 +m2)2
1 mimo o 1 9
= == 9.28
2 mi + Mo 2mU ’ ( )
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Puc. 9.1. CBs3p MOMeHTa C CEKTOPHAJNbHONH CKOPOCTHIO.

rZie Mbl BBeJIH 0003HaueHHe
m= "2 (9.29)
miq =+ mo
Be/inuKHa m HasblBaeTcs MPUBEAEHHOM Maccoil. B pesysbTaTe B cHCTeMe LEHTPa HHEPLMH I10/1HAs SHEePrus
paBHa
E= %va +U(r). (9.30)
Takum 06pa3oM, 3ajaua ABYX TeJs CBeJach K IBHXKEHHIO OHOH MaTepHa/bHOH TOUKHM ¢ TIPUBeJeHHOl Maccoi
B HeHTpaabHoM nosie U(r). LleHTpa/ibHbIM HasblBaeTcsl MoJie, MOTEHUHMaNbHask SHEPTHsl KOTOPOrO 3aBUCHT
JIMLIb OT PAaCCTOSIHHUS [0 OMpeaeseHHON HEeMOABUKHON TOUKH.
Kak Mbl ye rOBOPHUJIM, NPH NBMKEHHH B LIEHTPAJbHOM I0JIe COXPAHAETCS MOMEHT MMIy/bca OTHOCH-
TeJbHO LEeHTpa noJs. JJs 0OQHOH 4acTHIbl

M =[r x p]. (9.31)

[TockosibKy BekTOphl M M T B3aMMHO MepINeHAMKYJISPHBI, MOCTOSHCTBO MOMeHTa (B JaHHOM cjydae Mo
HaNpAaBJIEHHI0) 03HAUYaeT, YTO TPH IBHMKEHMH YaCTHIbl €€ PaAHyC-BEKTOP I' BCE BPeMs OCTAeTCs B ONHOM
MJIOCKOCTH, MEePHeHAUKYJISIPHOU K BeKTopy M.

[Ipy nBHXKEHHWH ONHOM MaTepHasbHOM TOUKHM 3aKOH COXPaHEHHS MOMEHTa HMIYJbCa HMeeT MPOCTOM
reoMeTpUUYeCcKUi cMbicj. BBemem BeKTOp ds, BeJHUHMHA KOTOPOrO paBHAa MJIOLIAAH, OMHCHIBAEMOH pamnyc-
BEKTOPOM YacTHIBI ' 32 BpeMs dt (mepeMelueHure Npu 3TOM paBHO dr), a HanpaBJ/eHUe COBMajAaeT ¢ HOpMa-
JIbIO K TIIOCKOCTH nBMxKenus?. Torma, Kak caenyet u3 puc. 9.1,

1 1
ds = 5[1' X (r+dr)] = 5[1‘ x dr]. (9.32)
[logenuB 3TO paBeHCTBO Ha dt, UMeeM
ds 1 dr 1 1 M
dt—z[rxdt:|—2[r><v]—27n[r><p}—27n, (933)
WU p )
S
— = —M. .34
o= o (9.34)

Benuuuna § = ds/dt onpenessier niomaab, ONUCHIBAEMYIO PALKYC BEKTOPOM YACTHULBI B €IHHHUILY BPEMEHH.
Ona Ha3blBaeTCsl CEKTOPHAJNBbHOU CKOPOCTBIO. TakuM 00pa3oM, COXpaHeHHe MOMEHTa O3HauaeT MOCTOSH-
CTBO CEKTOPHATbHOH CKOPOCTH, TO €CTh

NpyU ABUIKEHUU B LIEHTPAJbHOM II0Ji€ 3a paBHble NMPOMEKYTKH BpeMEHU paauyc-BeKTOp
JIBUIKYLIENCS TOYKHM ONMKCBHIBAET pPaBHbIE TJIOIIAIM.

ATo ecTh TaK Ha3blBaeMbIH BTOpoH 3akoH Kemsepa, 1609 r. .

CeKTopHabHY CKOPOCTb MOXKHO BEIPAa3UTh Uepe3 CKOPOCTb U3MEHEHHUS yTJia ¢ co BpeMeHeM. [1jsi 3TOro
passioxkuM BeKTOp dr Ha JiBé KOMIIOHEHTBI, apaJiesbHyi0 U NepIeHAUKYIIPHYI0 BeKTOPY T, dr = dr||+dr .
Tornma

ds = %[r xdr] = = [rx (dr +dr.)]. (9.35)

DN =

TMockoabky [r x dr|] =0, a dr; = [de x r], TO
1 1
ds = i[rxer]zi[rx[dgoxr]]:

= 1dcpr2 - 1r (dp 1) = 1rQalc,o, (9.36)
2 DR
=0

2HanpaBJ/ieHHe HOpMaJl¥ BHIOHpAeTCs Tak, uToGbl BEKTOpa T, I 4 dr U ds 00pa3oBbiBa/y NpaByk TPoiKy (MpaBuio GypaBuuka).



03TOMY
ds 1 ,de 1
— = —r°— = —M. .37
a2 At om (9.37)
CJleoBaTeJIbHO,

M = mriep. (9.38)

[losiHoe pelleHMe 3a7a4d O JABMXKEHHH B LEHTPA/JIbHOM I0Jie MPOLle BCero MoJyYuTh UCXOAS M3 3aKOHOB
COXPaHeHHsl SHEPrHH M MOMEHTa, He BHIMCHIBAsl MPH 9TOM CAMHX yDaBHEHME NBHXKeHHs. [Ipu 3TOM Ham
OyneT yaoGHO MOJMb30BaThCsl He 1€KAPTOBBIMM KOOPAMHATAMH T M Y B TJIOCKOCTH, B KOTOPOH MPOUCXOIHT
JIBH2KEHHe, a TaK Ha3biBaeMbIMH MOJSPHBIMM KOOPAMHATAMM, B KOTOPLIX M0JI0KEHHe MAaTepUalbHOH TOUKH
3ajlaeTcsl KoopavHaTaMu r U ¢ (puc. 9.2).

d

'

'

'

'

'

|
X

Puc. 9.2. TlossipHble KOOPAHUHATHI.

HOTeHL[I/IaJIbHaH 9HEPrusi 3aBUCUT JHIIb OT KOOPAHWHATHI 7", TaK 4YTO €€ HpeO6paSOBbIBaTb He€ HY2KHO.
Kunetuueckas JHeprud omnpenesgercsa KBaapatoM CKOPOCTH HaCTULLHL. B AEKAPTOBBIX KOOpAWHATAX

dz\? dy 2
2 2 2
v U””+Uy:(clt) +<dt) =

(9.39)
_ (dz)? + (dy)* _ (dI)?
() (di)*
Ham Hano npeo6pasoBath 3Ty BeJMUHHY K MOJSPHBIM KoopauHaTam. Vs puc. 9.3 caenyer, 4To KBanpar sJe-
MeHTa JUTHHBL B MOJIAPHBIX KOOpIMHATAX paBeH
(d)? = (dr)? + r2(dp)?, mostomy
2 2
o (d)? _ (dr)?+r2(dp)® _ (dr 2 ((dy
- — = (= - . 9.40
YT (ar)2 (dt)? a) T\ (9.40)
B pesysbTaTe MmoJiHyl0 SHEPTHI0 CHCTEMBI MOXKHO MPEACTABUTh B BHE
mu? 1 ar\? 1 dy 2
E=" B - Y 4 =
5 +U(r) 2m<dt> +gmr (dt) +U(r)
L oo, 1 9.9
= gmi® 4 gmrtg +U(r). (9.41)

Ho npoussonnas dy/dt cBasana ¢ coxpansiouleiicss Beinuunoil Mmomenta M, = M = mr?dy/dt. Tlostomy,
MOJICTABJISII B BbIPAXKEHHE /s SHEPTUH

dp M
£ = 9.42
dt mr?’ ( )
MOJIy4YHM
1 [(dr\® M2
E=-m(= — . 4
5™ (dt) +5 5 +Ur) (9.43)
OTcrona MOXKHO BBIPa3UTh pagvalbHY CKOPOCTb YACTHILBI
. dr 2 M?
= _j:\/m [E—U(r) - Qmﬂ]. (9.44)

To ecTh nUPdepeHIEanbHOe YPABHEHHE C PA3AeSIOIUMUCS TIePEMEHHBIMH /sl OTIpeneieHus PYHKIHHU
r(t). UnTerpupys, nosyunm

/ /2 [p-00- 2]

= / dt + const. (9.45)




di 2= (dr)2 + (rd)?

Puc. 9.3. DneMeHT AJMHBI B NOJSPHBIX KOOPAHHATAX.

Takum o6pa30M, €CJHU Mbl CyMeeM BBbIYHUCJIWUTHL HWHTErpaJsi, Mbl HaﬁﬂeM CBA3b T C t, a NIOTOM M3 3aKOHAa
COXpaHEHHs MOMEHTa MMIIyJbCa MO2KHO 6y11eT HalTH 3aBUCUMOCTb @ OT t:

do="L it (9.46)
mr
WK
72d7”
<p:/ mr - + const. (9.47)
2 _ M
\/m [E ulr) 2mr?

ATo ecThb YPaBHEHHE TPAECKTOPHUHU YaCTHUIbI B MOJAPHBIX KOOPpAHWHATAX.
Bpra)KeHI/Ie IJIg 9HEPTUU IOKAa3bIBAET, UTO paAHaJibHYI0 HAaCTb ABHUKEHHUSA MOXKHO paCCMATpPHUBATb Kak

© 9

OflHOMepHOe ABHXKEHHe B ToJje ¢ “3(p(heKTUBHON MOTEeHUHAJbHON dHepruen

M?
= . 9.48
Ulr)y=U(r)+ 2 (9.48)
Beanunny M?/2mr? HasbiBaoT LEHTPOGEKHOU IHEPTHEH.
3HayeHUs 7, IPU KOTOPHIX
M?
U =F 9.49
(r) + 2mr? ’ ( )

OTIPEeEeNSIOT IPAHUIBI 00J1aCTH NBUKEHHS MO PACCTOSIHHIO OT LeHTpa. [Ipu BLIMOJHEHHWH 3TOrO paBeHCTBA
panMa/bHas CKOPOCTb 7 00pallaeTcst B HyJb. DTO He 03HayaeT OCTAHOBKH YaCTHLBl (KaK MPU MCTHHHOM
ONHOMEPHOM JBHKEHHH), TaK KakK YIJIOBash CKOPOCTb ¢ HHIIe He oOpallaercs B HyJb. PaBeHcTBO 7 = 0
OTHKCHIBAET TOUKY MOBOPOTA TPAEKTOPHHU, B KOTOPOH (DYHKLHS (L) EPEXOAUT OT YBeJHUEHHUS K YMEeHbIIEHHIO
UM Hao60poT.
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3anaua Kenuepa. Pesepgopnosckoe paccesHue

BarkHeHIIMM c/ydaeM LEeHTpabHBIX MOJIeH SIBJASIOTCS M0JIS, B KOTOPBIX TOTEHLHAbHAS SHEPTHs 0OpaTHO
NPOMOPLHOHA/BHA T M, COOTBETCTBEHHO, CHJIbI 0GPATHO MPOMOPLHOHA/IbHEl 72, Cro1a OTHOCATCS HbIOTOHOB-
CKHe T10JI51 TATOTEHUS] U KYJOHOBCKHe 3JieKTpocTaTHdeckue noJs. [lepBrle, Kak M3BECTHO, HMEIOT XapaKTep
NPUTS2KEHHs, a BTOpPble MOTYT OBITb KaK IMOJISIMH NPUTSXKEHHUS, TaK U MOJNSIMU OTTaJKHBAHHUS.

PaccmoTpuM cHauyasa noJie MpUTSKEHHUS

U=-2" (U= 0npur— o), (10.1)

r
rie o = Gmymsg > 0 B ciyyae rpaBUTALMOHHOTO B3aUMOLEHCTBUS ABYX Macc m; U myo. Torna sppekTuBHas
NOTeHLHaJbHas SHepPrusl paBHA
2
o M
Ur)=——+— (10.2)
) r o 2mr?’
Te, HAOMHUM, M eCTb NPUBeJeHHas Macca.

Tpaduk 3Toit hyHKIMM H306paxken Ha puc. 10.1. [Ipu r = M?/ma oHa MMeeT MUHMMYM, paBHBbIi!

2

W3 xapakrepa 3aBucumocTd U(r) cienyer, 4To ABHKEHHE SBAsSETCS GUHUTHBIM NpH E < 0 ¥ HHOUHUTHBIM
npu E > 0 (cm. puc. 10.2). Us puc. 10.2 takke BUAHO, 4TO B LeHTp nosisi (r = 0) HEBO3MOXKHO MOMACTb HH
NpY KAKOH SHEPruu, 4YTO 03HAUAeT HEBO3MOXKHOCTD MafeHUsT YACTULB Ha LIeHTP B 3TOH 3anade. Pusndeckas
[pUYHHA — HaJH4YKe LEeHTPOOeXKHOH 3Hepruu, Kotopas npu r — 0 GLICTPO BO3PACTAET MPOMOPLUOHATBHO
1/r2.
Hafinem Ternepb 06/acTbh NBHXKEHHS [0 pagdycy B ciaydae GUHUTHOrO IBHKEHHS, TO ecTb npu E < 0.
JL71st 5TOr0 HAfO PelIuTh ypaBHEHHe
2
v=r wm -2+ _gp_o (10.4)

r  2mr?

DTo ypaBHeHHe KBajpaTHOe oTHOcHTesnbHO 1/r. Ero perueHue Takoso:

2
aty/a2+apM> 14 /14 2EM”
1 2m mao
() _ e _ma” (10.5)
"/1,2 9. % %
2m mao
Beenem o603HaueHus
M? 2EM?
p=—— o e= [l (10.6)
mao mao

TonoKeHHe MMHUMYMa OTpPEeeNAeTCs M3 YCIOBHS PAaBEHCTBa HYJIO MPOU3BOnHON dU /dr = 0.

Upp 4 | 1

/
/ =alr
/

Puc. 10.1. OddekTHBHAs NOTEeHUMANbHAS SHEPTHS B KEMJIEPOBOH 3afaue B M0JIe IPUTSKEHHS.



Upgpph

E>0

—————
: E<0

Puc. 10.2. O6nacti GUHUTHOTO ¥ UHMUHUTHOTO IBUXKEHHSI.

3amertuM, uto Tak kak E < 0, to € < 1! [loab3ysicb 3TUMU 0603HAUEHUSIMH, ABa KOPHS KBaapaTHOTO
ypaBHEHI/IH MO2KHO HpeILCTaBI/ITb B BUe
1 1+e¢
( _ . (10.7)
T/1.2 p

OTCIO]la MHWHHWMAaJIbHOE U MaKCUMaJibHOE yHaJieHHe OT LEHTpPa I0Jisd PABHbBI

p p
Toin = Tz U Tmax = e (10.8)
Cayuaii € = 0, 04eBHJHO, COOTBETCTBYET ABHIKEHHIO M0 OKPY’KHOCTH. DTOMY COOTBETCTBYeT HaWMeHbllee
JIONyCTHMOE 3HadeHue sueprun E, cosmanamomee ¢ (10.3).
Haiinem Tenepb TpaekTopHIO, MO KOTOPOH ABMkeTcs yacTuua. OnHa U3 BO3SMOKHOCTEE — 9TO Hernocpes-
CTBEHHOE BbIUMCJeHHe HHTerpasa

—MZ dr
o= / Ny + const (10.9)
2 M?
— |E-U(r) -
m { ) 2mir?
¢ moTeHUMa bHON sHepruell U(r) = —a/r. Takum o6pa3oM Mbl HaiieM 3aBHCUMOCTb 7'(y), TO €CTb ypaB-

HEHHUE TPAeKTOPHHU, B MOJAPHBIX KOOPpAWHATAaX. Onnako 31€eCb Mbl Bbl6ep6M apyroﬁ nyTb, He CBSI3aHHBIH C
YTOMUTEJbHBIMHA BBIYUCJAEHUAMH WHTETrPAJIOB. IIJIF[ 9TOTr0 CHadaJa Y6€I[I/IMCH B TOM, YTO BEKTOpPHas Be€JHU-

YUHHa ar

A=[vxM-— (10.10)

SIBJISIETCS] MHTETPaJIoM ABHXKEHHUS B HalleH 3afade, TO €CTb YTO OHA HE HU3MEHSIETCS CO BPeMEHEM.
Jlnsi noKasaTesibCTBA 3TOTO YTBEPXKIEHHUS BHIYHCIHUM [POH3BOAHYIO
dA av  ar(v-r)

—:[VXM]—7+

7 (10.11)

r3
HpI/I NOJIYYEHHUU TIOCJAEeNHEero cJjaraeMoro Mbl BOCIIOJIb30OBaJIMChb TeM, UTO paavaJjbHasi CKOPOCTb 7 MOXeT

OBITh npencrtaBJjeHa B BUOE

dr 1
=), (10.12)

TO eCTb KaK MPOEKLHS BEKTOPa CKOPOCTH V Ha HalNpaBJeHHe PaJuyc-BeKTOpa r.
[logcraBum Tenepsb B (10.11) BhIpaXKeHUe [/1s1 MOMEHTa KOJMYecTBa ABuKeHust M = [r X mv]| u packpoem
NBOHHOE BEKTOPHOE MPOU3BeeHHE!

dA . av ar(v-r)
E_[vx[rxmv]]— — , =

av  ar(v-r)

- Smv) — mv) — — 10.13
r(v-mv) —v(r-mv) 3 ( )
BmecTo mv noactaBUM BeJMUHHY CHJIBL
my = —a—. (10.14)
r
B pesynbrate
dA ar ar av ar(v-r)



Jlerko BHOeTb, UTO MepBBIH M MOC/JENHHUH, a TakKe BTOPOH M TPeTHH YJeHbl B 3TOM BBIPa’KEHHH MOMapHO
COKpalLaloTCcsl, U B pe3yJsbTaTe
dA

i 0, T e A =const, (10.16)
4TO M TpeGOoBaNOCh N0Ka3aThb.

BriGepeM Tenepb HampaBjeHHe TMOCTOSHHOTO BeKTopa A B KauecTBe ocH X Halleid MOJIIPHOH CHCTEMBI
KOOPJHHAT ¥ 0603HAYHUM YToJl MeXIy BeKTopaMu r u A yepes ¢ (puc. 10.3). YmMuoxum pasenctso (10.10)
CKaJISIPHO Ha I

Arcosp=r1-[v x M] — ar. (10.17)

B
Yy >

Puc. 10.3. Bui6op nonsipHOH cHCTeMBl KOOPAHHAT.

B cmemannom NpOU3BeNCHUH LUKJIUYECKHU TepeCTaBUM COMHOXKHUTEJIH:

Arcosgp =M - [r x v] —ar, (10.18)
N——
M/m
WU
2
Arcosp = — — ar. (10.19)
m
Paspemwast 370 ypaBHeHHe OTHOCHTENBHO T, MOJydyaeM
M? M?
r= fm__ _Mjme (10.20)
Cosp + « 14 Zcose
a

[TockosbKy A W «r y Hac TOJIOXKHUTEJbHBI, MHHMUMaJbHOMY 7 (Tak Ha3biBaeMOMY MEPUTEJTHMIO OPOUTHI)
cooterctByet ¢ = 0. Kpome Toro, cornacno (10.6), M?/ma = p, nostomy

P = —2— (10.21)
A
1+=
«

CpasuuBas 310 Bhipaxenue c (10.8), noayuaem

A 2EM?
—=¢g wm A=ac=a\/l+—F5. (10.22)
[0 mo

B pesysnbrate ypaBHeHHe TPaeKTOPUH YacTHLbl B IOJSPHOH CHCTEMe KOOPAMHAT MPUHUMAET CJeLYIOLIHH
BU:
r=—-r (10.23)
1+ ecosyp
ITIpu € < 1 370 ecTh ypaBHeHHe 3JIMICA, p — [apaMeTp 3JLIUICA, € — 3IKCUEHTpUCHTeT. HacTHHIM
c/IydaeM 3JIJIUICA SIBJSETCS OKPYKHOCTh, Koria € = 0. Kak Mbl 1MokaxkeM HHKe, COXPaHSIOLIUNACS BEKTOP
A HamnpaBJ/ieH BIOJb OOMBLIOH OCH 3JJHICa OT (hOKyca K Mepurennio. Ero mocTossHCTBO 03HAYaeT HEHW3MeH-
HOCTb OpHEHTALMH OOJBIIOH OCH 3JJIMIICA B NPOLlecce IBHKEHHUS YacTUlbl. HacTo 3a ompesesieHue 3J1Mmca
IPUHUMAIOT TaKoe AJUIMIIC — 3TO TeOMeTpHYeCKoe MeCTO TOYeK, CYMMa PacCTOSHUHA OT KOTOPBIX 10
aByX 3agaHHbIX ToueK A U B ((poKycoB annunca) ects BeJqUYMHA MMOCTOSIHHAS:

r1+ry = L = const (10.24)

(cmoTpu puc. 10.4).
[Tokaxkem, 4TO M3 3TOro onpeneneHus caepyer cootHomenue (10.23). Jlna atoro BhIGEpeM Hauaso
KOOpPIHWHAT B ToUke B — Qokyce aanumnca. Y3 puc. 10.5 crenyer, uto
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Puc. 10.4. Kanonuueckoe onpejeseHle 3J/MICA.

C A

N
B

AF44744$

Puc. 10.5. [Tpussska K ocsIM MOJNSIPHOH CHCTEMbI KOOPIAHHAT.

AB=1, BC=r, AC=+/(l+rcosp)?+ (rsing)?, (10.25)

NP 3TOM MBI BOCIOJ/Ib30BaIMCh U3BECTHOH (POPMYJIOH 1J/151 pacCCTOSIHUS MeXKAy ABYMSI TOUKaMHM:

rio = /(21 — 22)2 + (y1 — 42)2.

[TockosbKy posib 71 U 72 UrpaloT cooTBercTBeHHO AC u BC, To ycnoBue 1 + rg = L = const MOXKHO
nepenucath B BUJIE

r+ /(L +7rcosp)? + (rsing)? = L, (10.26)
WJIH
VI2+2rcosp+r2=L—r. (10.27)
BosBoas o6e yacTu TOro paBeHCTBA B KBaApaT M COKpallas Ha r2, mosydaem
12+ 2lrcosp = L? — 2Lr. (10.28)
[TepenuchbiBasi 3T0 BbpaXKeHHe B BUIE
L? —1? = 2r(L +lcos ), (10.29)
WU
Zz:r 1+\Il;/cosgo , (10.30)
p e

Mbl TIPUXOIUM K cooTHomeHuw (10.23), r1e 5KCUEHTPUCHTET € U apaMeTp 3JJIMICa P PABHBI

L I2-2 L

! 2
e=7 M D 5T 75(1—5). (10.31)
OTcrona ciienyer,uto
2p
L= . 10.32
o ( )
KaHoHHMuecKoe ypaBHeHHe 3J/IMICA B IEKAPTOBOU CHCTeMe KOOPAHWHAT HUMEeT BU[
2 2
(E) + (g) =1, (1033)
a b

roe a — OGoJbluas nosayoch, b — manas. Takum o6pasom, Kak BuaHo w3 puc. 10.6, 2a = L. U3 Toro xke
PHUCYHKa TaKXe CJeLyeT, YTO MaJjas MOoJyoch 3JUIHICA b paBHA

L\°> [I1\* L P
=) -(3) -3V - A= 1034

1"



B pesysnbraTe MBI MOJMY4YH/IM TOJE3Hble BbIpaXKeHHsl AJis1 OOJBLIOH M MaJoH MoJyoced 3J/MINca uepes ero
napaMmeTp p U 3KCLEHTPUCUTET €:

p a D M

= = 3 b: == .
1—¢2 2|E] Vi—e2  \/2m|E|

[Tepuon nBUKeHMS 4acTULbl [0 OpOHUTe MpOLle BCEro ONpelesNuTb C IOMOLLbIO 3aKOHA COXPaHeHHS
MOMeHTa B (popMe HHTerpaja IJjollajnei:

(10.35)

a

1
$=—M. (10.36)
2m
HHTerpupyst 3T0 paBeHCTBO MO BPEMEHH, MONYUHUM
2ms=M - T, (10.37)

rae T — nepuon o6pamuenus. [lnomans snnunca pasHa s = wab, nostomy, yuuteisas (10.35), noaydaem
« M
2|E| \/2m|E|

OTClOD,a, COKpalllass Ha M, [1oJlydyaeM OKOHYaTeJIbHO

[/ m

Taxkum o6pasom, nepuon obpaiieHust Mo opoUTe 3aBUCUT TOJIbKO OT MOJHONW IHEPTUU YACTHIIBI.
W3 (10.35) u (10.39) caenyet, 4To Npy ABUXKEHWH B LEHTPAJbHOM II0JI€, CO31aBAEMOM TsXKeJIOH IpaBH-
THpYyolUlell Maccol, OTHOLUEHUe

MT =2mm (10.38)

T  72a’m/2|E? g2

Py S " (10.40)

He 3aBMCHT OT MapaMeTpoB JBHMKEHHs] M MacChl YaCTHIBIZ, TO €CTb OMpejesseTcsl TONbKO NapaMeTpaMH CH-
JIOBOT'O M0J151, B KOTOPOM JBHIKEeTCS YacTHLA. DTO COCTaB/seT CyTh TpeTbero 3akoHa Kemnuepa, corsnacho
KOTOPOMY KBaapaThl BpeMeH oOpallleHHs MJIaHeT OTHOCSTCS, KaK KyObl OOJIbILIHX MOJYOCEH MX 3JIUNTHUE-
CKHX OpOHT.

K sTOMy XKe pesysnbTaTy MOXKHO NMPHHTH, U He BBIHCHIBAas B SIBHOM BHIE pelleHHe ypaBHEHHUH NBHKe-
HUS, a UCIONB3Ys APYrod MOAXOM, Ha3blBAEMblH METOAOM MeXaHHYeCKOro Moxo0usd. 3anulleM ypaBHEHHe

JABHU2XKEHHUS IIJIaHEThl B 06LU,€M BULIE
&r @ (10.41)
mMm— = ——757T .
dt? r3

U Npou3BefieM MacliTabHoe NpeoOpa3oBaHHe KOOPAWHAT U BPeMeHH

r — 1,
(10.42)
t— [t
Torna B HOBBIX epeMenHbix ypasHenue (10.41) npumer Bug
2./ 1 !
AL SR (10.43)

T

2B 3TOM CJy4dae NpHBeAeHHas Macca U Macca 4aCTHLbl MPUMEPHO PaBHbl U &x X M.

Puc. 10.6. YpaBHeHHe 3/MIIca B 1€KAPTOBOH CHCTEME KOOPIHMHAT.

12



Otcrona cienyer, uTo ecJu

i 1 3 2

- =, Hm 5 =3 (10.44)

gy
TO ypaBHEHHE [IBHMKEHHS B HOBBIX MePEMEHHbIX, KMeeT TOUHO TAaKOH 2Ke BHJ KakK H B CTapbiX. DTO 03HAYaeT,
4TO eCJIM 3TO ypaBHEHHe JOMYCKaeT ABHXKEHHE M0 KAKOH-TO TPAEKTOPHUH, TO OHO IOMYCKaeT IBUXKEHUE W IO
reOMEeTPUUECKH TMOM0GHON TPAEKTOPUH, MPHUEM

2
r\3 t
(7/) (=), (10.45)
T t
TO eCTb KBaJpaThl BpeMeH MPOXOXKIeHUS MONOOHBIX yUaCTKOB TPAEKTOPHH OTHOCSATCS, KaK KYObl UX JIMHEH-
HBbIX PasMepoB. 3TO U eCcTh TPETI/Iﬁ 3aKOH KenJIepa, KOTOprﬁ (paKTI/I'{ECKI/I ABJIFeTCd CJaedCTBHUEM TOro, 4To

CHJIa TIPUTSIKEHUst ~ 1 /72,
PaccMoTpeHHBIH HaMU clyyall (PMHUTHOTO ABHXKEHHS MO 3JJIMITHUECKOH OpOHUTe C ypaBHEHHEM Tpaek-

TOPUU B BUIE
M? 2EM?
r = $’ roe pzi Uu e = \/i, (1046)
1+ecosy mo mao

BBIBEJIEHHOH A/ caydas F < 0, MOXKHO 000OIIMTh U Ha caydall MHQUHUTHOrO ABMXKeHHs, Korma E > 0,
TIPY 3TOM BCE TPH 3alMCaHHbIe (POPMYJIbl OCTAIOTCS CIpaBelJUBHIMHU. Tak, cayuaio E > 0 (¢ > 1) oTBeuaer
nBuxkeHue no runepoosie (cm. puc. 10.7). PaccTosiHMe OT NepUrens 10 UEHTPa MO PABHO Tmin = p/(1+¢).
Cayuaio £ =0 (¢ = 1) oTBeuaeT IBHKEHHE IO napaboJie C PacCTOSIHUEM MEPUTeNHUs Tmyin, = p/2. ITOT

N o4

cosB = 1/¢

Puc. 10.7. [IBuxeHue no runep6oJie B MoJjie MPUTSKEHHUS.

c/Jy4al MMeeT MeCTO, KOT[la YacTHMLla HauMHaeT CBOe [IBHKEHHe M3 COCTOSIHHS MOKOSI Ha OeCKOHEYHOCTH.
ITouemy croparoT MeTeoputsI? /15 0OTBETa Ha 3TOT BOIPOC BOCIIO/Ib3yeMCsl MPHHILIUIIOM MEXaHUYECKOT0
nono6usi. Beinuiiem Bhlpa’keHHe IS TIOJHOE SHEPTHHM YacTHLbI, IPUHSB BO BHUMaHHe, 4to v2 /3% = 1/7:

2 2 "2 2
1
pom e () m)T la (9N (10.47)
2 r 16} 2 yr! 3
WJIH, TIOCKOJIbKY OTHOLIeHHe 72 /(3 paBHO OTHOIIEHHIO CKOPOCTEH A/l TeOMEeTPUYECKH MON0OHBIX OPOHUT,
E v\ 2
== (;) _ (10.48)

Korna meTeopuT TopMo3uTCS B aTMocdepe, ero MojHasi HEPrusl yMeHbIIAeTCs U B HEKHH MOMEHT W3
M0JIOKUTEJIbHOM CTAaHOBUTCS OTPHULIATENBHOH M MPOAOJKAeT yMeHbLIaTbCsl AaJblie 6jarofapsi TpeHUio 06
arMocdepy (HO yBeJqMUMBAeTCs TIPU STOM M0 aBGCOJMIOTHOH BesnuuHe). CKOpocTb MpH 3ToM pacrter. TpeHune
CTaHOBHUTCH ellle 6oJiblile U T.A. MeTeopUT CUJIbHO HarpeBaeTcs B pe3y/bTaTe TPEHHS U Cropaert.

Pe3ep¢opaoBckoe paccesiHue
PaCCMOTpI/IM Ternepb ABHKEHHE B I10Jie OTTAaJKHBaHHsA, B KOTOPOM

U =

(0%
r

5 (10.49)
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roe o > 0. Hanpumep, 310 MoxeT ObITh IBHXKEHHE OJHOTO 3apsiia g; B MOJie OJHOMMEHHOrO 3apsja gz,
TOra a = q1q2 B aToM cayuae apekTHBHAS NOTEHIIMAIbHAS SHEPTHUS

vy M

r o 2mr?

(10.50)
SIBJISIETC MOHOTOHHO yObiBatouieit (ynkuueir r (puc. 10.8). IMosnas sHeprust yacTuubl E MOXKET OBbITh

TOJIBKO HOJIO}KI/ITEJIBHOI'/)I, W OBHUXKEHHE BCerjga fABJAETCHA I/IHCbI/IHI/ITHbIM

U3d’(b“

E>0

r

Puc. 10.8. DddekTrBHas NOTEeHMANbHAS HEPTUsI B KEIJIePOBOH 3ajaue B MoJje OTTaJKUBaHUSI.

YaCTHIbl 3a4aeTCqd YpaBHEHUEM

TpaekTopusi 4acTHLBl MOXKeT OBbITb [OJyUeHA TeM e CaMblM CIOCOGOM, YTO Y MPH ABHKEHHH B IOJe
nputskenus. Jas atoro B popmyae (10.20) Hy»KHO NpoK3BeCTH 3aMeHy o — —q. B pesyJsibTaTe TpaeKTOpHUs

p M?
r=————, Tl p=—
gcosp —1

2EM?
U e=+{/14+—
mao
(puc. 10.9).

5 (10.51)
mao
(c @ > 0) u sBAsieTcs MO-TIpexkHeMy rurep6osoi. LIeHTp Tosist JIeXKUT, ONHAKO, CHApPYKH TUMepOOJibl

yA

\As

Puc. 10.9. [IBuxeHue no runep6oJsie B Moje OTTaJKUBaHHSI.

3anady o IBHKEHHU YaCTHLBL B 3TOM CJy4ae 4acTo GopMyJHUPYIOT KaK 3agady paccessHus. JacTuua npu
CBOEM JIBHXXEHHH OTKJIOHSETCS OT NepBOHAYa/bHOTO HampapJeHus Ha yroa x. [Ipu sToMm, Kak cienyer u3

t= +oo

Puc. 10.10. 3ajnaua paccesiHHsl B KYJOHOBCKOM [10Jie OTTaJKHBaHHUS.

puc. 10.10, yron otkaonenus (yron paccestHusi) x CBsi3aH ¢ YoM @, MOJA KOTOPBIM HaKJOHEHbl aCHMIITOTHI
runep6oJbl K ocl X, NPOCTEIM COOTHOLLEHHEM

X+20=mr, (10.52)
MO3TOMY
ctgg — tgh. (10.53)
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C npyroil cTOpOHBI, yroJ 6 onpenessieTcsi U3 YCJOBHS oOpalleHuss B oo BejuuuHbl r B (opmyse (10.51).
Orcilona cienyer, 4To

cosf) = é (10.54)
u
ctg%ztg@z 60329—12\/527—2,/%. (10.55)
Oueprusi £ U MOMEHT uMMy/ibca M ONpefesioTCs U3 JBHMKEHHs] YaCTHLBI TIPH ¢ = —00:
E = m;go u M = pmuy, (10.56)

Tle Voo — CKOPOCTb HaJsleTaollel 4acTUIBl Ha OECKOHEUHOCTH, a p — TaK Ha3blBaeMOe IMPHUIeJbHOE PAacCTO-
anue. [logcrapass 3ty BesuuuHbl B hopmyay (10.55), Mbl IpUXoAUM K 3HaMeHUTOH (opmyJse Pesepdopra

ctg X (10.57)

2
mMmug, 2

p:

CBSI3BIBAIOIIEH YTOJl paccesiHUs] Y C TPHIENbHBIM PAcCTOSTHHEM p. 3aMedaTesbHO, YTO TOYHO Takas XKe
(dopmysia MmosyyaeTcst U NPU ABUKEHHM YACTHIILL B MOJie NpUTsKeHuss U = —a/r.
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KJIACCMYECKAY MEXAHUKA e Jlekuus 11

JBuxkeHue TBepaoro tena. TeH3op MHepPUMHU U IHEPrus
Bpallalouerocs TBepaoro Tejaa

MBbl npucTynaeM Tenepb K ONMCAHMIO [BHXKEHHs TBEPHOro Teaa (He ONHOH, a MHOIMX MaTepHasbHbIX
Touek).UTo Takoe TBepnoe Teso? B MexaHMKe TBepioe Tesio ONpenessieTcss KaK CHCTEMa MaTepHuadbHBIX
TOYEK, PaCCTOSTHUSI MEXAY KOTOPHIMHU B MPOLECCE ABMIKEHMS HEM3MEHHBI (TO €CTb Mbl HE yYHUTHIBAEM
nedopmManum).

Jlns omucaHusi ABUXKEHHUSI TBEPAOrO TeJja BBeleM [Be cUcTeMbl KoopauHaT. OnHa — “HenojnBHXKHas”,
WHepLHalbHas cucTeMa KoopauHaT XY Z (Hanpumep Hama Ja6oparopus). Jpyras — ABMXylIascs, o1 = T,
Lo =Yy U XT3 = 2, XKECTKO CBsI3aHHAsi C TBEPABIM TEJOM H Y4acCTBYIOLIAsl BO BCEX €ro IBHXKeHHsX. Kak Mbl
YBUIUM BIIOCJENCTBUH, HAYaJI0 ABUXKYILEHCS CHCTEMbl KOOPAMHAT YIOOHO COBMECTHTh C LEHTPOM HHEPIHH
TeJa.

[Tocko/bKY ABMIKYIASICS CHCTEMA XKECTKO CBsI3aHA C TBEPIBIM TEJOM, TO MOJIOXKEHHE TBEPAOro TeJa
OTHOCHUTEJIbHO HEMOABUMKHOM CHCTEMbI KOOPIHHAT OJHO3HAUHO OMPEeNseTCs 3afaHHeM TTOJNOXKEHHUS TBHKY-
weiics cuctembl (ee Hauasa KOOPAMHAT M opueHTauuu oceit). [TycTh paguyc-BekTop R yKasbiBaeT mosoxe-

VA *3
M %
i 4
R
X1
>y

X

Puc. 11.1. [IBe cucTeMbl KOOPAHHAT.

Hue Hauasa O NBUXKYILEHCS CUCTEMBI (pHc. 11.1). OpueHTauus ocel 3TOH CUCTEMBI 1, T2 U L3 OTHOCHUTEJb-
HO HEMOABUXKHOU OMNpefesisieTcs TPeMsl He3aBUCHMbIMU yTJjaMu. B UTore BMecTe ¢ TpeMsi KOMIOHEHTaMU
BeKkTOpa R Mbl HMeeM Bcero iiecTb KOOpPAMHAT. TakuMm o6pasom,

BCSIKOE TBEPIOE TeJO MPeNCTaBIAseT CO60M MeEXaHMUECKYI0 CHCTEMY C LIECTBIO CTEMEHSMH
CBOOO/BI.

PaccmoTpum Tenepb nmpor3BoJibHOe GECKOHEUHO MaJsloe NepeMellleHUe TBepaoro teja. Ero moxHo cebe
NpelCTaBUTb B BUIE CyMMBbl ABYX 4acTed. OfHa yacTb — 3T0 6eCKOHEUHO MaJblil napaJjijie/bHbIH epeHoC
Tesa (Koraa BCe TOUKH TeJia CMellaoTCst OMHAKoBo). B pesysbrate 3Toro eHTp nHepunu (Hauaso Koopau-
HAT MOJIBUXKHON CUCTeMbl!) MEPEXOIUT U3 HAYAJBHOTO TOJIOKEHHUsT B KOHEUHOE TIPH HEM3MEHHOH OPUEHTALUHU
ocell TOABHKHOH CHCTEMBl KOOpAHHAT. BTopasi — 6ecKOHeuHO MaJblil MOBOPOT BOKPYT LEHTPa HHEpLUH, B
pesysibTaTe KOTOPOrO TBEPAOE TeJ0 MePEeXONUT B KOHeuHoe MoJoxkeHHe (MOPSMOK 3THX ABYX Onepaiui,
OUYEBHJIHO, HEBAXKEH).

O603HauUM paguyc-BEKTOP MPOU3BOJbHOH TOYKH TBEPAOTrO Tesa P B MOJBHXKHOH CHCTeMe KOOpAMHAT
IIOCPEJCTBOM I, @ PaflMyC-BEKTOp TOH Ke TOYKH B HENOABHKHOH cHcTeMe — IOCpelIcTBOM . Toraa 6ecko-
He4yHOo MaJjloe cMellleHHe dg TOYKH P ck/naablBaeTcsl U3 NepeMelleHus dR LeHTpa UHepUUH U NepeMelleHHs
[de X r| OTHOCUTENBHO TOC/EAHErO MPH MOBOPOTE HA OECKOHEUHO MaJblil yros d¢ BOKpyr Touku O:

dp = dR + [dep X r]. (11.1)

PaspesivB 3T0 paBeHCTBO Ha MHTEPBaJ BpeMeHHU dt, B TeYeHHe KOTOPOro MPOU3OLLI0 AaHHOE MepeMelleHue,
U BBelsl CKOPOCTH

dg dR dep
— Pt T _Q0 11.2
a7 Tt Vs dt ’ (11.2)
l'IOJIy‘-II/IM COOTHOIIIEHHue Me)Klly HUMHU
v=V+[Qxr] (11.3)
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CkopocTb V — 3TO CKOPOCTb JIBHXKEHHS LIeHTPa WHEPLHH TBEPAOro Tesa. Ee Ha3plBalOT TakKe CKOPO-
CTbIO MMOCTYIATENBHOrO [BHXKEHUS TBepAOro Tesa. Bekrop 2 Has3biBaeTCs YIVIOBOH CKOPOCTBIO BpALLEHUS
TBepaoro Tesa. Ero HampaB/ieHHe U HampaBJieHHe d COBMNAJAIOT C HaNpaBJ/eHHEM OCH BpallleHHs B JaHHBIH
MOMEHT BpeMeHH. TakuM 06pa3oM, CKOPOCTb V JII0G0H TOUKHM Tesa (OTHOCHTENbHO HEMOABHMKHOH CHCTEMBI
KOODIMHAT) MOXeT ObITh BbIDaXK€Ha 4epe3 MOCTYMaTeNbHYK CKOPOCTh Tesa V M YIJOBYIO CKOPOCTH €ro
BpaueHus 2.

Tensop nHepuun

Jlns1 BbIUMC/IEHUS] KHHETHYECKOH 3HepruM TBepHOro TeJsa MPEACTAaBUM ero Kak JUCKPeTHYI0 CUCTeMy MaTe-

puanbHbIX ToueK. Torna
2
mu
T = —_ 11.4
S (1.4

rle CyMMHpPOBaHHE MPOW3BOLUTCS M0 BCEM TOYKaM, COCTABJSIOLIMM Tejo. UToObl KM36eXaTh IPOMO3AKHX
0603HaYeHHUH, 30ech ¥ HHUXKE Mbl ONTyCKaeM MHAEKCH, HyMepyloliye 3TH ToukH. [lepexon oT dopmyd, comep-
XKalKMX CYMMHPOBaHHeE 110 JUCKPETHBIM TOUKaM, K (POpMYJ/1aM [JIsl CIJIOLIHOIO TeJsa OCYLIECTBISETCS IPOCTO
3aMeHOH MacC 4acTHIL Ha Maccy pd), 3aKJIOUeHHYI B 3jeMeHTe o0bema d) (p — MJIOTHOCTb Macchl),
WHTErpUPOBAHHUEM I10 BCeMy 00beMy Tesaa V.

I[lopctaBum B (opmyny Ans KuHeTHueckoi sHepruu T = Y muv?/2 dopmyny misi ckopocTd v = V +
[ X r]:

T = Z (V +[Q x 1])° Z V2+ZmV Q”*Z [ x r)? (11.5)

Ckopoctd V 1 €2 OIMHAKOBBHl [Ji1 BCeX TOUEK TBEPAOTO TesJa B JAHHBIH MOMEHT BpeMmeHH. [loaTomy B
nepsoM ujieHe V2/2 MOXHO BBIHECTH 3a 3HAK CyMMbI, a CyMMa » 1 eCTh Macca TeJa, KOTOPYIo Mbl 6yjeM
o603Ha4aTh yepe3 M. Bo BTOpoM usieHe NUlleM

ZmV-[er]:Zmr-[VxQ]:[Vxﬂ]~2mr. (11.6)
OTciona BUIHO, UTO ecyd Hayajto O ABUXKYILEHCS CHCTEMbl KOOPAMHAT BbIOPAaHO, KaK YCJOBJEHO, B LIEHTpe

HHEPLHH TeJa, TO ITOT 4jeH obpaliaercss B HyJb, Tak Kak torga » , mr = 0. Hakorel, B TpeTbeM uJjieHe
pacKpelBaeM KBaApaT BEKTOPHOTO NPOU3BEIECHHUS:

[ xr]? = [er]-[ﬂxr]:ﬂ rx[Qxr]]=
=Q- (U’ —r(r Q) =0 — (1) (11.7)
B pesysbrate Haxonum
MVZ 1
T="0 +§Zm{92r27(ﬂ~r)2}. (11.8)

Takum 00pa3oM, KHHETHYECKYl0 3HEepPruio TBeplOoro Teja MOXKHO IPeNCTaBUTb B BHAE CYMMBI ABYX
yacteil. [lepeoiii unen B (11.8) — 3To KuHeTHueckasi 3HEpPrusi MOCTyNaTeNbHOro ABHKeHusi. OHa uMeeT
Tako# BHI, Kak ecyau Obl BCsl Macca Tesa M 6bljia cocpefoToueHa B ero LeHTpe WHepuuu. Bropoi uneH —
9TO KHHEeTHYeCKasl SHEPrHs BpallaTeJbHOIO IBHKEHHS C YIJIOBOH CKOPOCTbIO {2 BOKPYT OCH, MPOXOISIIEH
Yyepe3 LeHTP HMHepuuH. Heo6XxonnMo MOAYEpKHYTb, UTO BO3MOMKHOCTb TAaKOTO pa3fiesieHHst KHUHETHUEeCKOH
SHEepPruu Ha J[iBe He3aBHCUMble HaCTH 0OycJOBJeHa BbIOOPOM Hauaja MOABUXKHOH CHCTEMBl KOOpAMHAT B
LleHTpe HHepLHUU TeJsa.

Kak MBI yKe roBOpHJIH, yIJOBasi CKOPOCTb BpalleHHs ) OAMHAKOBa [1Jis BCEX TOYEK TeJsa, U MO3TOMY
ee MOXHO OblIO Obl BBHIHECTH 3a 3HAK CyMMBbl W BO BTopoM ujieHe (11.8), ommchiBamoleM KMHETHYECKYIO
SHEPTHI0 BPALIATEJbHOIO [ABUKEHUS:

Zm{m 2 (1)}, (11.9)

OnHako ec/ii 3T0 [IPOCTO CAeJaTb AJid EPBOTo cJjaraemMoro, To AJsd BTOPOTO 3TO He TaK OUEBUIHO. HpO6JIEMy
pewaeT nepexon K TEH30PHBIM 0003HaYeHHIM. 3anuileM

2 =0 Q=00 =92
2 =r.-r=uxw = (11.10)
(1) = () (Qy) = U,y
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03TOMY
1 1
T = 5 Zm {Qfx? — QixiQkxk} = 5 Zm {QiQk(Sikl‘lQ — QiQkxizk} =
1
= 5% > m(afdi — miwy). (11.11)
3nech GbLIO UCTONB30BAHO TOXKIECTBO §2; = 052, e d;, — cumBoa KpoHekepa. BBonsi o6o3HaueHue
Ly = Zm(m%&k — TTk), (11.12)

OJIly4YUM OKOHYAaTeJIbHOE€ BbIPpA2KEHHE [J15 KUHETHYECKOH 9HEePrur TBEPAOro TeJa

MVE 1
T="——+ -L.00. (11.13)
2 2
BBeneHHast HaMH COBOKYIHOCTb AEBSITH BeJH4MH I, = > m(x}d;x — x;x)) 3aBUCHT OT FeOMETPHH

TBepﬂOFO TeJa, a TOUHee OT paCHPEI[e.HeHI/IH MaccC, U Ha3bIBaeTCsd TeH30p0M MOMEHTOB nHepqu, HJn
NpOCTO TEH30POM HMHEPLIUU TeJa. SIIECI) MbI OOJI2KHBI HEMHOI'O OTBJIeUbCA U HOFOBOpI/ITb O TOM, 4YTO Takoe
TeHSOp BOO6Hle. KaK MBI ITIOKaxKeM HHXKe, [TOHATHE Teﬂsopa eCThb 0606HleHI/I€ ITIOHATUSA BeKTOpa. Bcero, KaK
Mbl BUIUM, B O6HleM cnyqae y TeHsopa Iik HUMeeTCd AeBATb KOMIIOHEHT. O}lHaKO HOCKOJ'II)Ky 3TOT TeH30p
chMtsTpnqu, TO €CTb

Lk = L, (11.14)

TO HE3aBUCHMBIX KOMIIOHEHT BCETO LIECTb. 3aNHCBIBAIOT KOMIIOHEHTH! TeH30pa OObIYHO B BHAE CJeLYIOIIEH
TaOJIULLBI:

Iacz Ia:y I:z:z
L= | I Ly 1. | . (11.15)
Lo Ly I
Camoe Ba>XHOe€, YTO XOTeJ0Chb OBl 31eCh OTMETHUTb, — 3TO TO, 4YTO, 10 aHAJIOTHHU C BEKTOPOM, KOMIIOHEHTDI

KOTOPOro 3aBHUCAT OT BbIOOpa CHUCTeMbl KOOpPAHHAT, KOMIIOHEHTBl TeH30pa [;; TOXe 3aBUCAT OT Bblbopa
CUCTEMbl KOOPAMHAT.

Kak 13BECTHO, MPH MOBOPOTE CHUCTEMbl KOOPAMHAT KOMIOHEHTBHI pajuyc-BekTopa (i BooOlle JH060ro
JPYTOro BEKTOpa) NpeoGpasyroTes Mo 3aKOHY

T = T, (11.16)

rae g, = cos (ik’) — MaTpHlla HamnpaB/sIOUIMX KOCHHYCOB, MM, KaK Mbl €e HasblBaeM, MaTpHIa MOBOPO-
ta. [Tonb3ysiCh 9THM COOTHOLIEHHEM, HaiJeM CBA3b MEXIy KOMIOHEHTaMH TEH30pa B CTapoil W B HOBO#
cucteMax KoopauHat. Ilogcrasum aas atoro (11.16) B BhipakeHue mas TeHsopa uHepuuu (11.12):

I = Zm(almx;n apna, Oi — ozip:c; QpsTh). (11.17)
—— —— —— —~—
x] x x; Tk

3ameuaeM, 4TO B MEPBOM CJAraeMoOM (mQin, = Oy (OPTOrOHANBHOCTb CTOJGLOB MaTPHULBI II0BOPOTA), a
cumBos Kponekepa (mo/ib3ysich OpTOrOHa/NbHOCTBIO CTPOK) MOXKHO Mepernucarh B BU/E

Sik = QipQgp = QipQgsOps  (OPTOrOHATBHOCTB CTPOK). (11.18)

Hcnonb3ys Bce 3TO BMeCTe, MOJTYYUM

/ / VA
I, = E m (5mn:z:mxnaipaks§ps — ozipaksmpxs) =
1\2 ! !
= QpQks E m [(z") Ops — zpzs] = QipQgslyg, (11.19)

rage
k= m [(m2)2 Ok — x;m;} (11.20)

peJcTaB/IsAT cO60H KOMIIOHEHTH TeH30pa B HOBOH ([OBepPHYTOlH) CHCTEME KOODAHMHAT.

Takum o6pasoM, Mbl NPULIIM K BBIBOLY, YTO IIPH MOBOPOTE CHCTEMBI KOODAHMHAT AEBATh BeJHYMH I
npeo6pasyoTcs Mo 3aKOHY
(11.21)

!/
Iy, = aipakslp5~
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ITOT 3aKOH NpeoOpa3oBaHUsl COBMANAET C 3aKOHOM MpeoOpa30oBaHHUsI NMPOU3BENEHHs ABYX KOMIIOHEHT Bek-
TOpa

. _ /

xTr; = Oél'pil'p,
sy, (11.22)

/A
TiTh = QipQksT,Ty.

L

B maremartuke

BeJIMUMHA, KOTOpasi MPU NOBOPOTe CHUCTEMbl KOOpPAMHAT NpeobpasdyeTcs Kak NpoM3BeleHHe IBYX KOMIIO-
HeHT BeKTOpa, Ha3blBaeTCsl TEH30POM BTOPOTO paHra.

Takum O6p830M, TEH30D MHEPUHHU ABJJAACTCA CHMMETPUYHBIM TEH30POM BTOPOrO paHra. [To aHajoruy MOXKHO
BBECTH TEH3O0PhI 6oJiee BHICOKHX paHros. BeKTOp TaK>XKe MOXXHO Ha3blBaTb TEH30pPOM IEPBOro paHra.
Brinuiem I HaTJISAHOCTU KOMIIOHEHTBI T€H30pa MHEPUHHU B IBHOM BHUIE:

Ym(y? +2%) = Ymay -y maz
L= - myx Sm(z? +22) =Y myz . (11.23)
—Ymzx = Ymzy  Yom(a®+y?)

KommnoHeHTH [y, Iy, W I, MHOTAA Ha3bIBAIOT MOMEHTaMH MHEDLHH TeJ1a OTHOCHTENbHO COOTBETCTBYIOLIHX
ocedl. 3aMeTHM, UYTO TEH30p HWHEPUHH ANJAWTHBEH — MOMEHThl MHEPLUHH Teja PaBHbl CyMMaM MOMEHTOB
WUHEPLHH ero 4yacTed.

Ec/am TBepoe Teso MOXKHO paccMaTpUBaTh Kak CILIOIIHOE, TO B onpejeaeHuy Tensopa I, (cm. (11.12))
CyMMa 3aMeHsieTCsl MHTerpaJjoM Mo oobeMy Teja:

2
Ly, = /p(xl Oik — xixg)dV. (11.24)
Kak Mbl yXe cKasanu, KOHKPETHBIH BHJ TEeH30pa MOMEHTOB HHEPLMHU 3aBHCHT OT BbIOOpPA CHCTEMBI

KOOpAWHAT. B marematuke JOKa3bIBaeTCHd Teopema, KoTopas IJ1aCuT, 4YTO

BCAKHMI CUMMETPUYHBIN T€H30p BTOPOr0 paHra MOMKET OBbITh MPUBEIEH K IHaroHaJbHOMY
BHY IIyTEM COOTBETCTBYIOLIEr0 BbIOOpA HANpaBJIeHUS OCEH X1, To U T3.

OTH HanpaBJieHHs] HAa3bIBAIOT IMIABHBIMHU OCSIMU MHEPLMM, 3 COOTBETCTBYIOIME 3HAUEHHUs KOMIIOHEHT TeH-
30pa — IJIaBHBIMHM MOMeHTaMu uHepuuu. O603HauuM ux kKak I, Is u I3. [1pu takom BeIGOpe ocell x1, T2
U 3 TeH30p [;; UMeeT BUL
I; 00
Liy=(0 L0 (11.25)
00 I3

U KHHETHYECKasd SHePrus BpallaTeJIbHOr0 NBHUXKEHHS BbIpaxKACTCHA 0C0OEeHHO IIPOCTO:
1
T= (L7 + O3 + 505). (11.26)

OTMeTHM, 4TO KaXKJAblH M3 TPeX TJIaBHHIX MOMEHTOB HMHEDIUH He MOXeT ObIThb 0O0Jblle CYyMMbl ABYX
npyrux. Tak,

L+1, = Zm(x%—&—x%—l—xf—!—x%) =
Zm(w% + 23+ 223) > Zm(x% + 22) = Is. (11.27)

TeJs10, y KOTOpOro Bce TPH IVIaBHBIX MOMEHTA MHepLHH pas3/MuHbl, Ha3blBal0T aCUMMeTpPHYECKHM BOJIY-
KoM. Ecin 71Ba ryiaBHBIX MOMEHTa WHEpPIMH DaBHBEI APYT APYTy, Hampumep [y = Iy # I3, TOo TBepuoe Teso
Ha3blBalOT CUMMETPUYECKUM BOJYKOM. B 3ToM ciyyae BbIOOp HalpaBJ/eHHs [JIaBHBIX OCeH B IJIOCKOCTH
x122 pousBoJieH (MpUMep CHMMeTPHYECKOro BOJIUKAa — J060e TeJlo BpalleHus, Hanpumep ona). Eciu xe
BCe TPH [VIaBHBIX MOMEHTa HHepLHH COBMNAJaloT, TO TeJO Ha3blBaeTCs MAPOBBIM BOJMUKOM. B 3ToM caydae
NPOM3BOJIEH BHIOODP BCEX TPeX IVIABHBIX OCeH MHEPLHH — B KayeCTBe HMX MOXKHO B3Tb JIOOble TPH B3aHMHO
nepreHUKyaspHble ock (Mpoxonsilike Yepes UeHTp UHepluu Tena)'.

ITapoBoii BosuoK He oGs3aTesbHO MMeeT (hOpMy IIapa: HanpuMep, ONHOPOAHOE Teslo B (hopMe KyGa — Toxe LIapOBOi BOMYOK.
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HaxoxneHue rnaBHbIX Ocell MHEPLHUH OYeHb YIIPOLIAeTCs, eC/U TBEpHOe Teso objanaeT TOH MJIH HUHOH
cuMMerpued. fcHO, UTO MOJOXKEeHHe LEHTPa MHEPUMH W HampaBJjeHHe [VIaBHbIX OCell WHEepPLHH HOJIKHBI
00J1a1aTb TOH Ke caMoH CHUMMeTpHel.

Tak, ecau Tes0 06/afaeT MIOCKOCTBIO CUMMETPUH, TO LIEHTP HHEPLHH JOJIKEH JiexKaTh B 3TOH IJIoC-
KocTH. B Hell ke jekarT 1Be Tr/aBHble OCH WHEPLUHH, a TPeTbs — MepPNeHAUKY/IsipHA K Hel. O4eBUIHBIM
NPHMEPOM TaKOr0 COpTa SIBJISETCS CHCTeMa YacTHI[, PAcCloJOKEHHbIX B ONHOH MJIOCKOCTH. B 3Tom ciy-
yae MMeeTCsl POCTOE COOTHOLIEHHE MEeXIY TpeMs IVIABHBIMH MOMEHTaMH HWHepLHH. Tak, ecsd MJIOCKOCTb
CUCTeMBbl BbIOpaHa B KayecTBe IJOCKOCTH Z1Z2, TO, TOCKOJbKY IJs BCeX yacTul x3 = 0, uMeeM

L = me%, I = me?, I3 = Zm(x? +x3), (11.28)

TaK 4UTO B pe3yJbTaTe
Li=1 +1I. (11.29)

[oBopaT, 4TO Tes10 06JafaeT OCbI0 CUMMETPHU N-TO MOpPsJKa, €CJH OHO COBMellaeTcsl caMo ¢ co0oH
Npy MOBOPOTE Ha yroJ 2m/n BOKPYT 3TO ocH. SIcHO, uTo ecsu Teso 00/afaeT OCbIO CUMMETPHH KaKoro-
K60 mopsiska (n # 1), TO LEHTP MHEPLMH JEXHUT Ha 3Toi ocd. C Hell e COBMamaeT oiHa M3 TJIABHBIX
ocell MHepLHMH, a ABe ApPyrue — MNepreHAMKYJISIpHB K Hel. [Ipy 3ToM ecaM MOpSOK OCH CHMMETPHUH Bbllle
Broporo (n = 3,4,...), TO TeJo SIBJSIETCS CUMMETPUUECKUM BOJYKOM. JIeACTBUTENbHO, KAXKAYIO TVIABHYIO
och (MeprneHMKyASPHYIO K OCH CHMMETPHH) MOXKHO TOT/Ia TIOBEPHYTh Ha YroJl, OTAHYHbIA 0T 180°. JIpyrumu
CJI0BaMHU, BbIOOP 3TUX OCell CTAHOBUTCS HEOLHO3HAUHBIM, @ 9TO BO3MOXKHO JIHIIb B Clydae CUMMeTPHUUECKO-
ro Boa4ka. [IpuMepoM cMMMeTpHueckoro Bosmuka (MOMHMO Tesa BpallleHHst) SBJSETCS TpsiMast PU3Ma, B
OCHOB2HHH KOTOPOH JIeXKHT MPaBUJbHBIH MHOTOYT'OJIbHUK.

Oco6bIM cay4aeM, IpeCTaBJISIONIMM UHTEPEC, SIBJISETCS CUCTEMA YaCTHLL, PACIIOJN0KEHHbIX BIOJb OQHOH
npsiMoit JinHUU. Ecsin BbIOpaTh 3Ty NPSMYIO B KauecTBe OCH X3, TO AJISl BCeX YACTULL 1 = Xy = 0, U N03TOMY
JBa I7IaBHBIX MOMEHTa MHepLHHU COBNAJAIOT, a TPETUH paBeH HYJIIO:

L=I=>) ma3 Iy=0. (11.30)

Takyto cucTeMmy HasbiBaloT potatopom. OT 06LIEro caydast MPOU3BOJNBHOTO TeJa €ro OTJIMYAeT TO, YTO OH
¥MeeT Bcero ABe (a He TpH) BpallaTeJbHbIE CTENEHH CBOOOMBI, COOTBETCTBYIOIIHME BPALIEHHAM BOKPYT OCef
T1 ¥ To. TOBOPUTD XKe 0 BpallleHHUH NPSIMOH BOKPYT caMoii ce6si, OUeBMIHO, HEe UMEeT CMBIC/IA.

WHorna yn06HO BHIUMC/IATH TEH30P HHEPLMH OTHOCHTENbHO TOYKH, He COBMaalollel C LleHTPOM MHEepLHUH
tena. Torna (cm. puc. 11.2)

~

O npyroe Hauaso

a r

LEHTp UHeLu ()
r

Puc. 11.2. Beruncienve TeH30pa HHEPLHH OTHOCHTEJBHO IPYroro Hadasa.

Lig =Y _m (86, — Fidy) . (11.31)
[TockosbKy r =T + a, WM ©; = T; + a;, TO, MOACTABJSAA T; = T; — a;, OJy4aeM
Ip = > m{(@— a)*6i — (w5 — a;)(z — ar) } =
= Zm {(acl2 — 2xa; + alz)&-k — XXk + a; T + apx; — aiak} =

= Zm(m%éik — z;x)) — 2004 Zma:l + a; mek + ag mei +
+ M(a®6i — a;az). (11.32)

Tak kak Touka O — UEHTpP MHEPUHH Tesa, TO »_ mx; = 0, ¥ B pe3ysnbTaTe MOJydaeM
Lik = Lip + M(a%6i — asay,). (11.33)

C nomotbto 3ToH (hopMmyisibl, 3Hast I;j, JIErKO BBIUHMCJIWUTL UCKOMBIH TeH30p I;; ¥ Haobopot. YacTHeIM ciy-
yaeM 3TOH (OpPMYJIBl SIBJSIETCS CBSI3b MeXKAy MOMEHTAMH HHEPLUHH Teja OTHOCHUTEJBbHO NIBYX Pa3JIMUHBIX
napasiennsix oceid. [lycts omHa u3 3tux oceil (ocb C') MPOXOAMT uyepes3 LEHTP HHEPLUHMH Tesa, a BTOpas
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(OCb A) — OTCTOUT OT Hee Ha pPaCCTOAHHUH a. Toraa, NpUHHUMasg HallpaBJIeHUd 3THUX ocell 3a OCH z U Z
COOTBETCTBEHHO, MOJYUYHUM

T 2

Izz =1, + Ma (1134)

(mockonbky a, = 0). Ao ecTb Teopema [oiirenca—Illrefinepa.
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KJIACCMYECKAY MEXAHUKA e Jlekuus 12

MomeHT UMNyJbCca TBEPHAOIO TejJa. YpaBHeHUE JABUIKEHUS TBEPHOTO
Teja. YpaBHeHUs Jijepa. YCTOMUMBOCTb BpalleHUS

Kak Ml 3HaeM, Be€JHWYWHa MOMEHTa HUMIlyJibCa CHUCTEeMbl MaTepHUAJbHBIX TOYEK, BOOOI1Ie roBopsd, 3aBUCHUT
oT BbI60pa HaydaJsa KOOpPpAHWHAT, OTHOCHUTEJIbHO KOTOPOIroO OH OIpedeJseH. W TonbKOo B TOM cJaydae, e€CJu B
BbI6paHHOI>'I CUCTEME OTCHeTa CKOPOCTb MOCTYNATEJbHOrO NBHUXKEHHS TBEPHOro TeJa V = 0, ero MOMEHT
HMITyJIbCa HE 3aBHUCHUT OT Bbl60pa TOYKH OTCUETA. HOSTOMY B 3TOM CJiy4yae e€CTeCTBEHHO B KaieCTBe TaKoH
TOYKH Bbl6paTb HEeHTp MHEPLUHUHU TeJsa — HaydaJlo MOABHUKHOHU CHCTEMbI KOOpAWHAT. Torma B BbIpaXK€HHUHU [J151
MOMEHTa HUMIIyJbCa

M:Zm[r X V] (12.1)

CKOPOCTb V Hajlo 3aMeHHUTb Ha [ X r]:
M=) mrx[@xr]=> m(Q’-rr). (12.2)
BBons TeH3opHBIEe 0603HAYEHUS, TIOJYUUM

M; = Zm (le? — 2;(Qar)) = Zm(&kax? — zixpQy) =

Takum O6p330M, CBsA3b MEXAY ABYMSA BEKTOPaMHU M u ) MOXKXHO 3amucarth B BUJE
M; = LipQ. (12.4)

Ecau ocH x1, X2, T3 HamNpaBjeHbl BAOJb TJIABHBIX OCell WUHEPUHUM Tesa, TO HeJAHArOHAJbHblE KOMIOHEHTHI
TEH30pa MHEPLHUM PaBHH HYJIIO U 3Ta (hopMyJa faeT

M1 = 11917 M2 = IQQQ, M3 = 1393. (125)

B uacTHoCTH, MJIsi 1IapOBOTO BOJIUKA, Y KOTOPOrO BCE TPH [VIABHBIX MOMEHTa WHepUMH coBmagawTt, [; =
I, = I3 = I, umeeMm
M =IQ. (12.6)

Takum 06pa3oM, 115 ILIAPOBOrO BOJUKA MOMEHT KOJIMUECTBA ABHKEHHUS MPOINOPLHUOHAJEH YIVIOBOH CKOPOCTH
BpAallleHUs] ¥ UMeeT OMHAKOBOEe C Hell HarpaBJjieHHe.

B ofuiem »xe caydae mpou3BOJIbHOTO Tesa BeKTop M, BooOlle roBopsi, He COBIIQJaeT [0 Halpa.Je-
HUIO ¢ BeKTOpoM 2. DTO 0OCTOSATEJBbCTBO SIBJASETCS MPUUMHON CJIOKHOTO TMOBENEHHsS] BPAILAIOLIUXCS TeJl.
Hanpagsenus M u © coBnanaiorT JHIb MPH BpallleHHH TBEPIOTro Te/a BOKPYT OJHOH M3 ero IJaBHbIX ocefi!.

Kak u y BcSKOH 3aMKHYTOH CHCTEMBI, MOMEHT HUMITy/Jbca CBOOOLHO BpPALlAOLIErocs TeJja MOCTOSHEH.
Hnsa maposBoro Bosmuka ycioBue M = const paer 2 = const. DTo 3HAUMT, uTO CBOOOAHOE BpalleHHS
[IapOBOTO BOJIYKA €CTh MPOCTO PaBHOMEPHOE BpallleHHe BOKPYT MOCTOSIHHOH OCH.

CroJib 2Ke MPOCTBIM SIBJSIETCS M cJydail poraTtopa. 37ech, Tak Kak [y = Ip = I, a I3 = 0 (ocp 3
HanpasJieHa BIOJb OCH portatopa), M = IQ, npuuem BekTop €2 MepneHAMKY/asipeH ocu poraropa. [lostomy
cBOOOIHOE BpalleHHe pOTaTopa eCTb PaBHOMEpHOe BpalleHHe B ONHOH IJIOCKOCTH BOKPYT HalpaBJ/eHHS,
NepreHAUKYASPHOrO K 3TOH IJIOCKOCTH. 3aKOHA COXPaHEHHsI MOMEHTa [OCTaTOYHO M [JIs OIpefieseHHs
6oJiee CJI0KHOTO CBOOOAHOTO BpAIIEHUs] CUMMETPHYECKOT0 BOJYKA.

Jlns atoro BoCMOJb3yeMCsl MPOU3BOJBHOCTBIO BbIOOpPAa HANpaBJeHHWH TJIaBHBIX OCeH HHEepUUH X1 U X3,
[ePHeHIUKYASPHBIX K OCH CUMMETPHU BOJMUKA x3. A MMeHHO, BbIOepeM 0Cb Ty MEPIeHAHKYJISIPHOH K MJI0C-
KOCTH, KOTOpast ONpeJie/IsieTcsl MOCTOSTHHBIM BeKTOpoM M M MTHOBEHHBIM MosioxkeHueM ocH 3 (puc. 12.1)

xo L mmockoctn {M, z3}.

Torna My = 0, a cnenoBatenbHo, U 2o = 0. Takum obpasom, HanpasjeHus M, U x3 B KaKIbli MOMEHT
BpEMeHH JiexkaT B ofHO# muockocTr. OTCiona, B CBOIO O4epelb, CJeIyeT, YTO CKOpocTH v = [ X r] Bcex

19’1‘0 MOXKET CJYKHUTb ONpeaesIeHHeM IJIaBHbIX ocell U CMOCOOOM MX HaxOoXAeHHS Ha NMpPaKTHKe.
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TOYeK Ha OCH BOJIUKA T3 B KaXKAblH MOMEHT BPEMeHH INepreHIHKYJIsSPHbl K 3TOH MJI0CKOCTH. [lpyrumMu cio-
BaMH, OCb BOJIYKA paBHOMEpHO (CM. HMXKe) BpallaeTcsi BOKPYT HampasJ/eHusi M, OmuchiBasi KDyroBOH KOHYC
¢ yrjoM pactBopa f = const. DTo ecTb Tak HasblBaeMas peryiasipHas npeuneccusi Bosuka. OfLHOBpPEMEHHO
C rpelleccUell caM BOJMYOK DPAaBHOMEPHO BpalllaeTcsl BOKPYT COOCTBEHHOH OCH Zg.

Puc. 12.1. Bpauenne cMMMeTPUYeCKOro BOJIYKA.

Yr/ioBble CKOPOCTH 000MX BpAallleHHH JIErKO BBIPa3HThb 4Yepe3 3allaHHYl0 BeJWYMHYy MoMeHTa M W yroda
HakJoHa f ocu BoJYKa x3 K HanpaBJeHuto M. YT/ioBasi CKOPOCTb BpallleHUs] BOJIUKA BOKPYT CBOeH OCH eCcTb

npoekuus {23 BekTopa §2 Ha 3Ty OCb:

Q3 = M = M cosf. (12.7)
Is I3
Jlast onpesie/sieHUs Ke CKOPOCTH IpelieccHd ) Hafo pas3/ioKUTb BeKTop €2 MO IpaBuJ/y NapaJJjlesorpaMma
Ha COCTaBJSIOLIME BIOJb OCH X3 W BIOJNb HampasjeHuss M. M3 HUX nepBasi COCTaBJSAIOLIAS BIOJb T3
He TPHUBOIMUT HH K KAKOMYy MepeMelleHHI0 caMoil OCH BOJYKa, a MOITOMY BTOpasl COCTABJSAIOLIAS AAET
HCKOMYIO YTJIOBYIO CKOPOCTB Tpelieccru. M3 pucyHKa BUIHO, uTo {2 sin 6 = )y, a mockoneky 0 = My /I =
M sin /I, To MBI OJy4YaeM

M

Q=—.
I

(12.8)
ATo ¥ 3HAUUT, uTO ) = const.

BoiBenem Tenepb (GopMyJsy, CBSI3bIBAIOIILYI0 MOMEHT MUMMyJbca M U YIJIOBYIO CKOPOCTb BpalleHuss €2 ¢
KUHETHYeCKOH aHeprued Bpatenus 7. JlJsi 3TOro 3saMeTHM, YTO C OJHOH CTOPOHBI,

T= %IiinQk, (12.9)
a ¢ opyroy,
M; = Lig Q. (12.10)
[TosTomy umeem
1
T= ;I Qi = leQz Y Q, (12.11)
2 =~ 2 2
M;

TO €CTh KMHETHUYECKasl SHePrusl BpAllleHHsl paBHA MOJIOBMHE CKaJIsIPHOTO MPOU3BENEHHS] MOMEHTA MMITYJ/bCa
Ha YIVIOBYI0 CKOPOCTb BpalleHHsl (CPaBHH C BbIpa*keHHeM /15 KHHETHYECKOH SHEPTHH IMOCTYNATeJbHOro
neuxenus mv?/2 = (p - v)/2). Orcona nas cBoGonHoro Bpauienus, korna 1" = (M - Q)/2 = const u
M = const, caenyer, 4To npoekuusi BekTopa 2 Ha Hanpasserne M B mpolecce BpalleHusl He H3MEHSIETCS.

YpaBHeHus1 1BHIKEHUS] TBEPAOro TeJa

[TockosbKy B oflieM ciaydae TBeplaoe Teso 00/afaeT WECTbIO CTeleHAMH CBOOOAB, TO obulias cUCTeMa
ypaBHEHUH MABHMKEHHSI AOJKHA CONEepXKaThb LIECTb HE3aBUCHUMbIX ypaBHeHHH. VX MOXXHO NpeiCTaBUTb B
BHJIE IBYX BEKTOPHBIX YPaBHEHHUH M/l CKOPOCTH HU3MEHEHUS UMMY/bCa U MOMEHTa MMIYJbCa TeJa.

[TepBoe 13 3THUX ypaBHEHUH MOJydYaeTCsl B pe3yJjbTaTe MPOCTOTO CyMMHPOBAHUS ypaBHEHHWH NBHXKEHHS
p = f nng Kaxnoi U3 COCTaBJAIIIMX TeJO YACTHI, Ile p — HUMIYJbC YacTulbl, a f — melicTBylomas Ha
Hee cuJja. BBoasi mosiHBIR UMIy/AbC Tesa

P=> p=MV (12.12)

23



U NOJIHYI0 AeficTByOLLYyI0 Ha Hero cuay »  f = F, nonyuum

dp

— =F 12.13
7 (12.13)

Brie Mbl onpenenunn F kak cymmy Beex cua f, meficTByoOImMX Ha KaXAYI0 U3 YacCTHIL, B TOM UHCJE H
CO CTOPOHBI APYTrUX YacTul Tesa. OmHAKO SICHO, UTO (pakTHUecKH B F BXOAST TOJNBKO CHJIBI, NEHCTBYIOIIHE
CO CTOPOHBl BHEILIHHX HCTOUHHKOB, MOCKOJbKY BCE CHJbI B3aMMOAEHCTBUS MEXKAY YAaCTHIAMH CaMOIo
TeJa B3aMMHO COKpamarorcs. JeficTBUTENbHO, MPH OTCYTCTBHUM BHELIHHX CHJ HUMIYJbC TeJa, KaK U Y
BCSIKOH 3aMKHYTOH CHCTEMBI, IOJ?)KEH COXPaHSATbCS, TO ecTh A0/KHO ObiTh F = 0.

Ecau U — mnoTeHUMa bHAs 9HEPrusi TBEPAOrO TeJa BO BHEILHEM MoJie, TO cuja F MoxeT ObiTh ompene-
JleHa nyTeM ee AH(depeHUUPOBAHUS 10 KOOPAUHATAM LIEHTPa HHEPLHUH TeJa:

ou

IR (12.14)

F =

Jlns BbIBOZI@ BTOPOTO ypaBHEHHS ABHMXKEHHS, ONPENEJSIONIEro CKOPOCTb U3MEHEHHUST MOMEHTa HMIYJ/bCa

M, nocTynum cieayloluM o6pasoM. BriGepem Hamy “HenogBxkKHYH0” (MHepLHANbHYIO) CHCTEMY OTCYeTa

TaKUM 00pa3oM, YTOOBl B KaXK/AblHd NAHHBIH MOMEHT BPEMEHH LIEHTP MHEPLUUHU TeJla MOKOUJICS OTHOCHTENBHO

Hee. [TonyueHHoe TakuM 06pa3oM ypaBHeHHe OyIeT CrpaBelIUBO U B JI060H NpPyroi HHepIHAIbHON CHCTEME
OTCYeTa B CHJIY Faju/IeeBCKOro MPUHLMIA OTHOCHTEJBHOCTH.

HNmeem
M:%Z[rXp}:Z[rpoZ[rXpy (12.15)

B cuny chnenanHoro Hamu BbIOOpa CHCTEMBI OTcUeTa, B KOoTopod V = (, 3HaueHHWe I B NAHHBIH MOMEHT
BpeMEHH COBMANaeT CO CKOPOCTbI0O V = . Ho MOCKOJNBKY BEKTOPHl V H P = MV HMEIOT OIHHAKOBOE
HampasJjeHue, 10 [I X p] = 0. 3ameHuB p Ha cuay f, MOJYYNM OKOHUYATEJBHO

@:K, e K=> [rxf]. (12.16)
dt

BeKTOp [I‘Xf] Ha3bIBA€TCA MOMEHTOM CHJIBbI f, Tak uto K ecTh CyMMa MOMEHTOB BCEX CHJI, ﬂeflCTBy}OLIlHX Ha
teso. Kak u B mosiHoit cusie F, B cymme Y [r x f] pakTHUECKH JO/KHBI YUHTBIBATHCS JIMLIb BHELIHHE CHJIbI.
B cooTrBeTcTBHH C 3aKOHOM COXpaHeHUsA MOMeHTa HUMIlyJibCa, CyMMa MOMEHTOB BCeX CHJI, ,E[ef/’ICTBy}OLU,I/IX
BHYTPU 3aMKHYTOH CHCTeMBbl, 1OJKHA 00palaThCsl B HYJIb.

Boo61ite roBOpsi, MOMEHT CHJIBI, KaK U MOMEHT UMIYJ/bCa, 3aBUCUT OT BhIOOpA Hauasa KOOPAHHAT, OTHO-
CHUTEJbHO KOTOPOr'O OH OIpeaeJsieH. Britie Bce MOMEHTH ObIIH orpenesieHbl OTHOCHUTEJ/JbHO LEHTpa WHEPLUU
TeJa. O,E[HaKO npeacTtaBadeT WHTepeC BbIACHUTb, KakKk MOMEHT CHJIbI M3MEHAETCdA IpHU IepeHoCe HaydaJa
oTcyerTa. TaK, IIpy TiepeHocCe HadaJsa KOOPAMHAT Ha PAaCCTOAHHE a HOBbIE PaNLUYC-BEKTOPbI r TO4YEK TeJia
CBsI3aHBI CO CTaprMI/I r TAKUM 06pa30M:

r=r+a. (12.17)

[Tosatomy
K=>[rxf]=)[xf]+) [axf], (12.18)

HJIH, BbIHOCA a 3a 3HAK CYMMBbI, IOJy4HaeM
K =K' +[axF|. (12.19)

Otciona, B 4aCTHOCTH, BUIHO, UTO BeJIMUMHA MOMEHTA CHJ1 He 3aBHUCHT OT BblGOpa Hayaja KOOPAMHAT, eCJIH
nosiHast cusa F pasHa Hymo (B TakoM cjiydae OBOPSIT, 4TO K TeJy MPUJIOKEHa Tmapa CHI).

YpaBuenuns Jdunepa
BbIBelleHHbIe HaMH ypaBHEHHUsI NBUKEHUA

dP dM

OTHOCSITCS K HEMOJBHKHOH CHCTEMe KOOpPAMHAT, U MPOHU3BOJHbIE B 3THX yPaBHEHHUSX XapaKTepHU3yIOT U3Me-
HeHHe 3THX BEKTOPOB I10 OTHOLIEHHIO K 3TOH e cucTeMe. [1/1s1 mepBOro ypaBHeHus!, MOCKobky P = MV,
rie mMacca tesia M He MeHsieTCsl CO BpeMeHeM, 3TO He NMPUBOJUT K BO3HUKHOBEHHUIO IOTIOJTHUTEBHBIX TPYIHO-
CTel MO0 CPaBHEHHIO C ypaBHEHHWEM JBHKEHHS OTHOH MaTepHasnbHOH ToukH. OnHAaKO BO BTOPOM ypaBHEHHH,
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ONMCHIBAIOLIEM BpalleHHe TBEPAOro Tesa, MOMEHT uMIysabca M CBsi3aH ¢ yIJIOBOH CKOPOCTbIO 2 mocpen-
CTBOM TeH30pa HWHepuuH I;;,. KommoHeHTH mocnenHero, 6yny4d HEM3MEeHHBIMH BO BPeMeHH B MOABHKHOH
(xKecTKO CBSI3aHHOH € TeJoM) CHCTeMe KOOpAHMHAT, BOOOLIE TOBOPS MEHSIIOTCS CO BPEMEHeM B HerOJBHXK-
no#i (naGopaTopHoit) cucTeme. DTO M3MeHeHHe OOYCJIOBJIEHO MOBOPOTOM MONBHXKHOH CHCTEMBI KOODAMHAT
OTHOCHTEJIbHO HEMOABUKHOH B TpoLecce BpalleHHsl. BequunHa 1mMoBOpoTa 3aBUCHUT OT YIJIOBOH CKOPOCTH
BpallleHHs, KOTOpasi, B CBOI0 O4Yepelb, ONpeessieTcss MOMeHTaMu WHepuuu I;;. B pesynbraTe mpobnema
WUHTErPUPOBAHUS YPaBHEHHUH ABHKEHHS CTAHOBUTCS HeCPaBHEHHO 0oJjiee CJIOXKHOH, 4eM B cjydyae OOBIUHO-
ro MOCTYNAaTeJbHOTO IBHXKEHUS. B 3ToM MBI ¢ BaMu yXKe yGefu/HChb HA NpHMepe CBOOOLHOrO BpalLEHHs
CUMMeTPHYECKOro BOMYKA.

C npyro# CTOPOHBI, B MOABMXKHOH CHCTEMe KOOPAHWHAT C OCSIMH, HalpaBJeHHBIMH MO TJIaBHBIM OCSM
WHepLUHU TBEPJAOrO Tesa, BEJIUUYHHBI [;;, He 3aBHCAT OT BpeMeHH, W, Gojiee TOro, UMeeTCs MpocTasi CBS3b
MeX 1y KOMIIOHEHTaMH BpallaTeJbHOro MoMeHTa M U KOMIIOHEHTaMH yTr/10BoH ckopoctd 2. [TosaTomy mpen-
CTaBJISIET MHTEPEC BbICHUTb, KaK OYAyT BBINVISAAETb YPaBHEHHS, ONHCHIBAIOLLME BpalleHHe B MOABHKHOH
chcTeMe KOOpAMHAT. L/l 9TOro Ham HYXKHO mpeoGpasoBath ypasHeHue (12.16) oT saGopaTopHOi cHCTEMbI
K TIOfIBV>KHBIM KOOPAMHATAM Z1, T3, T3.

[Tycts dA/dt — CKOPOCTh H3MEHEHHUST KAKOTO-IHO0 BEKTOpa A 10 OTHOLIEHUIO K HEMOJABUKHON CHCTEME
KOoOopAHHaT. Ec/iM Mo OTHOLLUEHHIO K Bpallaiollleiicsi cUCTeMe BeKTOp A He HM3MeHsIeTCsl, TO ero U3MeHeHHe
OTHOCHTEJIbHO HEMOIBMKHOH CHCTEMBI 0OYCJIOBJIEHO TOJIBKO €r0 BpalleHUeM W Torna

dA

— =[x A 12.21

ar ~ SL< Al (1221
(cpaBHu ¢ Bbipaxenuem dr/dt = [ X r|). B o0uiem ke ciyyae K MpaBoil 4acTH TOrO PaBEHCTBA HAMO

[N00ABUTh CKOPOCTh M3MEHEHHsT BEKTOpa A M0 OTHOLIEHHIO K MOIABHXKHOH cucTeMe KoopauHat. O6Go3HauUM
3Ty cKopocTh dyepe3 d'A/dt. Torna noayunm
dA  dA

o = ap TlexAl (12.22)

Ata opMmysa sBASETCS MPSIMBIM CJIEACTBHEM IpaBuJa AU(G(epeHIHPOBAHNS TPOU3BEIEHHS ABYX (DYHK-
uui. JleHCTBUTE/IBHO, BEKTOD A MOXKHO PasJIoKUTb 110 OPTaM MOABHKHOH CHUCTeMbl KOOPAHHAT:

A= A1n1 + A2n2 + Adnd (1223)
Torna
dA - dAl dA2 dAg dn1 dl’lg dn3
E = ((ﬁn1+(ﬁn2+(ﬁn3> + (Al(ﬁ+A2(ﬁ+Agclt) . (1224)
Y4uTHIBasI, UTO
dl’ll o dng o dl’l3 _
E—[anl], E—[QXHQL W—[ang], (1225)

Mbl ipuxoauM K Qopmyde (12.22), rae nepsoe ciaraemoe COOTBETCTBYET MEPBOMY CJaraeMoMy B (popmyJe
(12.24).
[IprMeHUB 3TO PaBEHCTBO K CKOPOCTH H3MEHEHHS MOMEHTa UMIYJbCa, MOJYYUM
d'M
& T [ x M] =K. (12.26)

[Tos10XKHB Temepb, YTO OCH MOABHKHOHM CHCTEMBI KOOPAMHAT BHIOPAHBI BIOJb IJIABHBIX OCeH HHEpPIHH TeJa
uuro My = 11, My = I,Qs, Mg = I38)3, nonyuaem AJisi IPOEKIMH HA OChb X7

dM
ot x M)y = Ky, (12.27)
WJIH .
Ild—tl + Qo M5 — Q3 My = K7, (12.28)
WJIH .
Ild—tl + (I — L) = K. (12.29)
[TpuMeHsis TaKyI0 XKe MPOLeAyPy K MPOEKIMAM Ha NBE APYTHE OCH, MOJYyYHM CHCTEMY TPEX ypaBHEHHEH
ds)
117; + (I3 — 13)Q:03 = Ky,
ds)
127; + (Il - 13)9193 = Ko, (12.30)
d)
137; + (L — 1) Q2 = K3,
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KOTOpBle Ha3bIBAIOTCSl ypaBHeHHAMM Jdusepa. B ciyuyae cBo6onHoro nsuxkenuss K = 0 1 Mbl HMeeM

dQ, I3 — 1

— 0035 =0

a T sl

dQy I — I3

— 4+ —=0103 =0 12.31
dt + _[2 14843 ) ( )
ng IQ —Il

— 4+ =10y = 0.

I + A 1422

B xauecTBe npuMepa naBaliTe NIPUMEHUM 3TH YPaBHEHHUS K yKe pacCMaTpHBaBLIEMYyCst HAMH CBOOOIHOMY
BpallleHUI0 CHMMEeTpPHUeCcKoro BoJsiuka. [losarast Iy = I1, U3 TpeTbero ypaBHEHHS MOJydaeM, UTO

Q3 =0, w3 = const. (12.32)

[Tocsie 3Toro [IepBbie ABa ypaBHEHHUs NMPHUHUMAIOT Cﬂeﬂy}OLLLHﬁ BUIL:

Ay Is—1;
&Aa 10,0, =
a T, k=0
dQy I — I3
— 4+ —0103 = 0. 12.33
at + I 1823 ( )
BBons o603HaueHue
I3 -1,
w= 03— (12.34)
I
noJiy4aem
0 = —ws,
o 2 (12.35)
Qg = le.
YMHOXHB BTOpO€e ypaBHEHHe Ha i U CJIOXKHB €ro C MepBbIM ypaBHEHHeM, MOJydaeM
d . . .
a(Ql + ZQQ) = ZW(Ql + ZQQ). (1236)
Pemienne 3Toro ypaBHeHHs ¢ pasfessiOIIMMHCS NepeMeHHbIMH, 04eBHIHO, TAKOe:
Q1 + Qs = Ae™t, (12.37)

rae A — INOCTOsIHHAsA, KOTOPYIO MO2KHO CYUHTATb BellleCTBEHHOU (9T0 CBOAUTCA K HalJexkalemy BbI60py
HadaJjla OTCHeTa BpeMeHI/I). ITocne 9TOT0, HCIIOJb3YyA U3BECTHYIO qI)OpMyJIy

e’ = cos p + isin g, (12.38)
nosiyyaeM, 4To
Q1 = Acoswt,
(12.39)
Oy = Asinwt.

W3 nocsienHero ypaBHeHHUsi CJeNYeT, UTO MPOEKIHsl YIJIOBOH CKOPOCTH HA MJIOCKOCTD, MEePHEeHIHKYISPHYIO
OCH BOJIUKA, BpALAeTCsi B 3TOH MJOCKOCTU C YIJIOBOH CKOPOCTbIO w, OCTABasiCh MOCTOSIHHON 110 BeJHYHHE:
V2 + Q% = A. Tlockosbky mpoekuust 23 Ha 0Cb BOJIYKA TOXKE MMOCTOSIHHA, TO MBI PUXOIUM K BBIBOLY,
4TO U Bechb BeKTOp ) paBHOMEPHO BpalllaeTcsl C YIVIOBOH CKOPOCTBIO w BOKPYT OCH BOJUYKA I3, OCTABAsICh
HeHW3MeHHBIM Mo BesquuuHe. [TocKo/MbKY MMeeTcsl CBSI3b

M, =L, My=1I1,0s, M =TI (12.40)
MeX1Yy KOMIIOHEHTaMH BEKTOPOB Qu M, TakKoe 2Ke OBHUKeHHe (l'IO OTHOLIEHUK K OCHU BOJ'I‘{Ka) COBepLIaeT,

O4YEBUIHO, U BEKTOD MOMEHTa M. HonyquHaﬂ KapTHhHa, pasyMeeTcCs, COBEPUIEHHO 3KBHUBaJIEeHTHA TOI'/JI,
KoTopas Oblyia noJiydyeHa Mnpu pacCMOTPEHUHN IBHUKEHHUs BOJTYKA B HeHOJlBPI)KHOfI CUCTEeMe KOOpAHWHAT.
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YcroituuBOCTh BpalieHNs

[Tosnp3ysicb ypaBHeHUSIMH JDHJepa, MOXKHO HCC/e0BaTh BONPOC 06 YCTOMYMBOCTH BpalleHHsl TBEPAOro TeJsa
BOKPYT OJHOH M3 IJ1aBHbIX oced. B 4acTHOCTH, MOXKHO 110Ka3aTh, YTO BpallleHHe BOKPYT OCH C POMEKYyTOu-
HbIM 3HauUeHHeM MOMEHTa HHEepPIHH HeycToHunBo. [lycTs, Hampumep,

Is3>1, > 1 (1241)

U TeJI0 BpalllaeTcsl BOKPYT OCH Zo. Torma 2 = Q3 = 0 u Qy = Qg9 = const # 0. Iloacrasnss ato B
ypaBHeHHUs1 DiJjepa, MOJTyUUM, 4TO
dQ;  dQy  dQs
dt — dt  dt
Takum o6pasom, BpallleHHe C MOCTOSTHHOH YTJIOBOH CKOPOCTBIO BOKPYT OCH T2 YIOBJETBOPSIET YPaBHEHHSIM
ditnepa. OnHAKO, KaK MBI IOKaXKEM, OHO SIBJISIETCS HEYCTOHUMBBIM OTHOCHTEJNBHO MAJIOr0 BO3MYIIEHHS.
[lyctb yriioBasi cKOpoCTb 2 HEMHOTO OTKJ/IOHHJIACh OT CBOEr0 HAMPAaBJEHHsS T, TAK UTO MOSBUJIUCDH
MaJible COCTABJSIIOLINE BAOJb OCEH X1 U X3!

-0 (12.42)

Q= wy,
P (12.43)
Q3 = ws,

rae wi, wo <K Qoo Manbl (H3MeHeHHeM MPOeKUUH (lo MOXKHO B NepBOM MPUOIMKeHHH npeHe6peus). Torna

dw1 [3 — IQ

— —=0 =0

ar + 7 20W3 )

dw3 [2 — Il

— -0 =0. 12.44
ar + A 20W1 ( )

Bynem ucKaTh pellleHHe 3TOH CHUCTeMbl YPaBHEHHUH B BHJE SKCIOHEHTHI
w1 ~ ws ~ ePt. (12.45)

[Moncrasasia 310 B (12.44), mosyyaeM 1/ BEJMYMHBL P CHCTEMY JIMHEHHBIX ONHOPOAHBIX ypaBHEHHH

I
pr + 2—2Qg0ws = 0,

I
I, -1,

————Qswy + pws = 0. (12.46)
I3

Ycnosue CylIeCTBOBaHUA HETPHUBUAJDBbHOI'O (TO €CTb OTJHUYHOTO OT Hy.HF[) peleHuda 3TOH CUCTEMBI ypaBHeHI/Iﬁ
3aKJIOYaeTCd B PABEHCTBE HYJIIO €€ ONpPeneJIUTe .

Iy — I
P =3 _22()
I — I N ) (12.47)
21731920 D

Orcrona noJjiydyaeM TaK HasblBaeMoO€ XapaKTEPUCTHYECKOE yYpaBHEHHUE NJd D

2 Is—1I LL—1,
pii'i

2 _
T 6 =0, (12.48)

KOPHH KOoTOporo npu I3 > I > I; BellleCTBEHHBI,

(Is — )12 — I1)

I , (12.49)

D12 = £y

npuueM p; > 0, a po < 0. Hanuuue mnosokutespbHOTO KOpPHSI O3HAuaeT, uTo peileHue 3 = {23 = 0,
Qo = (lyp = const HEyCTOMYUBO, TaK KaK CJIy4alHO BO3HHKIIEE BO3MYILEHHE YCHJIMBAETCS M pacTeT II0
3KCIIOHEHTE:

to. (12.50)

w1 ~ W3 ~ exp QQO
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OraaBJienue

Jlekuusga 9.

W3oTpomnus mpocTpaHCTBa.
3aKoH COXpaHEHHUs] MOMEHTa
UMITYJIbCA.

JIBHXKeHHe B LIEHTPaJbHOM MOJIe

Jleknus 10.
3anaua Kensepa.
Pesepdoprnosckoe paccesinue

Jlekuusa 11.
JBUXeHHe TBEPAOTO TeJsa.
TeH3op MHEPLUMHU U 3HEPrUsl BPAILAIOIIErocs TBEPAOTO TeJsa

Jleknus 12.

MoMeHT uMIy/nbca TBEPOOro TeJa.
YpaBHeHMe NBHKEHHSI TBEPAOTO TeJa.
YpaBHenust dinepa.

YcToAYMBOCTD BpallleHHs
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